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4Abstract
Let X be a simple, simply connected algebraic group over an algebraically closed field k of char-
acteristic p. Steinberg’s tensor product theorem states that if V is a finite dimensional irreducible
kX-module then V = V
(q1)
1 ⊗ . . . ⊗ V (qn)n where each Vi is a restricted kX-module and the qi are
distinct powers of p. This theorem can be reformulated in terms of rational representations instead
of modules as follows: any irreducible rational representation Φ : X → SL(V ) can be factorised as
Φ : X
Ψ−→ X×X× . . .×X µ−→ SL(V ) with Ψ : x→ (x(q1), . . . , x(qj)) where x(qi) denotes the image of
x under the standard Frobenius qi map and µ restricts to a completely reducible restricted repre-
sentation on each factor. Liebeck and Seitz proved a generalisation of this theorem where the target
group SL(V ) is replaced by an arbitrary simple algebraic group G over k in good characteristic. A
consequence of this theorem is that every connected simple G-completely reducible (G-cr) subgroup
X of G is contained in a uniquely determined commuting product R1 . . . Rn in G such that each Ri
is a simple restricted subgroup of the same type as X and each projection X → Ri/Z(Ri) is non
trivial and involves a different field twist. Here saying that X is G-cr means that whenever X is
contained in a parabolic subgroup P of G, it is contained in a Levi subgroup of P . The first new
theorem of this thesis is a converse of this result: if G is of exceptional type in good characteristic
and X is contained in such a product R1 . . . Rn, then X is G-cr, with two exceptions. If G is of
classical type we prove a similar theorem with the extra assumption that the Ri are G-cr.
In view of these results, it is of interest to determine the products R1 . . . Rn of more than one
restricted subgroup of the same type in exceptional algebraic groups; this is achieved in the rest of
this thesis.
The above results have a number of consequences. First, every restricted connected simple
subgroup of G is G-cr with two exceptions. We also classify all non-restricted G-cr simple subgroups
of exceptional groups. We find the centralisers of all products of more than one subgroup of the
same type and of all non-restricted G-cr simple subgroups. We also prove that the conjugacy classes
of such subgroups are uniquely determined by the restriction of the Lie algebra of G.
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Chapter 1
Introduction
In this thesis we study the subgroup structure of exceptional algebraic groups. Let k be an alge-
braically closed field of characteristic p > 0. Let G be a simple, simply connected algebraic group
over k. In [12], Dynkin classified the maximal closed connected subgroups of G in characteristic
zero. This was extended by Seitz with some mild assumptions on the characteristic in [26]. In
[20], Liebeck and Seitz classified all maximal closed connected subgroups. There are finitely many
conjugacy classes of such subgroups, see Theorem 2.20.
Let Σ be the set of roots of G and let Π be a base of Σ. Let {λ1, . . . , λr} be a set of fundamental
dominant weights of G. We denote the Lie algebra of G by L (G). We say a dominant weight λ is
p-restricted if λ =
∑
aiλi with 0 ≤ ai < p. Let VG(λ) be the irreducible G-module of high weight λ.
We say that VG(λ) is p-restricted if λ is p-restricted. Let X be a simple closed connected subgroup
of G. If X 6= A1, we say that X is a restricted subgroup of G if all composition factors of L (G) ↓ X
are p-restricted. If X = A1, we say that X is restricted if all composition factors of L (G) ↓ X are
of high weight at most 2p− 2.
Let Y be a simple algebraic group. Consider a morphism φ : Y → G. We say φ is restricted if
φ(Y ) is a restricted subgroup of G.
Let Fp denote the Frobenius automorphism of k, Fp : c 7→ cp. It induces an automorphism of G
in the following way: Fp : uα(c) 7→ uα(cp) for α ∈ Σ, c in k and uα(c) a root element for α. For any
rational representation ρ : G→ GL(V ) we can define a new rational representation ρ(pi) := ρ ◦ F ip.
The corresponding kG-module will be denoted V (p
i). We call F ip the standard Frobenius p
i map.
The Steinberg tensor product theorem gives a decomposition of irreducible rational modules for
a simple algebraic group into tensor products of twists of restricted modules.
Theorem 1. [Steinberg’s Tensor Product Theorem [30]] Let G be a simple, simply connected
algebraic group over k. Let V be a finite dimensional irreducible rational kG-module. Then
V = V
(q1)
1 ⊗ . . . ⊗ V (q
n)
n where each Vi is a restricted kG-module and the qi are distinct powers
of p.
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This theorem is central to the study of irreducible rational modules of simple algebraic groups.
We can reformulate it in terms of rational representations instead of modules.
Theorem 2. [Reformulation of Steinberg’s Tensor Product Theorem [30]] Let X be a simple alge-
braic group over k and V a vector space of finite dimension n over k. If Φ : X → SL(V ) is an
irreducible rational representation then Φ can be factorised as
Φ : X
Ψ−→ X ×X × . . .×X µ−→ SL(V )
with Ψ : x → (x(q1), . . . , x(qj)) where x(qi) denotes the image of x under the standard Frobenius qi
map and µ restricts to a completely reducible restricted representation on each factor.
In [19], Liebeck and Seitz generalize this theorem so that the target group of Φ can be any
simple algebraic group rather than SL(V ). It is however necessary in this case to add a restriction
on the characteristic and to generalise the notion of complete reducibility. We say a characteristic
p is good for G if p > 2 for G = Bn (n ≥ 2), Cn (n ≥ 2) and Dn (n ≥ 4) and p > 3 for exceptional
groups except G = E8 where p > 5. Serre generalised the notion of a complete reducible subgroup
of GL(V ).
Definition A closed subgroup X of a semisimple algebraic group G is G-completely reducible (G-
cr) if whenever it is contained in a parabolic subgroup P of G it is contained in a Levi subgroup of
P .
This definition generalises the notion of complete reducibility from classical groups to all semisim-
ple algebraic groups. If G = Cl(V ) is a classical simple algebraic group and p is a good charac-
teristic then X ⊆ G is G-cr if and only if V ↓ X is completely reducible ([28]) so this is indeed a
generalisation of the notion of complete reducibility. This concept of G-complete reducibility has
been widely studied. In [25] McNinch proved that if G is classical with natural module V and
p ≥ dim(V )/rank(X) then X is G-cr. In this thesis we interest ourselves in subgroups of excep-
tional groups. Liebeck and Seitz proved in [17] that there are lower bounds for p (p > 7 suffices in
all cases) such that all simple closed subgroups of an exceptional group G are G-cr. These bounds
were improved by Stewart in [31]. Bate, Martin and Ro¨hrle also proved many fundamental results
on G-complete reducibility, see Section 2.3.1.
Liebeck and Seitz used the notion of G-complete reducibility to generalise Steinberg’s theorem
in [19].
Theorem 3 ([19, Theorem 1]). Let G be a simple algebraic group over k in good characteristic p.
Assume X is a simply connected, simple algebraic group over k. Let Φ : X → G be a non trivial
morphism with image group G-cr.
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There is a unique integer n, unique powers qi of p with q1 < . . . < qn and unique morphisms Ψ
and µ such that Φ factors as
Φ : X
Ψ−→ X ×X × . . .×X µ−→ G
where Ψ(x) = (x(q1), . . . , x(qn)) and µ is restricted with finite kernel.
By considering Φ to be the natural injection map from a G-cr subgroup X into G, we find the
following corollary.
Corollary 1 ([19, Corollary 1]). Let G be a simple algebraic group over k in good characteristic.
Let X be a connected simple G-cr subgroup of G.
There is a uniquely determined commuting product R1 . . . Rn with X ⊆ R1 . . . Rn ⊆ G such that
1. each Ri is a simple restricted subgroup of the same type as X
2. each of the projections X → Ri/Z(Ri) is non trivial and involves a different field twist.
The first result of this thesis is a converse to this corollary. Suppose X is a subgroup of G
inside such a product of restricted simple subgroups of the same type as X with projections having
different field twists. We prove that this necessarily implies that X is G-cr except in two specific
cases.
Theorem 4. Let G be a simple exceptional algebraic group over k, an algebraically closed field in
good characteristic p. Let X be a simple connected subgroup of G. If X is contained in a product
R1 . . . Rn ⊆ G satisfying (1) and (2) in Corollary 1, then one of the following holds:
1. X is G-cr
2. G = E7 or E8, p = 7, n = 1 and X = G2 contained in a parabolic subgroup with Levi subgroup
L′ = E6.
3. G = E8, p = 7, n = 1 and X = G2 contained in a parabolic subgroup with Levi subgroup
L′ = D7.
In each of cases 2 and 3 there is a unique conjugacy class of such non-G-cr G2 subgroups.
If we take n = 1 we get straightforwardly the following corollary.
Corollary 2. Let G be a simple algebraic group of exceptional type in good characteristic. Let X
be a simple connected restricted subgroup of G. Then X is G-cr except if X is in case 2 or case 3
of Theorem 4.
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We will also prove a similar theorem when G is classical but with the extra assumption that the
Ri are G-cr.
Theorem 5. Let G be a simple classical algebraic group over k, an algebraically closed field in good
characteristic p. Let X be a simple connected subgroup of G.
If X is contained in a product R1 . . . Rn as in Corollary 1 where each Ri is G-cr then X is G-cr.
In view of Theorem 4, it is interesting to look at all such products R1 . . . Rn. There has been
much work on the classification of connected simple subgroups of exceptional algebraic groups. In
[17], Liebeck and Seitz classified all simple closed connected subgroups of rank at least 2 in ex-
ceptional algebraic groups with some mild assumptions on the characteristic. They then used this
classification to prove that, with one exception, any two simple subgroups that have the same com-
position factors on the Lie algebra of G are conjugate in G. The groups of rank 1 were later classified
by Lawther and Testerman in [27] with some mild assumption on p. In [32] and [34], Thomas clas-
sified all simple connected irreducible subgroups of exceptional algebraic groups. Amende classified
all irreducible subgroups of type A1 in all exceptional groups except E8 ([1]).
There is much less literature on the classification of connected semisimple subgroups. In this
thesis we classify (up to conjugacy) semisimple subgroups of the form R1 . . . Rn with n ≥ 2 and
Ri restricted and simple of the same type, in exceptional groups. The tables referred to in the
theorems below are in Chapter 9. An explanation of the notation used in the tables can be found
in Chapter 2. When we say that a semisimple subgroup X is a product of more than one simple
restricted subgroup of the same type we mean that X = R1 . . . Rn with n ≥ 2, all Ri are simple of
the same type and each Ri is a restricted subgroup.
Theorem 6. Let G = F4, E6 or E7 over k in good characteristic. Suppose X is a product of more
than one simple restricted subgroup of the same type in G. Then X is conjugate to one of the
subgroups listed in Tables 9.1 - 9.8.
Remark Note that in G2, the subgroup A
2
1 is the unique product of more than one simple restricted
subgroup of the same type and there is a unique conjugacy class of subgroup A21 in G2.
Theorem 7. Let G = E8 over k of good characteristic.
(1) Suppose X = R1 . . . Rn is a product of more than one simple restricted subgroup of the same
type in E8 with Ri 6= A1. Then X is conjugate to one of the subgroups listed in Table 9.9.
(2) Suppose X = An1 is a product of more than two restricted A1 subgroups in E8. Then X is
conjugate to one of the subgroups listed in Tables 9.10 - 9.14.
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Remark A similar result would follow when X = A21 in E8 once all restricted A1 subgroups in E7
are classified.
By Corollary 1, any non restricted simple G-cr subgroup is in such a product R1 . . . Rn. Thus
the diagonal subgroups of these products with distinct field twists give a full list of all simple G-cr
non-restricted subgroups of G.
Theorem 8. Suppose G is an exceptional group over k in good characteristic.
Let X be a connected non-restricted G-cr simple subgroup of G, with X 6= A1 if G = E8. Then
there is a subgroup Y of G in Tables 9.1 - 9.9 such that X is a diagonal subgroup of Y with distinct
field twists on each factor.
Conversely suppose Y is one of the subgroups listed in Tables 9.1 - 9.14. Any diagonal subgroup
of Y with distinct field twists on each factor is G-cr except in cases 2 and 3 of Theorem 4.
In proving these theorems we have considered all products of restricted subgroups of the same
type R1 . . . Rn in exceptional algebraic groups with n ≥ 2 (n ≥ 3 when G = E8 and Ri ∼= A1) and
calculated L (G) ↓ R1 . . . Rn for each of these. It is natural to ask whether the composition factors
of L (G) ↓ R1 . . . Rn determines R1 . . . Rn uniquely up to conjugacy.
Corollary 3. Let G be an exceptional algebraic group over k of good characteristic. Let R1 . . . Rn
and S1 . . . Sn be two products of simple restricted subgroups of the same type in G, with n ≥ 2 (n ≥ 3
if G = E8 and Ri = A1). Then L (G) ↓ R1 . . . Rn and L (G) ↓ S1 . . . Sn have the same composition
factors if and only if R1 . . . Rn is conjugate to S1 . . . Sn in G.
By Corollary 1, if X is a non restricted subgroup of G then it is in such a product of more than
one simple restricted subgroup of the same type. We find a similar result to Corollary 3 for these
subgroups.
Corollary 4. Let G be an exceptional algebraic group over k of good characteristic. Let X and Y
be simple non-restricted G-cr subgroups of G with X, Y 6= A1 if G = E8. Then L (G) ↓ X and
L (G) ↓ Y have the same composition factors if and only if X and Y are conjugate in G.
We also consider the centralisers of these products of simple restricted subgroups of the same
type.
Theorem 9. Let G be an exceptional algebraic group over k of good characteristic. Let R1 . . . Rn be
a product of simple restricted subgroup of the same type and n ≥ 2 (n ≥ 3 if G = E8 and Ri = A1).
Then CG(R1 . . . Rn)
◦ is as in Tables 9.1-9.14.
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Corollary 5. Let G be an exceptional algebraic group over k of good characteristic. Let R1 . . . Rn be
a product of more than one simple restricted subgroup of the same type. Let X be a simple subgroup
of G that is a diagonal subgroup in R1 . . . Rn with projections having different field twists. Then
CG(X)
◦ = CG(R1 . . . Rn)◦.
The following corollary lists some consequences from the Tables 9.1 to 9.13. The centralisers
CG(A¯1)
◦ of A¯1 in G are well known: for G = F4, E6, E7 and E8 they are respectively C3, A5, D6
and E7 (see Theorem 2.24). We find that most products of more than one restricted A1 in excep-
tional groups lie in A¯1CG(A¯1)
◦. In the following corollary we list the few cases which do not. An
explanation of the notation used in the tables can be found in Chapter 2.
Corollary 6. Let G be an exceptional algebraic group over an algebraically closed field k of good
characteristic. Let R1 . . . Rn be a subgroup of G such that each Ri is a restricted A1 and n ≥ 2;
assume also n ≥ 3 when G = E8. Then one of the following holds:
1. R1 . . . Rn ⊆ A¯1CG(A¯1)◦
2. R1 . . . Rn is conjugate to one of the subgroups of G listed in Table 1.1.
In Table 1.1, we denote by M a maximal subgroup of G such that R1 . . . Rn ⊆M ⊆ G. Furthermore
VM(λ1) ↓ R1 . . . Rn describes the embedding of R1 . . . Rn into M , see Section 2.2 for further detail
on this notation.
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G R1 . . . Rn M V ↓ R1 . . . Rn
F4 A
3
1 B4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)
F4 A
2
1 B4 (2, 2)
F4 A
2
1 B4 (2, 0)/(0, 2)
2
F4 A
2
1 A1G2 (1, 6)
E6 A
3
1 A
3
2 (2, 2, 2)
E6 A
2
1 C
2
2 ⊆ C4 (3, 3)
E6 A
2
1 A2G2 (2, 6)
E6 A
2
1 A2G2 (1/0, 6)
E6 A
2
1 B4 ⊆ F4 (2, 2)
E7 A
3
1 A2A5 (2, (2, 0)/(0, 2))
E7 A
3
1 G2C3 (6, (2, 1))
E7 A
2
1 A2A5 (2, 4/0)
E7 A
2
1 A1A1 (1, 1)
E7 A
2
1 A1G2 (1, 6)
E7 A
2
1 C3G2 (5, 6)
E7 A
2
1 C3G2 (2
2, 6)
E7 A
2
1 C3G2 ((2, 1), 6)
E7 A
2
1 C3G2 ((2, 1), 6)
E7 A
2
1 A1A1 ⊆ A1F4 (1, 1)
E8 A
5
1 D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)
E8 A
4
1 A2A
3
2 ⊆ A2E6 (2, 2, 2, 2)
E8 A
4
1 G2B4 ⊆ G2F4 (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
E8 A
4
1 D8 (1, 3, 0, 0)/(0, 0, 1, 3)
E8 A
4
1 D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 3)
E8 A
4
1 D8 (1, 1, 1, 1)
E8 A
4
1 D8 (1, 1, 1, 1)
E8 A
3
1 A2C
2
2 ⊆ A2C4 (2, (3, 3))
E8 A
3
1 A2A2G2 ⊆ A2E6 (2, 1/0, 6)
E8 A
3
1 A2A
3
2 ⊆ A2E6 (2, 2, 2, 2)
E8 A
3
1 G2B4 ⊆ G2F4 (6, (2, 2))
E8 A
3
1 G2A1G2 ⊆ G2F4 (6, 1, 6)
E8 A
3
1 G2B4 ⊆ G2F4 (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
E8 A
3
1 A8 (1, 1, 1)/(0, 0, 0)
E8 A
3
1 A8 (1, 1, 0)/(0, 0, 4)
E8 A
3
1 D8 (2, 0, 0)/(0, 2, 0)/(4, 0, 0)/(0, 0, 4)
E8 A
3
1 D8 (2, 0, 0)/(0, 3, 0)
2/(0, 0, 4)
E8 A
3
1 D8 (2, 0, 0)/(4, 0, 0)/(0, 1, 3)
E8 A
3
1 D8 (2, 0, 0)/(0, 4, 0)/(1, 0, 3)
E8 A
3
1 D8 (2, 0, 0)/(0, 4, 0)/(0, 1, 3)
E8 A
3
1 D8 (2, 0, 0)/(0, 4, 0)/(0, 3, 1)
E8 A
3
1 D8 (4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 0, 0)
E8 A
3
1 D8 (4, 0, 0)/(0, 2, 2)/(0, 0, 0)
2
Table 1.1: R1 . . . Rn ⊆ G which are not in A¯1CG(A¯1)◦.
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Chapter 2
Notation and preliminary results
In this chapter we start by recalling some background material and explaining the notation that
will be used throughout this thesis.
2.1 Background
Let k be an algebraically closed field of characteristic p > 0. Let G be a simple algebraic group
over k.
A Borel subgroup of G is a closed, connected, solvable subgroup of G which is maximal with
respect to these properties. Any subgroup that contains a Borel subgroup is a parabolic subgroup.
Let T be a maximal torus of G. The Weyl group of G is NG(T )/CG(T ). Let P be a parabolic
subgroup of G. The unipotent radical of P , denoted Ru(P ), is the maximal closed connected normal
unipotent subgroup of P . Then P can be decomposed as the semi-direct product P = Ru(P )L where
L is a Levi subgroup of P . We say a subgroup of G is G-completely reducible (G-cr) if whenever it
is contained in a parabolic subgroup P of G, it is contained in a Levi subgroup of P . A subgroup
H of G is G-irreducible if it is not contained in any proper parabolic subgroup of G. A subsystem
subgroup of G is semisimple subgroup normalised by a maximal torus of G.
Let V be a vector space of finite dimension over k. Let Σ be the set of roots of G with respect to
T . Take Π = {α1, . . . , αr} to be a base of Σ and Σ+ be the set of positive roots with respect to this
basis. For a root α, we denote by Uα the root subgroup associated to α. Let {λ1, . . . , λn} be a set
of fundamental dominant weights of V . Throughout this thesis we will follow the ordering given by
the Dynkin diagrams in Figure 2.1. For every dominant weight λ there is an irreducible module of
high weight λ. We denote it by VG(λ) or V (λ). We can express λ as a sum of fundamental weights:
λ =
∑
niλi with ni ≥ 0. We say V is restricted if 0 ≤ ni < p for all i ∈ {1, . . . , n}. The dual
of V (λ) is V (−w0(λ)) where w0 is the longest element of the Weyl group. We denote it by V (λ)∗.
When V ∼= V ∗ we say that V is self dual.
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Figure 2.1: Dynkin diagrams
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Fix J ⊆ Π a set of simple roots. Let ΣJ be the root system spanned by J and Σ+J = ΣJ ∩ Σ+.
Let P = QL be the parabolic subgroup of G such that
Q = 〈Uβ, β ∈ Σ+\Σ+J 〉 and L = 〈T, U±α, α ∈ J〉.
For any root β ∈ Σ+\Σ+J , we can write β = βJ +βJ ′ with βJ =
∑
αi∈J ciαi and βJ ′ =
∑
αj∈Π\J djαj.
We define level(β) =
∑
αj∈Π\J dj and shape(β) = βJ ′ . Let Qi = 〈Uβ, level(β) ≤ i〉. This creates an
ascending central series
1 = Q0 ≤ Q1 ≤ . . . ≤ Qm = Q
for some integer m. We call Vi = Qi/Qi−1 for i = 1, . . . ,m−1 the levels of Q. For a shape S, define
VS to be the product of all Uβ for β a positive root of shape S.
Lemma 2.1 ([4, Theorem 2]). Assume the charcteristic p is good for G. Then, for all i ∈
{1, . . . ,m− 1}, the following hold:
1. Vi has the structure of a completely reducible L-module;
2. Vi ∼=
∏
S
VS with S ranging over all shapes of roots with level i;
3. each VS is an irreducible L-module.
Remark If J = Π\{j} for some j, then the shapes are just cαj for 0 < c ≤ bj where the highest
root in Σ+ is α0 =
∑
biαi.
For a subgroup X of L, we define
Q ↓ X =
m−1⊕
i=1
Vi ↓ X.
2.2 Notation
Throughout let G be a simple algebraic group over k, an algebraically closed field of characteristic
p > 0. Let V be a vector space over k. We denote by Cl(V ) a classical simple algebraic group with
natural module V .
Modules
Let V = VG(λ), the irreducible module of high weight λ and write λ =
∑
niλi with ni ≥ 0. We
simplify notation by denoting the weight λ simply by the coefficients in this sum: n1...nl. We
simplify the notation further by simply writing the weight λ to mean the module of high weight λ.
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For example, A3 has fundamental weights λ1, λ2 and λ3. The module of high weight 2λ1 + λ2 + 4λ3
will be denoted V (2λ1 + λ2 + 4λ3) or V (214) or just 214.
Let U1, . . . , Um be G-modules and n1, . . . , nm positive integers. We denote by U
n1
1 / . . . /U
nm
m a
G-module having the same composition factors as Un11 ⊕ . . . ⊕ Unmm . Similarly if µ1, . . . , µm are
dominant weights, the module with same composition factors as V (µ1)
n1 ⊕ . . . ⊕ V (µm)nm will
be denoted by V (µ1)
n1/ . . . /V (µm)
nm or just µn11 / . . . /µ
nm
m . We denote by V = U1| . . . |Um the
G-module with socle series: Soc(V ) ∼= Um and Soc(V/Ui) = Ui−1 for 1 < i ≤ m.
Let H = H1 . . . Ht with each Hi a simple algebraic group. An irreducible module V for H is
V1 ⊗ . . . ⊗ Vt where each Vi is an irreducible module for Hi. We will denote it by (V1, · · · , Vt). If
each Vi is a module of high weight λi then we denote V by (λ1, . . . , λt). For example in A3B2, let
us consider the tensor product of the A3-module of high weight 2λ1 + λ2 + 4λ3 with the B2-module
of high weight 3λ′1 + λ
′
2. Then we will denote this module by V (214) ⊗ V (31) or 214 ⊗ 31. For
simplicity we will write (214, 31).
Diagonal Subgroups
Let R be a simply connected simple algebraic group. Let Y = R1 . . . Rt be a commuting product
with all Ri simple of the same type as R. Let Yˆ = R× . . .×R be a direct product of t copies of R.
There is an isogeny Ψ : Yˆ → Y . A subgroup Xˆ in Yˆ such that Xˆ = {(Φ1(h), . . . ,Φt(h))|h ∈ R} with
each Φi a non-trivial endomorphism of R is called a diagonal subgroup of Yˆ . A diagonal subgroup
of Y is a subgroup X of Y such that X = Ψ(Xˆ) for some Xˆ which is a diagonal subgroup of Yˆ .
Note that all diagonal subgroups of Y are simple of the same type as R. Also note that each Φi can
be decomposed as Φi = αΘiF
ri where α is an inner automorphism, Θi is a (possibly trivial) graph
automorphism of R and F ri is a power of the standard Frobenius pth power map (ri ≥ 0). Thus the
set of (Θi, ri) defines a diagonal subgroup of Y up to conjugacy. We will denote this subgroup by
X ↪→ R1 . . . Rt via (λ[Θ1r1]1 . . . , λ[Θtrt]1 ). Except if X = Dn, the graph automorphism Θi is determined
uniquely by µi = Θi(λ1). Hence we will simplify notation further by writing X ↪→ R1 . . . Rt via
(µ
[r1]
1 . . . , µ
[rt]
t ).
In Chapters 4 to 7 we will be interested in the specific case where all Φi are the identity on
R. For the remainder of this paragraph we assume that the Φi are the identity. We will denote
the corresponding diagonal subgroup by R1 R2 . . . Rt. We generalise this notation to semisimple
subgroups. Let X = X1 . . . Xn be a subgroup of Y = R1 . . . Rt with n ≤ t where each Xi is of the
same type as R and the projection of X to each Ri is surjective. Then X is a commuting product
of diagonal subgroups of subsets forming a partition of {R1, . . . , Rt}. We will underline each subset
in the partition a different number of times. For example suppose X = X1X2 in Y = R1R2R3R4.
The first option is to have X1 a diagonal subgroup of two Ri and X2 a diagonal subgroup of the
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remaining two Ri. Suppose X1 a diagonal subgroup of R1R2 and X2 a diagonal subgroup of R3R4.
We denote this by X1X2 = R1 R2 R3 R4. The second option is to have one of X1 or X2 be one of
the Ri and the other a diagonal subgroup of the remaining three Ri. Suppose X1 = R1 and X2 a
diagonal subgroup of R2, R3 and R4. We would denote this by R1 R2 R3 R4. For simplicity in these
cases we do not underline the R1 as it is equal to X1. Our example will be denoted R1 R2 R3 R4.
Embeddings
Let H = H1 . . . Ht be a commuting product where all the Hi are simple algebraic groups. Let
VH1...Ht(λ1) = VH1(λ1) ⊗ . . . ⊗ VHt(λ1). Take Y = R1 . . . Rt ⊆ H such that each Ri is a simple
connected closed subgroup of Hi. We will denote the embedding of Y in H by specifying the
restriction
VH1...Ht(λ1) ↓ Y = (VH1(λ1) ↓ R1, . . . , VHt(λ1) ↓ Rt).
Suppose X = X1 . . . Xn is a subgroup of Y = R1 . . . Rt as above. To denote X we underline
the terms of VHi(λ1) ↓ Ri in VH1...Ht(λ1) ↓ Y in the same way that we underlined the Ri to denote
this subgroup. For example suppose, as before, that X = X1X2 = R1 R2 R3 R4. Now suppose
Y = R1R2R3R4 is in H = H1H2H3H4 such that each Ri is in Hi. Let Vi = VHi(λ1). We denote the
embedding of Y in H by (V1, V2, V3, V4) and we denote X by (V1, V2, V3, V4).
We look at an example to clarify this notation. Suppose Y1Y2Y3 = A
3
1 in H1H2H3 = A
3
4 with
VH1(λ1) ↓ Y1 = 4, VH2(λ1) ↓ Y2 = 3/0 and VH3(λ1) ↓ Y3 = 12/0. We denote Y1Y2Y3 by VH1H2H3(λ1) ↓
A31 = (4, 3/0, 1
2/0). Suppose we take X = A21 in Y1Y2Y3 by taking the diagonal subgroup of Y1Y2
and keeping Y3 the same. We denote X by Y1 Y2Y3 or VH1H2H3(λ1) ↓ A21 = (4, 3/0, 12/0).
We extend this notation to cases where the Yi are semisimple in the following way. Suppose we
take Y1Y2 = A
2
1A
2
1 in H1H2 = A5C3 by taking Y1 = AB = A
2
1 ⊆ H1 = A5 with VA5(λ1) ↓ Y1 = (1, 2)
and Y2 = CD = A
2
1 ⊆ C3 with VC3(λ1) ↓ Y2 = (1, 1)/(0, 1). We will denote Y1Y2 = ABCD by
VA5C3(λ1) ↓ A41 = ((2, 1), (1, 1)/(0, 1)). Suppose we take X = A31 in Y1Y2 by taking the diagonal
subgroup of AC. We will denote this by A BCD ⊆ A41 ⊆ A2C3. We will also denote it by
VA5C3(λ1) ↓ X = ((2, 1), (1, 1)/(0, 1)).
Finally we denote a simple subgroup X generated by long root subgroups of G by X¯.
2.3 Preliminary results
Throughout this section G is a simple algebraic group over an algebraically closed field k of char-
acteristic p.
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G = E8 E7 E6 F4 G2
X = A1 7 7 5 3 3
A2 3 3 3 3
B2 5 2 3 2
G2 7 7 3 2
A3 2 2 2
B3 2 2 2 2
C3 3 2 2 2
B4, C4, D4 2 2 2
Table 2.1: N(X,G) for X simple closed connected subgroup of G.
2.3.1 G-complete reducibility
The following theorems on G-complete reducibility will be very useful throughout the proof of
Theorem 4.
Theorem 2.2 ([17, Theorem 1],[31, Corollary 2]). Suppose G is of exceptional type. Let X be a
closed connected simple subgroup of G. If either p = 0 or p > N(X,G) where N(X,G) is given in
Table 2.1, then X is G-cr.
Theorem 2.3 ([17, Proposition 1.8]). Let X = A1 and let V be an irreducible kX-module. Suppose
there is a rational indecomposable extension of V by the trivial module. Then p > 0 and V is a
Frobenius twist of the module VX(p− 2)⊗ VX(1)(p).
Lemma 2.4. Let X = G2 over k with p = 5 or 7. Suppose VX(λ) is the irreducible module of high
weight λ and H1(X, VX(λ)) 6= 0. Then the following hold:
1. If dim(VX(λ)) ≤ 51 then λ = 20 and p = 7;
2. If dim(VX(λ)) ≤ 108 then λ = 20 and p = 7 or λ = 10(a) ⊗ 01(b) and p = 5 or 7.
Furthermore H1(X, 20) has dimension 1.
Proof. First suppose that λ is restricted. Suppose for a contradiction that the dimension of VX(λ)
is identical when the characteristic is 0 as in characteristic p. Then VX(λ) = WX(λ) with WX(λ)
the Weyl module of high weight λ. Hence rad(WX(λ)) = 0 since VX(λ) = WX(λ)/rad(WX(λ)). By
[17, Proposition 1.6], H1(X, VX(λ)) = HomX(rad(WX(λ)), k). Hence H
1(X, VX(λ)) = 0 which is a
contradiction.
Therefore dim(VX(λ)) is different when p = 5 or 7 than in characteristic zero. By [23], there is
only one such λ with dimVX(λ) ≤ 108, it is λ = 20 and p = 7. Note that VX(20) has dimension 26
when p = 7. Furthermore dim(H1(X, VX(λ))) = dim(HomX(rad(WX(λ)), k)) = 1.
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Now suppose λ is non-restricted. By [23], the non-restricted weights of dimension smaller than
or equal to 108 are 10 ⊗ 10(a) and 10(a) ⊗ 01(b). Note that 10(a) ⊗ 01(b) has dimension 98. By [17,
Proposition 1.15], if X = G2 and λ = 10⊗ 10(q) then there is just one class of closed complements
to V (λ) in XV (λ). Therefore H1(X, V (λ)) = 0 which is a contradiction.
Hence if dim(VX(λ)) ≤ 51 then λ = 20 and p = 7 and if dim(VX(λ)) ≤ 108 then λ = 20 and
p = 7 or λ = 10(a) ⊗ 01(b).
Theorem 2.5 ([27, Theorem 1]). Suppose that p is good for G. Let X = A1 ⊆ G. If X is restricted
then X is G-cr.
We can use this theorem to prove the following lemma. Recall the notation Q ↓ X defined at
the end of Section 2.1.
Lemma 2.6. Let G be a simple algebraic group over k. Let X ∼= A1 be a subgroup of G which
is non-G-cr. If P = QL is a parabolic subgroup of G such that X ⊆ P and X is not contained
in a Q-conjugate of L then Q ↓ X has a composition factor isomorphic to a Frobenius twist of
VX(p− 2)⊗ VX(1)(p).
Proof. As we saw in Section 2.1, Q has filtration of X-modules V1, . . . , Vj. If ExtX(Vi, k) = 0 for all
i ∈ {1, . . . , j}, then the only complements to Q in QX lie in Q-conjugates of L. Hence X lies in a
Q-conjugate of L which is a contradiction. Therefore ExtX(Vi, k) 6= 0 for some i. By Theorem 2.3,
Vi ↓ X has a twist of VX(p− 2)⊗ VX(1)p as a composition factor.
The following few results give other ways of checking whether a subgroup is G-cr.
Theorem 2.7 ([5, Theorem 3.26]). Suppose that p is good for G. Let H be a subsystem subgroup
of G and let K be a closed subgroup of H. Then K is H-cr if and only if K is G-cr.
Theorem 2.8 ([6, Theorem 1.3]). Suppose p is good for G or p > 3. Let A and B be commuting
connected G-cr subgroups of G. Then AB is G-cr.
Lemma 2.9. Let AB be a commuting product of connected reductive groups A and B. Let X be a
connected subgroup of AB. Call XA be the projection of X to A and XB the projection of X to B.
If X is non-AB-cr then either XA is non-A-cr or XB is non-B-cr.
Proof. Since X is non-AB-cr, there is a parabolic subgroup P of AB such that X ⊆ P = QL
but X is not in a Q conjugate of L. We can decompose P as P = PAPB where PA = QALA and
PB = QBLB are parabolic subgroups of A and B respectively. Then Q = QAQB and L = LALB.
Hence X ⊆ PAPB but X is not in a QAQB-conjugate of LALB. Therefore XA ⊆ PA and XB ⊆ PB
but either XA is not in a QA-conjugate of LA or XB is not in a QB-conjugate of LB. Thus either
XA is non-A-cr or XB is non-B-cr.
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Lemma 2.10 ([29, 3.2.2]). Let G = Cl(V ) and assume p is good for G. Let X be a closed connected
semisimple algebraic subgroup of G. Then X ⊆ G is G-cr if and only if V ↓ X is completely
reducible.
The next lemma from [2] gives all the possible 2-step indecomposable extensions for a group of
type A1.
Lemma 2.11 ([2, Corollary 4.5]). Let H = SL2(k) and let λ and λ
′ be dominant weights for H with
p-adic expressions λ =
∑
piµi and λ
′ =
∑
piµ′i respectively. Then there is a 2-step indecomposable
H-module with composition factors of high weights λ and λ′ if and only if there exists t such that
µi = µ
′
i for i /∈ {t, t+ 1}, µt + µ′t = p− 2 and µt+1 − µ′t+1 = ±1.
We can use the two previous lemmas to prove the following lemma.
Lemma 2.12. Let X = A1 be a subgroup of G = Cl(V ) and assume p is good for G. If X is
non-G-cr then dimV ≥ p+ 1.
Proof. By Lemma 2.10, since X is non G-cr, V ↓ X is not completely reducible. Hence V ↓ X must
have a reducible indecomposable summand. By Lemma 2.11, the only possibility is for i ⊗ j(p) to
extend (p − 2 − i) ⊗ (j ± 1)(p) for some integers i and j. If we take i = p − 2 and j = 0, we find
that 1(p) extends p − 2. Considering the possible extensions, this is the extension with the lowest
dimension. Hence we must have dimV ≥ p+ 1.
We will also need the following lemmas.
Lemma 2.13. Let P = QL be a parabolic subgroup of G. Let X be a closed connected subgroup of
G. If X ⊂ Q1L1 ⊂ QL with Q ⊂ Q1 and L1 ⊂ L and X is not contained in a Q-conjugate of L,
then X is not contained in a Q1-conjugate of L1.
Proof. Suppose that X is in a Q1-conjugate of L1 so X ⊂ Lq11 with q1 ∈ Q1. Since Q1L1 ⊆ QL, we
can decompose q1 as q1 = ql with q ∈ Q and l ∈ L. Hence we find that X ⊆ Lql1 ⊆ Lq since L1 ⊆ L
and l ∈ L. Hence X is in a Q-conjugate of L.
Lemma 2.14 ([17, Proposition 2.7]). Let Y = Bn (n ≥ 3) or Dn+1 (n ≥ 4) be a simple algebraic
group over k in good characteristic p. Let X be either a Levi subgroup Br (r ≥ 1) or Dr (r ≥ 3) of
Y , or a subgroup Bn of Y = Dn+1. If V is a spin module VY (λn) (or VY (λn+1) if Y = Dn+1), then
all composition factors of V ↓ X are spin modules for X.
Lemma 2.15 ([17, p.33]). Let G = Cl(V ) and assume p is good for G. Let X be a semisimple closed
connected subgroup of G. Suppose X is G-irreducible. Then either G = An and X is irreducible on
V or G = Bn, Cn or Dn and V ↓ X = V1 ⊥ . . . ⊥ Vm with the Vi all non-degenerate, irreducible and
inequivalent as X-modules.
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G N
An, n ≥ 1 n+ 1
Bn, n ≥ 3 2n+ 1
Cn, n ≥ 2 2n
Dn, n ≥ 4 2n
G2 7
F4 26
E6 27
E7 56
E8 248
Table 2.2: G simple algebraic group in good characteristic, N is the dimension of the smallest
dimensional non-trivial module for G.
The following well known result can be deduced from [23].
Lemma 2.16. Suppose p is good for G. Table 2.2 gives the dimension N of the smallest dimensional
non-trivial G-module.
Lemma 2.17 ([17, Lemma 3.1]). Let P = QL be a parabolic subgroup of G with unipotent radical
Q and Levi subgroup L. If L0 is a simple factor of L
′, then the possible weights λ of nontrivial
composition factors of Q ↓ L0 are as follows:
• L0 = An: λ = 2λ1, 2λn, 3λ1, λj or λn+1−j(j = 1, 2, 3) (note that 2λ1, 2λn only occur if G = F4
and n ≤ 2, and 3λ1 only if G = G2 and n = 1);
• L0 = Bn or Cn(n = 2 or 3, G = F4): λ1, λ2 or λ3;
• L0 = Dn : λ1, λn−1 or λn;
• L0 = E6 : λ1 or λ6;
• L0 = E7 : λ7.
In the next Lemma we consider tilting modules. A tilting module is a module having filtration
by both Weyl modules and duals of Weyl modules.
Lemma 2.18. Let X be a simple algebraic group over k in characteristic p > 3 and V be an
X-module. If V is a tilting module then H1(X, V ) = 0, H1(X,∧2(V )) = 0 and H1(X,∧3(V )) = 0.
Proof. By [11, Proposition 1.2], the tensor product of tilting modules is a tilting module. Hence
V ⊗ V and V ⊗ V ⊗ V are tilting modules. Furthermore, by [10, Corollary 1.3], a direct summand
of a tilting module is a tilting module. Note that ∧2(V ) is a direct summand of V ⊗ V and ∧3(V )
is a direct summand of V ⊗V ⊗V . Hence ∧2(V ) and ∧3(V ) are tilting modules. By [27, Section 1],
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G M
G2 A1(p ≥ 7)
F4 A1(p ≥ 13), G2(p = 7), A1G2(p ≥ 3)
E6 A2(p ≥ 5), G2(p 6= 7), F4, C4(p ≥ 3), A2G2
E7 A1(p ≥ 17), A1(p ≥ 19), A2(p ≥ 5), A1A1(p ≥ 5), A1G2(p ≥ 3), A1F4, G2C3
E8 A1(p ≥ 23), A1(p ≥ 29), A1(p ≥ 31), B2(p ≥ 5), A1A2(p ≥ 5), G2F4
Table 2.3: Maximal connected subgroups of exceptional algebraic groups.
if an X-module T is a tilting module then H1(X,T ) = 0. Hence H1(X, V ) = 0, H1(X,∧2(V )) = 0
and H1(X,∧3(V )) = 0.
Lemma 2.19. Let G = E6 or E7. Suppose X ∼= A1 is a restricted subgroup of G. Let V = VE6(λ1)
if G = E6 and V = VE7(λ7) if G = E7. Then the high weight of V ↓ X is smaller than or equal to
2p− 2.
Proof. If G = E6, let H = E7 such that G is a subgroup of H. Similarly if G = E7, let H = E8
such that G is a subgroup of H. Note that CH(G)
◦ = T1 hence L = GT1 is a Levi subgroup of H.
Take u to be a non trivial unipotent element of X. By [27, Theorem 1.1], there is a B = A1
such that u ∈ B and B is restricted in H. Furthermore by [27, Theorem 1.2], CH(u) = QCH(B)
with Q = Ru(CH(u)). Therefore a maximal torus T of CH(u) is Q-conjugate to a maximal torus
of CH(B). Since u ∈ X ⊆ GT1, we have T1 ⊆ T . Therefore T1 is contained in a Q-conjugate of
CH(B), say CH(B)
q. Then Bq ⊆ CH(T1) = GT1. Since q ∈ CH(u), we have u ∈ Bq ⊆ G. By [27,
Theorem 1.1], any two restricted A1 in G containing u are conjugate in G. Hence X and B
q are
conjugate in G. Therefore X is restricted in H since B is restricted in H. So the highest weight
of L (H) ↓ X is smaller than or equal to 2p − 2. By Theorem 2.21, V is a composition factor of
L (H) ↓ G. Hence the highest weight of V ↓ X is smaller than or equal to 2p− 2.
2.3.2 Subgroups of Exceptional Groups
We present some results that will help us classify products of restricted subgroups of the same type
in exceptional groups.
Theorem 2.20 ([20, Corollary 2]). Let G be of exceptional type and let M be a maximal connected
subgroup of G. Then either M is parabolic, reductive of maximal rank or G, M are in Table 2.3.
Maximal subgroups of each type indicated in the table exist, subject to the indicated restriction on
p, and are unique up to Aut(G)-conjugacy.
Theorem 2.21 ([17, Proposition 2.1, Proposition 2.4, Tables 8.1 to 8.7]). Let G be of exceptional
type.
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G X X-composition factors of L (G)/L (X)
F4 B4 λ4
A1C3 (1, λ3)
A2A2(p 6= 2) (λ1, 2λ2)/(λ2, 2λ1)
E6 A1A5 (1, λ3)
A32 (λ1, λ1, λ1)/(λ2, λ2, λ2)
E7 A7 λ4
A1D6 (1, λ5)
A2A5 (λ1, λ2)/(λ2, λ4)
E8 A8 λ3/λ6
D8 λ7
A1E7 (1, λ7)
A2E6 (λ1, λ6)/(λ2, λ1)
D4D4 (λ1, λ1)/(λ3, λ3)/(λ4, λ4)
A4A4 (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)
Table 2.4: Restriction of L (G)/L (X) to X for X some semisimple subgroup of G of maximal
rank.
Table 2.4 gives the restriction of L (G)/L (X) to X, for various semisimple subgroups X of G
of maximal rank.
Table 2.5 gives the restriction of L (G)/L (X) to X, for maximal closed connected subgroups X
of G not containing a maximal torus.
Table 2.6 gives the restriction of L (G)/L (X) to X, for various subsystem subgroups X of G.
Let V27 = VE6(λ1) if G = E6 and V56 = VE7(λ7) if G = E7. Table 2.7 gives the restriction of V27
or V56 to X, for various subgroups X of G = E6 or E7.
Theorem 2.22 ([20, Table 10.4]). Let G be of exceptional type over k in good characteristic. All
maximal semisimple subgroups of maximal rank M in G are listed in Table 2.8.
In the next result and a few of the following ones we say G is exceptional but we will not consider
the case G = G2 as the results are trivial in this case.
Lemma 2.23. Let G be of exceptional and assume p is good for G. Let X = R1 . . . Rn < G be
a commuting product of restricted subgroups with Ri all of the same type and n > 1. Let M be a
maximal connected subgroup of G such that X ⊆ M . All possible X are in one of the maximal M
listed in Tables 2.9 to 2.12.
Proof. Suppose G = F4 and assume p is good for G. By Theorem 2.20, all products R1 . . . Rn
of restricted subgroups of the same type are in a maximal connected subgroup M where M is
parabolic, reductive of maximal rank or M = A1(p ≥ 13), G2(p = 7) or A1G2(p ≥ 3). By Theorem
2.2, all subgroups A1, A2, B2, G2, B3, and C3 are G-cr. Thus all Ri are G-cr.
2.3 Preliminary results 28
G X X-composition factors of L (G)/L (X)
G2 A1(p = 0 or p ≥ 7) 10
F4 A1G2(p 6= 2) (4, λ1)
G2(p = 7) λ1 + λ2
A1(p = 0 or p ≥ 13) 22/14/10
E6 A2G2 (λ1 + λ2, λ1)
G2(p 6= 2, 3, 7) λ1 + λ2
F4 λ4
C4(p 6= 2) λ4
A2(p 6= 2, 3) 4λ1 + λ4/λ1 + 4λ4
E7 G2C3 (λ1, λ2)
A1F4 (2, λ4)
A1G2(p 6= 2) (4, λ1)/(2, 2λ1)
A1A1(p 6= 2, 3) (2, 8)/(4, 6)/(6, 4)/(2, 4)/(4, 2)
A2(p 6= 2, 3, 5) 4λ1 + 4λ2
A1(p = 0 or p ≥ 17) 26/22/18/16/14/102/6
A1(p = 0 or p ≥ 19) 34/26/22/18/14/10
E8 G2F4 (λ1, λ4)
B2(p 6= 2, 3, 5) 6λ2/3λ1 + 2λ2
A1A2(p 6= 2, 3) (6, λ1 + λ2)/(4, 3λ1)/(4, 3λ2)/(2, 2λ1 + 2λ2)
A1(p = 0 or p ≥ 23) 38/34/28/26/222/18/16/14/10/6
A1(p = 0 or p ≥ 29) 46/38/34/28/26/22/18/14/10
A1(p = 0 or p ≥ 31) 58/46/38/34/26/22/14
Table 2.5: Restriction of L (G)/L (X) to X for X maximal closed connected subgroups of G not
containing a maximal torus.
G X X-composition factors of L (G)/L (X)
E6 D5 λ4/λ5/0
D4 λ
2
1/λ
2
3/λ
2
4/0
2
E7 E6 λ1/λ6/0
A6 λ1/λ3/λ4/λ6/0
E8 A7 λ1 + λ
†
7/λ1/λ2/λ3/λ5/λ6/λ7/0
A6 λ1 + λ
†
6/λ
3
1/λ
2
2/λ3/λ4/λ
2
5/λ
3
6/0
4
B4 λ
8
4/λ
7
1/0
21
D7 λ2/λ1/λ6/λ7/0
D6 λ2/λ
4
1/λ
2
5/λ
2
6/0
6
D5A2 (λ5, 10)/(λ1, 10)/(λ4, 00)/(0, 10)/(λ4, 01)/(λ1, 01)/
(λ5, 00)/(0, 01)/(λ2, 00)/(0, 11)/(0, 00)
Table 2.6: Restriction of L (G)/L (X) to X for X some subsystem subgroup of G.
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G V X X-composition factors of V
E6 V27 D5 λ1/λ4/0
D4 λ1/λ3/λ4/0
3
A5 λ
2
1/λ4
E7 V56 E6 λ1/λ6/0
2
D6 λ
2
1/λ5
D5 λ
2
1/λ4/λ5/0
4
A1D4 (1, λ1)/(0, λ3)
2/(0, λ4)
2/(1, 0)4
A7 λ2/λ6
A6 λ1/λ2/λ5/λ6
A2A5 (λ1, λ1)/(λ2, λ5)/(0, λ3)
A5 λ
3
1/λ3/λ
3
5
A′5 λ
2
1/λ2/λ4/λ
2
5/0
2
Table 2.7: Restriction of V = V27 or V56 to X for X some subgroup of G = E6 or E7.
G M
G2 A1A1, A2
F4 B4, A1C3, A2A2
E6 A1A5, A
3
2
E7 A1D6, A7, A2A5
E8 D8, A1E7, A8, A2E6, A
2
4
Table 2.8: Maximal semisimple subgroups of maximal rank in exceptional groups.
Type of X M
A22 A2A2
A41 A1C3 and B4
A31 A1G2, A1C3 and B4
A21 G2(p = 7), A1G2, A
2
2, A1C3 and B4
A1 A1(p ≥ 13), G2(p = 7), A1G2, A22, A1C3 and B4
Table 2.9: X ⊆M in F4.
Type of X M
B22 C4 and D5
A32 A
3
2
A22 A
3
2, A1A5, F4 and A2G2
A41 A1A5, F4, D5 and C4
A31 A
3
2, A1A5, F4, C4, D5 and A2G2
A21 A
3
2, G2, A1A5, F4, C4, D5 and A2G2
Table 2.10: X ⊆M in E6.
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Type of X M
C22 A7 and A1D6
A23 A7 and A1D6
A32 A2A5
A22 A2A5, A7, A1F4, G2C3 and A1D6
A71 A1D6
A61 A1D6
A51 A1F4, G2C3 and A1D6
A41 A2A5, A7, A1F4, G2C3 and A1D6
A31 A2A5, A7, A1G2, A1F4, G2C3 and A1D6
A21 A2A5, A7, A
2
1, A1G2, A1F4, G2C3 and A1D6
Table 2.11: X ⊆M in E7.
Type of X M
G22 G2F4, D8
D24 D8
B23 D8
B32 D8
B22 D8, A8, E6A2, A1E7, A
2
4
A24 A
2
4
A23 D8, A8, A
2
4, A1E7
A42 E6A2
A32 A8, E6A2, G2F4, A1E7
A22 D8, A8, A
2
4, E6A2, G2F4, A1E7
A81 D8, A1E7
A71 D8, A1E7
A61 D8, A1E7, G2F4
A51 D8, A1E7, G2F4, E6A2
A41 D8, A1E7, G2F4, E6A2, A8, A
2
4
A31 D8, A1E7, G2F4, E6A2, A8, A
2
4
A21 D8, A1E7, G2F4, E6A2, A8, A
2
4, A1A2, B2
Table 2.12: X ⊆M in E8.
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Now consider R1 . . . Rn. Each Ri is G-cr. By Theorem 2.8, R1 . . . Rn is G-cr as well. So if
R1 . . . Rn ⊆ P where P is a parabolic subgroup, then R1 . . . Rn ⊆ L a Levi subgroup of P . Hence by
Theorem 2.20, R1 . . . Rn ⊆M where M is reductive of maximal rank or M = A1(p ≥ 13), G2(p = 7)
or A1G2. By Theorem 2.22, the maximal reductive subgroups of maximal rank in F4 are B4, A2A2
and A1C3. Thus R1 . . . Rn ⊆M where M = B4, A2A2, A1C3, A1(p ≥ 13), G2(p = 7) or A1G2.
Note that since R1 . . . Rn ⊆ M and all Ri are of the same type, we must have rank(R1) × n ≤
rank(M).
In G2 (p = 7), A
2
1 is the only product of more than one restricted subgroup of the same type.
In A1G2, we have R1 . . . Rn = A
2
1 or A
3
1.
The products of more than one restricted subgroup of the same type in A22 are A
2
2 and A
2
1.
Consider R1 . . . Rn ⊆ A1C3. The only possible products of more than one restricted subgroup of
the same type in C3 are A
3
1 and A
2
1. Thus the only products of more than one restricted subgroup
of the same type in A1C3 are A
4
1, A
3
1 and A
2
1.
Finally let R1 . . . Rn ⊆ B4. Since VB4(λ1) has dimension 9, by Lemma 2.16, the possible R1 . . . Rn
in B4 are A
2
2, A
4
1, A
3
1 and A
2
1. The subgroup A
2
2 in B4 would have maximal rank. By inspection of
the Dynkin diagram of B4, we find that B4 does not have a subgroup A
2
2. There are subgroups
A41, A
3
1 and A
2
1.
Hence R1 . . . Rn = A
2
2, A
2
1, A
3
1 or A
4
1. We have proven the following:
• all A41 in F4 are in A1C3 or B4;
• all A31 in F4 are in A1G2, A1C3 or B4;
• all A21 in F4 are in G2(p=7), A1G2, A22, A1C3 or B4;
• all A22 in F4 are in A2A2.
This finishes the proof of the lemma for G = F4.
The proof of the lemma for G = E6, E7 and E8 is very similar. It is slightly more complicated
when the Ri are of type G2 as they are not necessarily G-cr but this case is easily dealt with as
there are few distinct G2 in E6, E7 and E8.
In [21], Liebeck and Seitz considered the subgroups generated by long root subgroups and proved
the following theorem. Recall that we denote a subgroup of type X in G generated by long root
subgroups by X¯.
Theorem 2.24 ([21]). Let G be of exceptional type. Suppose X be a simple connected subgroup
of type A1 or A2 in G generated by long root subgroups. Then X is unique up to conjugacy and
CG(X)
◦ is given in Table 2.13.
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G X CG(X)
◦
F4 A1 C3
E6 A2 A2A2
E6 A1 A5
E7 A2 A5
E7 A1 D6
E8 A2 E6
E8 A1 E7
Table 2.13: Centralisers of subgroups of type A1 and A2 generated by long root subgroups in
exceptional groups.
Theorem 2.24 can be used to count the number of conjugacy classes of A¯1
n
in exceptional groups.
Lemma 2.25. Let G be of exceptional type and assume p is good for G. Table 2.14 gives the number
of conjugacy classes of A¯1
n
in G for various integers n, and their connected centralisers.
Proof. In F4, by Theorem 2.24, there is a unique conjugacy class of A¯1 and CF4(A¯1)
◦ = C3. There is
a unique conjugacy class of A¯1 in C3 and CC3(A¯1)
◦ = C2. Furthermore there is a unique conjugacy
class of A¯1 in C2 and CC2(A¯1)
◦ = A¯1. Hence there is a unique conjugacy class of A¯1
2
and A¯1
3
in F4
and CF4(A¯1
2
)◦ = C2 and CF4(A¯1
3
)◦ = A¯1.
Similarly in E6 there is a unique conjugacy class of A¯1 and CE6(A¯1)
◦ = A5. There is a unique
conjugacy class of A¯1 in A5. Hence, there is a unique conjugacy class of A¯1
2
in E6 and CE6(A¯1
2
)◦ =
CA5(A¯1)
◦ = A3T1. Furthermore there is a unique conjugacy class of A¯1 in A3 and CA3(A¯1)
◦ =
T1A¯1. Hence there is a unique conjugacy class of A¯1
3
and A¯1
4
in E6 and CE6(A¯1
3
)◦ = T2A¯1 and
CE6(A¯1
4
)◦ = T2.
Suppose G = E7. By Theorem 2.24, there is a unique conjugacy class of A¯1 in E7 and CE7(A¯1)
◦ =
D6. There is a unique conjugacy class of A¯1 in D6 and it has centraliser A¯1D4 (see [21]). Thus, there
is a unique conjugacy class of A¯1
2
in E7 and CE7(A¯1
2
)◦ = CD6(A¯1)
◦ = A¯1D4. There is a unique
conjugacy class of A¯1 in D4 and CD4(A¯1)
◦ = A¯1
3
. By [17, Lemma 1.7], either A¯1 is the first factor
of A¯1D4 or A¯1 ⊆ D4. Hence there are two conjugacy classes of A¯1 in A¯1D4. There are therefore two
conjugacy classes of A¯1
3
in E7. We know that CE7(A¯1
3
)◦ = CA¯1D4(A¯1)
◦ either CE7(A¯1
3
)◦ = D4 if
A¯1 is not in D4 and CE7(A¯1
3
)◦ = A¯1
4
if A¯1 is in D4. On one hand CD4(A¯1)
◦ = A¯1
3
and on the other
hand CA¯14(A¯1)
◦ = A¯1
3
. Thus there are two conjugacy classes of A¯1
4
in E7 and CE7(A¯1
4
)◦ = A¯1
3
in
both. There is a unique conjugacy class of A¯1
5
in E7 and CE7(A¯1
5
)◦ = CA¯13(A¯1)
◦ = A¯1
2
. Clearly
there is a unique conjugacy class of A¯1
6
in E7 and CE7(A¯1
6
)◦ = A¯1. Thus there is a unique conjugacy
class of A¯1
7
in E7.
Finally, let G = E8. By Theorem 2.24, there is only one conjugacy class of A¯1 in E8 and
CE8(A¯1)
◦ = E7. For 2 ≤ n ≤ 8, we have CE8(A¯1n)◦ = CE7(A¯1n−1)◦ which we have found previously.
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G A¯1
n
CG(A¯1
n
)◦ number of
conjugacy
classes of A¯1
n
F4 A¯1
3
A¯1 1
F4 A¯1
2
C2 1
F4 A¯1 C3 1
E6 A¯1
4
T2 1
E6 A¯1
3
A¯1T2 1
E6 A¯1
2
A3T1 1
E6 A¯1 A5 1
E7 A¯1
7
1 1
E7 A¯1
6
A¯1 1
E7 A¯1
5
A¯1
2
1
E7 A¯1
4
A¯1
3
2
E7 A¯1
3
D4 or A¯1
4
2
E7 A¯1
2
A¯1D4 1
E7 A¯1 D6 1
E8 A¯1
8
1 1
E8 A¯1
7
A¯1 1
E8 A¯1
6
A¯1
2
1
E8 A¯1
5
A¯1
3
1
E8 A¯1
4
D4 or A¯1
4
2
E8 A¯1
3
A¯1D4 1
E8 A¯1
2
D6 1
E8 A¯1 E7 1
Table 2.14: Centraliser of A¯1
n
in exceptional groups.
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G X NG(X)/X
G2 A2 2
F4 A
4
1 S4
E6 A
3
2 S3
E6 D4T2 S3
E7 A¯1
7
GL3(2)
E7 D4A¯1
3
S3
E7 A
4
2 GL2(3)
E8 D
2
4 S3 × 2
E8 A¯1
8
AGL3(2)
Table 2.15: NG(X)/X for some closed connected reductive subgroups X in exceptional groups.
We will also need the following lemmas.
Lemma 2.26. Assume p is good for G. Suppose H is a subsystem subgroup of G and X ⊆ H is
generated by long root subgroups of H. Then X is generated by a long root subgroups of G.
Proof. Let Φ be the root system of G. By [24, Prop. 13.5], the root system of H can naturally be
regarded as a root subsystem of Φ. Therefore the long root subgroups of H are long root subgroups
of G.
Lemma 2.27 ([20, Table 10.3],[9, Tables 7-11]). Let G be of exceptional type. Let X be a closed
connected reductive subgroup of G. Table 2.15 gives NG(X)/X for some specific X.
Lemma 2.28. Let A = AGL3(2) be the affine group acting on V3(2) = V with basis {v1, v2, v3}.
Then the following hold:
1. A0 = StabAGL3(2)(0) = GL3(2) has two orbits on (3, 2, 2)-partitions of V0 = V \ {0};
2. A0 has three orbits on ordered (3, 2, 2)-partitions of V0;
3. A0 has two orbits on (3, 4)-partitions of V0;
4. A0 has two orbits on (3, 3, 1)-partitions of V0;
5. A0 has two orbits on (2, 4, 1)-partitions of V0;
6. A1 = StabA(0, v1) has two orbits on (4,2)-partitions of V1 = V \ {0, v1};
7. A has two orbits on ordered (3, 3, 2)-partitions of V .
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Proof. 1. The stabiliser of 0 in A is A0 = GL3(2). Furthermore A0 has two orbits on triples of
vectors in V0 since the three vectors are either linearly independent ({v1, v2, v3}) or linearly
dependent ({v1, v2, v1 + v2}).
Consider first {v1, v2, v3}. Clearly in the stabiliser of {v1, v2, v3} in V0 is S3. The complement
of {v1, v2, v3} in V0 is {v1 + v2, v1 + v3, v2 + v3, v1 + v2 + v3}. Hence S3 is transitive on the
(2, 2)-partitions of V0\{v1, v2, v3}.
Now consider {v1, v2, v1 + v2}. In this case the stabiliser in V0 is P2 = {
 A ??
0 0 1
 : A ∈
GL2(2)} ∼= S4. This is transitive on the (2, 2)-partitions of V0\{v1, v2, v1 + v2} = {v3, v2 +
v3, v1 + v3, v1 + v2 + v3} since it acts as S4 on four points.
Hence there are two orbits of (3, 2, 2) partitions of V0.
2. As in the previous section of the proof, the stabiliser of 0 in A is A0 = GL3(2) and A0 has
two orbits on triples of vectors in V0.
Consider first {v1, v2, v3}. Then we saw that S3 acts on the complement {v1 + v2, v1 + v3, v2 +
v3, v1 +v2 +v3} by permuting v1, v2 and v3. Hence there are two possible pairs since v1 +v2 +v3
is not in the same orbit as any of the other elements in the complement.
Now consider {v1, v2, v1 + v2}. We saw that S4 acts on the four points in their complement.
Hence there is a unique orbit of pairs in the complement.
Therefore A0 has three orbits on ordered (3, 2, 2)-partitions of V0.
3. As we have seen previously, the stabiliser of 0 in A is A0 = GL3(2) and A0 has two orbits on
triples of vectors in V0. Whichever orbit we pick, there are four vectors in the complement.
Hence there is a unique orbit of quadruples of vectors in each of these complements. Therefore
there are two orbits on (3, 4)-partitions of V0.
4. As before, the stabiliser of 0 in A is A0 = GL3(2) and A0 has two orbits on triples of vectors
in V0. Whichever orbit we pick, there are four vectors in the complement with either S3 or
S4 acting on these four vectors. Hence there are two orbit of triples of vectors in one of these
complements and one in the other. Since order does not matter, one of these (3, 3, 1)-partitions
is counted twice. Therefore there are two orbits on (3, 3, 1)-partitions of V0.
5. We saw that the stabiliser of 0 in A is A0 = GL3(2) and A0 has two orbits on triples of vectors
in V0. Hence A0 has two orbits on quadruples of vectors in V0 since each quadruple is the
complement of a triple in V0. Therefore we can pick the following two quadruples which are
not in the same orbit: {v3, v2 +v3, v1 +v3, v1 +v2 +v3} and{v1 +v2, v1 +v3, v2 +v3, v1 +v2 +v3}.
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G element order CG(t)
G2 2 A¯1A1
F4 2 A1C3, B4
F4 3 C3T1, B3T1, A2A2
E6 2 A1A5, D5T1
E7 2 A1D6, E7
E7 3 A6T1, E6T1, A5A2, A1D5T1, D6T1
E8 2 A1E7, D8
E8 3 A8, A2E6, D7T1, E7T1
Table 2.16: Centralisers of semisimple elements of order 2 or 3 in exceptional groups.
Consider first the quadruple {v3, v2+v3, v1+v3, v1+v2+v3}. Its complement is {v1, v2, v1+v2}.
Note that all elements which permute v1, v2 and v1 + v2 are in the stabiliser of this quadruple.
Hence there is a unique orbit of pairs in the complement of this quadruple.
Now consider the quadruple {v1 +v2, v1 +v3, v2 +v3, v1 +v2 +v3}. Its complement is {v1, v2, v3}
and clearly S3 which permutes v1, v2 and v3 is in its stabiliser. Hence there is a unique orbit
of pairs in the complement of this quadruple.
Therefore there are two orbits on (2, 4, 1)-partitions of V0.
6. As we have seen in the first part of the proof, the stabiliser of 0 in A is A0 = GL3(2). Hence
StabAGL3(2)(0, v1) = StabGL3(2)(v1) = {
 1 ? ?
0 X0
 : X ∈ GL2(2)} ∼= S4. Therefore S4 acts
on V1 = {v2, v3, v1 + v2, v1 + v3, v2 + v3, v1 + v2 + v3}. We can check that S4 has two orbits on
pairs in V1. Hence there are two orbits of (4, 2)-partitions of V1.
7. Since AGL3(2) is transitive on pairs, we can pick any pair to start with. By the previous
paragraph, StabAGL3(2)({0, v1}) ∼= S4 × 2. Hence we count how many orbits S4 × 2 has on
ordered (3, 3)-partitions of V1. We find that there are two such orbits. Therefore A has two
orbits on ordered (3, 3, 2)-partitions of V .
Lemma 2.29 ([18, Proposition 1.2]). Let G be of simply connected exceptional type and t be a
semisimple element in G. If t has order 2 or 3 in G = F4, E7 and E8 or t has order 2 in G = E6
or G2 then the possibilities for CG(t) are given in Table 2.16.
Lemma 2.30. Let G = G2 and assume the characteristic p is good. Suppose X is a simple restricted
subgroup of G contained in M , a maximal reductive subgroup of G. Then X is one of the subgroups
listed in Table 2.17.
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X M VG2(λ1) ↓ X VG2(λ2) ↓ X
1 A2 A2 10/01/00 11/10/01
2 A¯1 A¯1A˜1 1
2/03 2/14/03
3 A˜1 A¯1A˜1 2/1
2 32/2/03
4 A1 A¯1A˜1 and A2 2
2/0 4/23
5 A1 A1 6 10/2
Table 2.17: Simple restricted subgroups of G2.
G composition factors of ∧2(VG(λ1)) composition factors of ∧3(VG(λ1))
An λ2 λ3
Bn 2λ2(n = 2), λ2(n ≥ 3) 2λ2(n = 2), 2λ3(n = 3), λ3(n ≥ 4)
Cn λ2, 0 λ3, λ1
Dn λ2 λ3 + λ4(n = 4), λ3(n ≥ 5)
Table 2.18: Composition factors of ∧2(VG(λ1)) and ∧3(VG(λ1)).
Proof. By Theorem 2.20, M is reductive of maximal rank or M = A1(p ≥ 7). By Theorem 2.22,
the maximal reductive subgroups of maximal rank in G2 are A¯1A˜1 and A¯2. Thus X ⊆ M where
M = A¯1A˜1, A¯2 or A1(p ≥ 7).
By [20, Table 10.1], if X = M = A1(p ≥ 7) then VG2(λ1) ↓ X = 6 and VG2(λ2) ↓ X = 10/2.
Next consider the case where M = A¯1A˜1. By [21, Lemma 11.12], we have VG2(λ1) ↓ M =
(0, 2)/(1, 1) and VG2(λ2) ↓ M = (2, 0)/(0, 2)/(1, 3). The restricted simple subgroups in A¯1A˜1 are
A¯1, A˜1 and A¯1 A˜1. These are cases 2, 3 and 4 of Table 2.17.
Now suppose M = A¯2. By [17, Table 8.5], we have VG2(λ1) ↓ M = 10/01/00 and VG2(λ2) ↓
M = 11/10/01. There are two restricted A1 in A2. Either VA2(λ1) ↓ A1 = 1/0 or VA2(λ1) ↓ A1 = 2.
If VA2(λ1) ↓ A1 = 1/0 then the subgroup A1 is A¯1 in A¯2. Thus by Lemma 2.26, it is A¯1 in G2. By
Lemma 2.24, there is a unique conjugacy class of A¯1 in G2. Hence this is conjugate to case 2 of
Table 2.17.
Finally suppose Y = A1 ⊆ M = A2 with VA2(λ1) ↓ Y = 2. By Lemma 2.27, NG(A2)/A2 = 2.
Hence there is an involution t in G2 such that Y ⊆ A¯2〈t〉. So by Lemma 2.29, Y ⊆ CG2(t) = A¯1A1.
Therefore Y is conjugate to one of the A1 ⊆ A¯1A1. By [17, Table 8.5], VG2(λ2) ↓ A2 = 11/10/01.
Hence VG2(λ2) ↓ Y = 4/23. Therefore Y is conjugate to A¯1 A˜1.
Lemma 2.31 ([17, Proposition 2.10]). Let G be a simple algebraic group of classical type and of
rank at least 2 and p 6= 2. In Table 2.18, we give the G-composition factors of ∧2(VG(λ1)) and
∧3(VG(λ1)).
Lemma 2.32 ([17, Proposition 2.13]). Let X be of type A1 with natural module V . Suppose that
W is either ∧2(V ), a spin module of V or ∧3(V ) when dim(V ) ≤ 9. Then W ↓ X is given in Table
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V ∧2(V ) ∧3(V ) W ↓ X, W spin module
r 2r − 2/2r − 6/ . . . 3r − 6/3r − 10/ . . . 1(r = 2), 3(r = 4),
6/0(r = 6), 10/4(r = 8)
1⊗ 1(a) 2/2(a)
2⊗ 1(a) 2⊗ 2(a)/4/0 4⊗ 1(a)/2⊗ 1(a)/3(a)
3⊗ 1(a) 4⊗ 2/6/2(a)/2 7⊗ 1(a)/5⊗ 1(a)/3⊗ 3(a)/
3⊗ 1(a)/1⊗ 1(a)
1⊗ 1(a) ⊗ 1(b) 2⊗ 2(a)/2⊗ 2(b)/ 3⊗ 1(a) ⊗ 1(b)/1⊗ 3(a) ⊗ 1(b)/
2(a) ⊗ 2(b)/0 1⊗ 1(a) ⊗ 3(b)/1⊗ 1(a) ⊗ 1(b)
2⊗ 2(a) 4⊗ 2(a)/2⊗ 4(a)/ 4⊗ 4(a)/4⊗ 2(a)/2⊗ 4(a)/6/ 3⊗ 1(a)/1⊗ 3(a)
2/2(a) 6(a)/2⊗ 2(a)/2/2(a)
5⊗ 1(a) 8⊗ 2(a)/4⊗ 2(a)/ 5⊗ 2(a)/9/3 or
2(a)/10/6/2 8⊗ 1(a)/4⊗ 1(a)/3(a)
2⊗ 1(a) ⊗ 1(b) 2⊗ 2(a) ⊗ 2(b)/ 2⊗ 1(a) ⊗ 2(b)/
4⊗ 2(a)/4⊗ 2(b)/ 4⊗ 1(a)/3(a) or
2/2(a)/2(b) 2⊗ 2(a) ⊗ 1(b)/
4⊗ 1(b)/3(b)
Table 2.19: Composition factors of W ↓ X for W = ∧2(V ), ∧3(V ) or a spin module of V (in this
table a and b are powers of p).
2.19.
Lemma 2.33. Let G = D4 over k with characteristic p > 3. Suppose Y = A1 is a subgroup of G.
If VD4(λ1) ↓ Y = 3⊗ 1(b) with b a positive power of p then one of VD4(λ3) ↓ Y and VD4(λ4) ↓ Y
is equal to 3⊗ 1(b) and the other is equal to 4/2(b).
If VD4(λ1) ↓ Y = 4/2(b) with b a positive power of p then VD4(λ3) ↓ Y ∼= VD4(λ4) ↓ Y ∼= 3⊗ 1(b).
Proof. A triality automorphism τ of D4 permutes nodes 1, 2 and 3 of the Dynkin diagram of D4
cyclically. By [3, 15.16], a subgroup A1 of SO5 × SO3 acting as 4/2(b) is sent to a subgroup A1 of
Sp4 ⊗ Sp2 acting as 3⊗ 1(b) and back to the original A1 subgroup of SO5 × SO3.
Thus if VD4(λ1) ↓ Y = 4/2(b) with b a power of p then VD4(λ3) ↓ Y = 3⊗ 1(b) and VD4(λ4) ↓ Y =
3⊗ 1(b).
Similarly if VD4(λ1) ↓ Y = 3 ⊗ 1(b) with b a power of p then either VD4(λ3) ↓ Y = 3 ⊗ 1(b) and
VD4(λ4) ↓ Y = 4/2(b) or VD4(λ4) ↓ Y = 3⊗ 1(b) and VD4(λ3) ↓ Y = 4/2(b).
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Chapter 3
Proof of Theorems 4 and 5
Throughout this chapter, let G be a simple algebraic group over an algebraically closed field k of
good characteristic p. Let X be a simple closed connected subgroup of G.
In this chapter we prove Theorems 4 and 5. Theorem 4 states that when G is of exceptional
type, if X ⊆ R1 . . . Rn ⊆ G where the Ri are restricted simple subgroups of the same type as X,
and the projections X → Ri/Z(Ri) are non-trivial and have different field twists, then X is G-cr
except in two specific cases. We also prove Theorem 5 which is a similar result when G is classical
with the extra assumption that the Ri are G-cr.
3.1 Proof of Theorem 5
Let G be of classical type with natural module V . Let X be a simple connected subgroup of G.
Suppose X is contained in a product R1 . . . Rn in G such that each Ri is a simple restricted G-cr
subgroup of the same type as X and each projection X → Ri/Z(Ri) is non-trivial and involves a
different field twist. Note when Ri = A1, since the Ri are restricted, the action of Ri on the natural
module V is restricted ([19, p.263]).
By Theorem 2.8, the commuting product of two G-cr subgroups is G-cr. Hence by induction,
R1 . . . Rn is G-cr. By Lemma 2.10, V ↓ R1 . . . Rn is completely reducible. Thus V ↓ R1 . . . Rn =
W1 ⊕ . . . ⊕ Wl with all Wi irreducible. Then Wi ↓ R1 . . . Rn = M1 ⊗ . . . ⊗Mn with each Mj a
restricted irreducible Rj-module. Hence Wi ↓ X = M (q1)1 ⊗ . . .⊗M (qn)n with all qm distinct powers
of p. So by Theorem 2, the Wi are irreducible X-modules. Hence V ↓ X is a completely reducible
X-module and so X is G-cr by Lemma 2.10. This completes the proof of Theorem 5.
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3.2 Reduction for Theorem 4
Let G be of exceptional type. By Theorem 2.2, for large enough characteristics, all connected
reductive subgroups of exceptional groups are G-cr (p > 7 suffices). Hence in these characteristics,
Theorem 4 is trivially true. Therefore we use this to reduce the number of cases in which we need
to prove Theorem 4.
By Theorem 2.2, if p > N(X,G) with N(X,G) given in Table 2.1 then X is G-cr. Therefore,
Theorem 4 holds for p > N(X,G). We have assumed p is good for G. Hence p > 3 except if G = E8
where p > 5. Therefore we need to prove Theorem 4 in the following cases:
• G = E6, X = A1 and p = 5;
• G = E7, X = A1 or G2 and p = 5 or 7;
• G = E8, X = A1 or G2 and p = 7.
3.3 Proof of Theorem 4 when G = E6
Let G = E6, of simply connected type, and p = 5. Let V27 = VE6(λ1). Suppose for a contradiction
that X = A1 is a non-G-cr subgroup that is contained in a product R1 . . . Rn ⊆ G such that each
Ri is a simple restricted subgroup of type A1 and each projection X → Ri/Z(Ri) is non-trivial
and involves a different field twist. If n = 1 then R1 = X so X is restricted. By Theorem 2.5,
since X = A1 and is restricted, it is G-cr which is a contradiction. Hence n ≥ 2. Furthermore by
Lemma 2.19, the highest weight of V27 ↓ Ri is smaller than or equal to 2p− 2.
Since X is non-G-cr there exists a parabolic subgroup P = QL such that X ⊆ P but X is not
contained in a Q-conjugate of L. We now prove a few results that we will need throughout this
section.
Lemma 3.1. If V27 ↓ X has highest weight smaller than or equal to 20 and X is not contained in
a subsystem subgroup of G then X ↪→ R1R2 via (1, 1[5]) with R1R2 ∼= PSL2 × PSL2.
Proof. We have X ⊆ R1 . . . Rn such that each Ri is a simple restricted subgroup of type A1 and
each projection X → Ri/Z(Ri) is non-trivial and involves a different field twist. We assume that
V27 ↓ X has highest weight smaller than or equal to 20. Hence n ≤ 2 since otherwise there would
be a weight at least 25. We also saw that n ≥ 2. Thus n = 2 and X ↪→ R1R2 via (1, 1[5]).
Suppose for a contradiction that R1R2  PSL2×PSL2. Then Z(R1R2) is non-trivial and we can
pick an involution s ∈ Z(R1R2). Hence by Lemma 2.29, X ⊆ CG(s)◦ = D5T1 or A1A5. Therefore
X is contained in a subsystem subgroup. This is a contradiction so R1R2 ∼= PSL2 × PSL2.
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In the next three results we assume the following hypothesis:
X ↪→ R1R2 via (1, 1[5]) with R1R2 ∼= PSL2 × PSL2; (3.1)
VE6(λ1) ↓ X has highest weight strictly less than 18.
Proposition 3.2. Assume we have (3.1). Let (a, b) be one of the composition factors of V27 ↓ R1R2.
Suppose x⊗y(5) with x, y < 5 is a composition factor of (a, b) ↓ X. Then one of the following holds:
1. a = x and b = y;
2. a = x⊗ y(5) and b = 0;
3. a = 1⊗ 1(5), b = 2 and x⊗ y(5) = 1⊗ 3(5) or 1⊗ 1(5).
Proof. Since R2 ∼= PSL2, b is even. Furthermore b < 4 as the highest weight of VE6(λ1) ↓ X is
strictly less than 18. Hence b is equal to either 0 or 2.
If b = 0 then (a, b) ↓ X = a so a = x⊗ y(5) and b = 0.
Now assume that b = 2. If a is restricted, then (a, b) ↓ X = a ⊗ b(5) is irreducible. So since
a⊗ b(5) = x⊗ y(5), we have a = x and b = y.
Suppose a is not restricted, say a = r ⊗ s(5) with s 6= 0. Then (a, b) ↓ X = r ⊗ s(5) ⊗ b(5)
has x ⊗ y(5) as a composition factor. The highest weight of VE6(λ1) ↓ X is strictly less than
18 so r + 5s + 5b < 18. Thus s = 1. Now since A ∼= PSL2, a = r ⊗ s(5) is even so r is
odd. The maximum weight of VE6(λ1) ↓ X is strictly less than 18 so r = 1. We conclude that
(a, b) ↓ X = r ⊗ (3(5) + 1(5)) = 1⊗ (3(5) + 1(5)). Since x⊗ y(5) is a composition factor of (a, b) ↓ X
it is either 1⊗ 3(5) or 1⊗ 1(5).
Lemma 3.3. Assume we have (3.1). Then V27 ↓ R2 = 26 + 09 or 29.
Proof. Since R2 ∼= PSL2, all composition factors of VE6(λ1) ↓ R2 are even. Furthermore since the
highest weight of VE6(λ1) ↓ X is strictly less than 18, all composition factors of VE6(λ1) ↓ R2 are
strictly smaller than 4. Hence V27 ↓ R2 = 2m/0n for some integers m and n. By Lemma 2.11, 2
does not extend the trivial module so V27 ↓ R2 = 2m + 0n.
If u ∈ B is a non-trivial unipotent element then V27 ↓ u = Jm3 + Jn1 . By [14, Table 5], the only
possibilities are V27 ↓ u = J63 + J91 or J93 . Hence V27 ↓ R2 = 26 + 09 or 29.
Corollary 3.4. Assume we have (3.1). Let S be the set of composition factors of V27 ↓ X of the
form 3⊗ 1(5), 0, 2 or 4. Then ∑
W∈S
dimW ≤ 9.
3.3 Proof of Theorem 4 when G = E6 42
Proof. By Lemma 3.3, V27 ↓ R2 = 26 + 09 or 29. Hence there are at most 9 trivial composition
factors in V27 ↓ R2.
Consider a composition factor x⊗y(5) in S. Let (a, b) be a composition factor of V27 ↓ R1R2 such
that x⊗ y(5) is a composition factor of (a, b) restricted to X. Then whether x⊗ y(5) = 3⊗ 1(5), 0, 2
or 4, by Proposition 3.2, we have b = 0. Hence there are at least
∑
W∈S
dimW trivial composition
factors in V27 ↓ B. Therefore
∑
w∈S
dimW ≤ 9.
We now consider separately the cases when X is contained in a subsystem subgroup and when
it is not.
3.3.1 X is contained in a subsystem subgroup of G
Suppose X is contained in a subsystem subgroup of G. By the Borel de Siebenthal algorithm,
which was first presented in [7, Section 7], we can find all maximal subsystem subgroups of G by
deleting one node from the extended Dynkin diagram of G. We find that the maximal subsystem
subgroups of E6 are D5T1, A
3
2 and A1A5. Hence X is contained in H = D5, A
3
2 or A1A5. We
consider separately the different possibilities for H.
Firstly suppose X = A1 ⊆ A32. By Lemma 2.12, X cannot be non-A2-cr. Hence by Lemma 2.9,
X is A32-cr. Thus X is E6-cr by Theorem 2.7.
Now suppose X ⊆ A1A5. By Theorem 2.7, X is non A1A5-cr so, by Lemma 2.9, X is non-A5-cr.
Therefore, by Lemma 2.10, VA5(λ1) ↓ X has a reducible indecomposable summand. By Lemma 2.11,
i⊗ j(p) extends (p− 2− i)⊗ (j ± 1)(p) for some integers i and j. Since VA5(λ1) has dimension 6, we
must have VA5(λ1) ↓ X = 3/1(5). We will consider separately the case where X is in A5 and X is a
diagonal subgroup in A1A5 with non trivial projection to A1.
First suppose X ⊆ A5. Let K = A5. By Theorem 2.21,
V27 ↓ A1A5 = (1, λ1)/(0, λ4). (3.2)
Hence V27 ↓ A5 = λ21/λ4. Therefore we find
V27 ↓ X = 3⊗ 1(5)/(1(5))2/32/4/02.
We have X ⊆ R1 . . . Rn such that each Ri is a simple restricted subgroup of type A1 and each
projection X → Ri/Z(Ri) is non-trivial and involves a different field twist. Hence X ↪→ R1R2
via (1, 1[5]) since otherwise V27 ↓ X would have a composition factor greater than or equal to
1(5
2). Since VA5(λ1) ↓ X = 3/1(5), clearly X = SL2 and if 〈t〉 = Z(X), then CG(t) = A1A5
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with A5 = K. Therefore X ⊆ R1R2 ⊆ CG(t) = A1A5. The projection of X to A1 is trivial,
so we have R1R2 ⊆ A5. Since VA5(λ1) ↓ X = 3/1(5), either VA5(λ1) ↓ R1R2 = (3, 0)/(0, 1) or
VA5(λ1) ↓ R1R2 = (3, 0)/(1(5), 0). The second case cannot occur since VA5(λ1) ↓ R2 6= 06. Therefore
VA5(λ1) ↓ R1R2 = (3, 0)/(0, 1). By Lemma 2.11, 3 and 1 do not extend the trivial module. Hence
VA5(λ1) ↓ R1R2 = (3, 0) + (0, 1). So VA5(λ1) ↓ X = 3 + 1(5) which is completely reducible. Thus, by
Lemma 2.10, X is A5-cr. Hence, by Theorem 2.7, X is G-cr which is a contradiction.
Now suppose X is a diagonal subgroup in A21 ⊆ A1A5 via (1(a), 3/1(5)) where a is a power of p.
By (3.2),
V27 ↓ X = 1(a) ⊗ 3/1(a) ⊗ 1(5)/4/3⊗ 1(5)/02. (3.3)
Suppose a = 1 or 5. Then we find respectively
V27 ↓ X = 42/2/1⊗ 1(5)/3⊗ 1(5)/02 for a = 1;
V27 ↓ X = (3⊗ 1(5))2/1(5) ⊗ 1(5)/4/02 for a = 5.
As before, X ↪→ R1R2 via (1, 1[5]) since otherwise V27 ↓ X would have a composition factor greater
than or equal to 1(5
2). In both cases the composition factors of V27 ↓ R2 are strictly smaller than 2
since otherwise V27 ↓ X would have a composition factor at least 2(5). Therefore V27 ↓ R2 = 1m/0n
for some integers m and n. By Lemma 2.11, 1 does not extend the trivial module so V27 ↓ R2 =
1m + 0n. Let u ∈ R2 be a non-trivial unipotent element of R2. Then V27 ↓ u = Jm2 + Jn1 . By [14,
Table 5], V27 ↓ u = J62 + J151 . Hence V27 ↓ R2 = 16 + 015. Therefore R2 ∼= SL2. Take t such that
〈t〉 = Z(R2). Then, by Lemma 2.29, CG(t) = A1A5 or D5 and, by Theorem 2.21, dim(CV27(t)) = 15
or 11 respectively. Since V27 ↓ R2 = 16 + 015, we have dim(CV27(t)) = 15 so CG(t) = A1A5. Hence
X ⊆ R1R2 ⊆ A1A5.
Next suppose a = 52, then we find
V27 ↓ X = 1(52) ⊗ 3/1(52) ⊗ 1(5)/4/3⊗ 1(5)/02. (3.4)
We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]). Clearly ai ≤ 52 for all i since the highest weight of
V27 ↓ X is 1(52) ⊗ 1(5). Suppose one of the ai is equal to 52. Take a1 = 52. Then the highest
weight of V27 ↓ R1 is 1 since V27 ↓ X does not have a composition factor greater than or equal to
2(5
2). Hence V27 ↓ R1 = 1m/0n for some integers m and n. Therefore, as in the previous paragraph,
V27 ↓ R1 = 16 + 015. Hence, as before, R1 ∼= SL2 and if 〈t〉 = Z(R1) then CG(t) = A1A5. So
X ⊆ R1 . . . Rn ⊆ A1A5.
Now suppose none of the ai are equal to 5
2. Then clearly X ↪→ R1R2 via (1, 1[5]). We consider
each composition factor x of V27 ↓ X in (3.4) and find all possible composition factor (a, b) of
V27 ↓ R1R2 such that x = (a, b) ↓ X. For example if x = 1(52) ⊗ 1(5) then (a, b) = (1(5), 1(5)) or
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(0, 1 ⊗ 1(5)). Similarly if x = 3 ⊗ 1(52) then we find (a, b) = (3, 1(5)). We proceed similarly for all
other composition factors of V27 ↓ X and find that one of the following holds:
1. V27 ↓ R2 = 1⊗ 1(5)/(1(5))4/015;
2. V27 ↓ R2 = 1⊗ 1(5)/(1(5))4/14/07;
3. V27 ↓ R2 = (1(5))6/015;
4. V27 ↓ R2 = (1(5))6/14/07.
In all of these cases V27 ↓ R2 has an odd composition factor so R2 = SL2. Let t be an involution such
that 〈t〉 = Z(R2). Then, as we have seen previously, CG(t) = A1A5 or D5 and dim(CV27(t)) = 15 or
11 respectively. In the first and fourth cases we have dim(CV27(t)) = 19 and 7 respectively. This is a
contradiction. Now consider case 2 where dim(CV27(t)) = 11 so CG(t) = D5T1. In this case we have
V27 ↓ R1R2 = (3, 1(5))/(0, 1 ⊗ 1(5))/(4, 0)/(3, 1)/(0, 0)2. By Lemma 2.11, V27 ↓ R1R2 is completely
reducible. Hence V27 ↓ X is completely reducible. By Theorem 2.21, V27 ↓ D5 = λ4/λ1/0. Therefore
VD5(λ1) ↓ X is completely reducible so, by Lemma 2.10, X is D5-cr. Since D5 is a subsystem
subgroup of G, by Theorem 2.7, X is G-cr which is a contradiction. Hence we must be in case 3
where dim(CV27(t)) = 15 so CG(t) = A1A5. Thus we have X ⊆ R1R2 ⊆ A1A5.
Now suppose a > 52. We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]). Suppose one of the ai is
equal to a, say it is a1. Then the composition factors of V27 ↓ R1 are strictly smaller than 2 since
otherwise V27 ↓ X would have a composition factor greater than or equal to 2(a) which contradicts
(3.4). Therefore V27 ↓ R2 = 1m/0n for some integers m and n. So, as before, V27 ↓ R1 = 16 + 012.
Furthermore R1 ∼= SL2 and if 〈t〉 = Z(R1) then CG(t) = A1A5. Hence X ⊆ R1 . . . Rn ⊆ A1A5.
Suppose none of the ai are equal to a. Then one of the ai must be equal to a/5 since otherwise
there would be a composition factor at least 1(5
2) in V27 ↓ Ri for one of the Ri which is a contradiction
since all of the Ri are restricted. Take a1 = a/5. By considering (3.3), since a > 5
2, we find V27 ↓
R1 = (1
(5))6/015. Therefore R1 ∼= SL2. Take t ∈ R1 such that 〈t〉 = Z(R1). Then dim(CV27(t)) = 15
so CG(t) = A1A5. Therefore X ⊆ R1 . . . Rn ⊆ A1A5.
In all of these cases, we have proven that X ⊆ R1 . . . Rn ⊆ A1A5. Since A1A5 is a subsystem
subgroup of G, by Theorem 2.7, X is non A1A5-cr. Hence by Lemma 2.9, X is non-A5-cr. Therefore,
as before, by Lemma 2.11, VA5(λ1) ↓ X = 1(5)/3. Clearly at most two Ri project non-trivially to
A5.
Suppose first that two Ri, say R1 and R2, project non-trivially to A5. Then VA5(λ1) ↓ R1R2 =
(3, 0)/(0, 1). By Lemma 2.11, 3 and 1 do not extend the trivial module. Hence VA5(λ1) ↓ R1R2 =
(3, 0) + (0, 1). Therefore VA5(λ1) ↓ X = 3 + 1(5) which is completely reducible. By Lemma 2.10, X
is G-cr which is a contradiction.
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Suppose that only one of the Ri, say R1, projects non-trivially to A5. Clearly VA5(λ1) ↓ R1 =
1(5)/3. By Theorem 2.21,L (E6) ↓ A5 = (1, λ3)/(2, 0)/(0, λ1+λ5). We have VA5(λ1)⊗VA5(λ5) = λ1+
λ5/0. Furthermore VA5(λ5) ↓ R1 = 1(5)/3 since VA5(λ5) is the dual of VA5(λ1). Hence L (E6) ↓ R1
has a composition factor 1(5) ⊗ 1(5) which is a contradiction since R1 is restricted.
Now suppose X ⊆ D5. By Theorem 2.7, X is non-D5-cr. Hence by Lemma 2.10, VD5(λ1) ↓ X
is not completely reducible. Thus VD5(λ1) ↓ X has a reducible indecomposable summand. By
Lemma 2.11, the only possibility is for i⊗ j(p) to extend (p− 2− i)⊗ (j ± 1)(p) for some weights i
and j. Hence we have VD5(λ1) ↓ X = 3⊗1(5)/02 since VD5(λ1) has dimension 10. By Theorem 2.21,
V27 ↓ D4 = λ1/λ3/λ4/0. Hence by Lemma 2.33, we find V27 ↓ X = (3⊗ 1(5))2/4/2(5)/03.
We have assumed that X is contained in a product R1 . . . Rn in G such that each Ri is a simple
restricted subgroup of type A1 and each projection X → Ri/Z(Ri) is non-trivial and involves a
different field twist. We saw that n ≥ 2. Furthermore n ≤ 2 since V27 ↓ X has weights strictly
smaller than 25. Hence X ↪→ R1R2 via (1, 1[5]) with R1 and R2 restricted.
Suppose R1R2 ∼= PSL2 × PSL2. The highest weight of V27 ↓ X is 10. Let S be the set of
composition factors of V27 ↓ X of the form 3 ⊗ 1(5), 0, 2 or 4. Then
∑
W∈S
dimW = 27 which is a
contradiction by Corollary 3.4.
Hence Z(R1R2) is non-trivial. Let t ∈ Z(R1R2). Then by Lemma 2.29, X ⊆ R1R2 ⊆ CG(t)◦ =
D′5T1 or A1A5 (where D
′
5 is another D5). We have already considered the case where X ⊆ A1A5.
In the other case, we have R1R2 ⊆ D′5. By Theorem 2.7, X is non-D′5-cr. Hence, using the same
argument as previously, VD′5(λ1) ↓ X = 3⊗ 1(5)/02. Therefore VD′5(λ1) ↓ R1R2 = (0, 0)/(3, 1)/(0, 0).
By Lemma 2.11, 3 and 1 do not extend the trivial module. Hence by [17, Proposition 1.5], (3, 1)
does not extend the trivial module so VD′5(λ1) ↓ R1R2 = (3, 1) + (0, 0)2. Therefore VD′5(λ1) ↓ X =
3⊗1(5)+02. So X is D5-cr by Lemma 2.10. Hence X is G-cr by Theorem 2.7. This is a contradiction.
3.3.2 X is not contained in a subsystem subgroup of G
Since X is non-G-cr, there exists a parabolic subgroup P such that X ⊆ P = QL and X is not
contained in a Q-conjugate of L. Lemma 2.13 implies that any parabolic subgroup P ′ contained in
P has the same property. Hence we can pick a minimal parabolic subgroup P containing X and
such that X is not contained in any Levi subgroup of P .
Since X = A1 it is either SL2 or PSL2. Suppose X ∼= SL2. If 〈t〉 = Z(X), then by Lemma 2.29,
X ⊆ CG(t)◦ = D5T1 or A1A5. Hence X is contained in a subsystem subgroup of G which is a
contradiction. Thus X ∼= PSL2.
We now consider each possible parabolic subgroup P = QL of G.
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VD5(λ1) ↓ X Q ↓ X Does
Q ↓ X
have a
composition
factor 3⊗ 1(5)?
1⊗ 1(a)/4(b)/0 (1 + 1(a))⊗ 3(b) yes
2⊗ 2(a)/0 3⊗ 1(a)/1⊗ 3(a) yes
4/4(a) 3⊗ 3(a) no
1⊗ 1(a)/2(b)/2(c) (1 + 1(a))⊗ 1(b) ⊗ 1(c) no
2(a)/2(b)/2(c)/0 (1(a) ⊗ 1(b) ⊗ 1(c))2 no
Table 3.1: L′ = D5 (in this table a, b and c are powers of p = 5).
Case 1 : L′ = D5
We have picked P to be a minimal parabolic subgroup containing X. Hence X is not contained in
any proper parabolic subgroup of P . Thus the projection of X to L is L-irreducible. By Lemma 2.15,
VD5(λ1) ↓ X = V1 ⊥ . . . ⊥ Vk with Vi all inequivalent and irreducible as X-modules. Hence all of
the composition factors of VD5(λ1) ↓ X are distinct. We find all of the possible projections of X in
L′. Note that VD5(λ1) ↓ X only has even weights since X ∼= PSL2. There are only five possibilities.
These are listed in Table 3.1.
By Lemma 2.1, we find Q ↓ L′ = λ4. By Lemma 2.6, Q ↓ X has a composition factor 3 ⊗ 1(5).
In each case of Table 3.1, we find Q ↓ X and check whether there is a composition factor 3⊗ 1(5).
Consider, for example, the case where VD5(λ1) ↓ X = 1⊗1(a)/4(b)/0. Since VD5(λ4) is a spin module,
by Lemma 2.14, Q ↓ X = 1⊗ 3(b)/1(a) ⊗ 3(b). Hence Q ↓ X has a factor 3⊗ 1(5) if a = 5 and b = 1.
We do similar calculations for the other cases. These are displayed in Table 3.1.
When VD5(λ1) ↓ X = 4/4(a), 1 ⊗ 1(a)/2(b)/2(c) or 2(a)/2(b)/2(c)/0 there is no composition factor
3⊗ 1(5) in Q ↓ X and we have reached a contradiction. As we have seen previously when VD5(λ1) ↓
X = 1 ⊗ 1(5)/4/0 there is a factor 3 ⊗ 1(5) in Q ↓ X and similarly when VD5(λ1) ↓ X = 2 ⊗ 2(5)/0
there is a factor 3⊗ 1(5) in Q ↓ X. Hence in these two cases we need to go further.
By Theorem 2.21, V27 ↓ D5 = λ1/λ4/0. Using our previous calculations, in these two cases we
find respectively:
V27 ↓ X = 1⊗ 1(5)/3⊗ 1(5)/42/2/02;
V27 ↓ X = 2⊗ 2(5)/02/3⊗ 1(5)/1⊗ 3(5).
By Lemma 3.1, X is contained in R1R2 with R1R2 ∼= PSL2×PSL2. The highest weight of V27 ↓ X
is 8 in the first case and 12 in the second case. Let S be the set of composition factors of V27 ↓ X of
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VD5(λ1) ↓ X L (E6) ↓ X
4(a)/2(b) 6(a)/2(a)/2(b)/4(a) ⊗ 2(b)/(4(a))2/(2(b))2/(3(a) ⊗ 1(b))4/02
1⊗ 1(b)/2(a)/0 2/2(b)/1⊗ 1(b) ⊗ 2(a)/1⊗ 1(b)/(2(a))2/(1⊗ 1(b))2/(2(a))2/
(1⊗ 1(a))4/(1(b) ⊗ 1(a))4/04
3⊗ 1(b) 4⊗ 2(b)/6/2(b)/2/(3⊗ 1(b))4/42/(2(b))2/02
3(b) ⊗ 1 4(b) ⊗ 2/6(b)/2(b)/(3(b) ⊗ 1)2/(4(b))2/23/02
1⊗ 1(b)/1⊗ 1(a) 22/2(b)/2⊗ 1(b) ⊗ 1(a)/1(b) ⊗ 1(a)/2(a)/(1⊗ 1(b))6/(1⊗ 1(a))6/02
Table 3.2: L′ = D4 (in this table a, b and c are powers of p = 5).
the form 3⊗1(5), 0, 2 or 4. In the first case ∑
W∈S
dimW = 23 and in the second case
∑
W∈S
dimW = 10.
This is a contradiction by Corollary 3.4.
Case 2 : L′ = D4
We use the same method as for D5. Since X ∼= PSL2, the composition factors of VD4(λ1) ↓
X are all even. By the same reasoning as for D5, all composition factors of VD4(λ1) ↓ X are
distinct. We find that there are five options for the restriction of VD4(λ1) to X. These are listed
in Table 3.2. By Lemma 2.6, L (E6) ↓ X has a composition factor 3 ⊗ 1(5). By Theorem 2.21,
L (E6) ↓ D4 = λ2/λ21/λ23/λ24/02. Note that VD4(λ3) and VD4(λ4) are spin modules and, by Lemma
2.31, ∧2(VD4(λ1)) = VD4(λ2). Hence in each case we use Lemma 2.32 to calculate L (E6) ↓ X. We
then check if L (E6) ↓ X has a composition factor 3⊗ 1(5). These results are given in Table 3.2.
We find that there is a composition factor 3 ⊗ 1(5) in L (E6) ↓ X if VD4(λ1) ↓ X = 4/2(5),
1⊗ 1(5)/2/0 or 3⊗ 1(5). In these three cases we have repectively:
V27 ↓ X = 4/2(5)/(3⊗ 1(5))2/03;
V27 ↓ X = (1⊗ 1(5))3/23/06;
V27 ↓ X = (3⊗ 1(5))2/4/2(5)/03.
By Lemma 3.1, X ↪→ R1R2 via (1, 1[5]) with R1R2 ∼= PSL2×PSL2. The highest weights of V27 ↓ X
are respectively 10, 6 or 10. Let S be the set of composition factors of V27 ↓ X of the form 3⊗1(5), 0, 2
or 4. Then
∑
W∈S
dimW = 27, 15 or 27 respectively. This is a contradiction by Corollary 3.4.
Case 3 : L′ is a product of An factors
There only remains to consider L′ = A5, A4, A3, A2, A1, A1A2, A1A3, A1A4, A2A2, A1A1, A1A22, A
2
1A2
or A31. All possible embeddings of X into each of these L
′ are listed in Table 3.3. We define Q ↓ X
as in Section 2.1. By Lemma 2.17, for L′ = An, the possible composition factors of Q ↓ X are λj or
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L′ VL′ ↓ X Possible composition factors of Q ↓ X Can
Q ↓ X
have a
composition
factor 3⊗ 1(5)?
A1 1 1, 0 no
A2 2 2 no
A3 3 3, 4, 0 no
1⊗ 1(a) 1⊗ 1(a), 2, 2(a) no
A4 4 1⊗ 1(5), 4, 2 no
A5 2
(a) ⊗ 1(b) 2(a) ⊗ 2(b), 4(a), 0, 4(a) ⊗ 1(b), 2(a) ⊗ 1(b), no
3(b), 2(a) ⊗ 1(b)
A1A2 (1, 2) 1⊗ 2(a) or 2(a) no
A1A3 (1, 3) 1
(a) ⊗ 3, 3⊗ 1(a), 1(a) ⊗ 4 + 1(a), yes
4 + 0
A1A3 (1, 1⊗ 1(b)) 1(a) ⊗ 1⊗ 1(b), 1⊗ 1(b), no
1(a) ⊗ 2 + 1(a) ⊗ 2(b), 2(a) + 2(b)
A1A4 (1, 4) 1⊗ 4(a), 1⊗ 1(a) ⊗ 1(5a) + 1⊗ 2(a), 4(a), no
1(a) ⊗ 1(5a) + 2(a)
A2A2 (2, 2) 2⊗ 2(a) no
A1A1 (1, 1) 1, 1
(a), 1⊗ 1(a) no
A1A
2
2 (1, 2, 2) 1⊗ 2(a) ⊗ 2(b), 2(a) ⊗ 2(b) no
A21A2 (1, 1, 2) 1⊗ 1(a) ⊗ 2(b), 1⊗ 2(b), 1(a) ⊗ 2(b), 2(b) yes
A31 (1, 1, 1) 1, 1
(a), 1(b), 1⊗ 1(a), 1⊗ 1(b), 1(a) ⊗ 1(b), no
1⊗ 1(a) ⊗ 1(b)
Table 3.3: Possible weights of Q ↓ X (in this table a and b are powers of p = 5).
λn+1−j for j = 1, 2 or 3. We find the possible composition factors of Q ↓ X in each of these cases.
These are given in Table 3.3.
The only cases where Q ↓ X could have a composition factor 3⊗ 1(5) are when L′ = A1A3 and
L′ = A21A2. In all other cases we have reached a contradiction.
Consider first the case where L′ = A1A3. By Lemma 3.1, X ↪→ R1R2 via (1, 1[5]) with R1R2 ∼=
PSL2 × PSL2 and R1 and R2 restricted. By Theorem 2.21,
VE6(λ1) ↓ A1A5 = 1⊗ λ1/0⊗ λ4. (3.5)
Hence
VE6(λ1) ↓ A1A3 = 1⊗ λ1/1⊗ 02/0⊗ λ2/0⊗ λ21/0.
So VE6(λ1) ↓ X = 1(5) ⊗ 3/12/4/32/02. The highest weight of V27 ↓ X is 3⊗ 1(5). Let S be the set
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of composition factors of V27 ↓ X of the form 3⊗ 1(5), 0, 2 and 4. Then
∑
w∈S
dimW = 19. This is a
contradiction by Corollary 3.4.
Now consider the case when L′ = A21A2. By Lemma 3.1, X ↪→ R1R2 via (1, 1[5]) with R1R2 ∼=
PSL2 × PSL2 and R1 and R2 restricted. By (3.5),
V27 ↓ A21A2 = (1, 1, 0)/(1, 0, 10)/(0, 1, 10)/(1, 0, 00)/(0, 1, 00)/
(0, 0, 10)/(0, 0, 01)/(0, 0, 00).
Hence V27 ↓ X = 1(5) ⊗ 1/1(5) ⊗ 2/1(5)/1⊗ 2/1/2/2/1. This is a contradiction as X ∼= PSL2.
This completes the proof of Theorem 4 for G = E6.
3.4 Proof of Theorem 4 when G = E7
Throughout this section, let G = E7, of simply connected type, and p = 5 or 7.
3.4.1 X = G2
Throughout this section we will need the following lemma.
Lemma 3.5. Suppose X = G2 ⊆ P = QL a parabolic subgroup of E7. Then dim(Q) ≤ 51.
Proof. Since P is a parabolic subgroup of G, there is a Borel subgroup B of G such that B ⊆ P .
By [8], E7 has 63 positive roots. Hence the unipotent radical of B has dimension 63. Thus the
unipotent radical of P has dimension smaller than or equal to 63. By Lemma 2.16, the minimal
dimension of a non-trivial G2-module is 7. Hence L
′ = A6, D4, D4A1, D5, D5A1, D6 or E6 as these
are the only Levi subgroups of E7 containing a G2 subgroup. The case where L
′ has smallest
dimension is when L′ = D4 for which the maximal unipotent subgroup has dimension 12. Hence Q
has dimension at most 51.
Let X = G2. Suppose X is contained in a product R1 . . . Rn of simple restricted subgroups of
type G2. Let each projection X → Ri/Z(Ri) be non-trivial and involve a different field twist.
Suppose for a contradiction that X is non-G-cr. There is a parabolic subgroup P with Levi
decomposition P = QL such that X is contained in P but X is not contained in any conjugate of
L. By Lemma 2.13, any parabolic subgroup P ′ contained in P has the same property. Hence we
can pick a minimal parabolic subgroup, call it P , containing X and such that X is not contained
in any Levi subgroup of P . Since P is minimal, the projection of X to L is irreducible.
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By Section 2.1, Q has filtration of X-modules V1, . . . , Vj and if every composition factor V (λ) of
all Vi has H
1(X, V (λ)) = 0 then the only complements of X in QX lie in a Q-conjugate of L. This
is a contradiction. So there is a composition factor of Q ↓ X, say V (λ), such that H1(X, V (λ)) 6= 0.
By Lemma 3.5, it has dimension smaller than or equal to 51. By Lemma 2.4, λ = 20 and p = 7.
Since L′ contains an irreducible G2 subgroup, one of the following holds:
• L′ = A6 with VA6(λ1) ↓ X = 10;
• L′ = D4 with VD4(λ1) ↓ X = 10/00;
• L′ = E6.
First suppose L′ = A6. By Lemma 2.1, Q ↓ A6 = λ4/λ1. By Lemma 2.31, ∧3(VA6(λ1)) = VA6(λ3)
so VA6(λ3) ↓ X = ∧3(10). In A6, the weights λ3 and λ4 are duals whereas in G2 all modules are self
dual. Hence VA6(λ4) ↓ X = ∧3(10).
The module V (10) is a Weyl module so it is a tilting module. Therefore by Lemma 2.18,
H1(X,∧3(10)) = 0 and H1(X, 10) = 0. Hence X is G-cr since Q ↓ X = ∧3(10)/10. This is a
contradiction.
Next suppose L′ = D4. By Lemma 2.17, the possible composition factors of Q ↓ L′ are λ1, λ3
and λ4. By [23], VD4(λ1), VD4(λ3) and VD4(λ4) have dimension 8 whereas VG2(20) has dimension
26. Hence VG2(20) cannot be a composition factor of VD4(λ1) ↓ X, VD4(λ3) ↓ X or VD4(λ4) ↓ X.
Thus Q ↓ X does not have a composition factor VG2(20) which is a contradition.
Finally suppose L′ = E6. By [17, Table 8.7], there is a unique conjugacy class of G2 subgroups
in E6 such that H = G2 ⊆ E6 and VE6(λ1) ↓ H has a composition factor 20. Since H1(H, 20) has
dimension 1, there is a complement X to Q in QH such that X is not Q-conjugate to H. This X
is non-G-cr. Since H1(H, 20) has dimension one and there is a unique conjugacy class of such H,
there is a unique conjugacy class of such non-G-cr G2 subgroups. This is one of the exceptions of
Theorem 4.
3.4.2 X = A1
Let X = A1. Suppose X is contained in a product R1 . . . Rn of simple restricted subgroups of type
A1. Let each projection X → Ri/Z(Ri) be non-trivial and involve a different field twist. Suppose
for a contradiction that X is non-G-cr.
If n = 1 then R1 = X. Hence X is restricted so, by Theorem 2.5, X is G-cr. Therefore n ≥ 2.
Let V56 = VE7(λ7). Note that by Lemma 2.19, the highest weight of V56 ↓ Ri is smaller than or
equal to 2p− 2.
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By Lemma 2.6, the restriction of Q to X has a factor that is a twist of 3⊗ 1(5) when p = 5 and
5 ⊗ 1(7) when p = 7. We consider separately the case where X is in CG(t) for some involution t
which is not in Z(G) and the case where there is no such involution. We will need a few lemmas.
Lemma 3.6. If Y = A1 ⊆ E7 where V56 ↓ Y has highest weight smaller than or equal to 2, then
V56 ↓ Y = 212 + 020, 112 + 032, 22 + 116 + 018 or 26 + 112 + 014.
Proof. Clearly V56 ↓ Y = 2t/1r/0s with r, s and t integers. Hence by Lemma 2.11, V56 ↓ Y =
2t + 1r + 0s. If u ∈ Y is a non-trivial unipotent element then V56 ↓ u = J t3 + Jr2 + Js1 . By [14,
Table 7], V56 ↓ u = J123 + J201 , J122 + J321 , J23 + J162 + J181 or J63 + J122 + J141 . Hence V56 ↓ Y =
212 + 020, 112 + 032, 22 + 116 + 08 or 26 + 112 + 014.
Lemma 3.7. Let p = 5 and X ↪→ R1R2 via (1, 1[5]) where R1 and R2 are simple restricted subgroups
of type A1. Suppose V56 ↓ X has highest weight strictly smaller than 17. Let (a, b) be one of the
composition factors of V56 ↓ R1R2. Suppose x⊗ y(5) is a composition factor of (a, b) ↓ X. Then one
of the following holds:
1. a = x and b = y;
2. a = x⊗ y(5) and b = 0;
3. b = 1 and a = m ⊗ 1(5), 2(5) or 1 ⊗ 2(5) with m = 0, 1, 2, 3, 4 and x ⊗ y(5) is a composition
factor of a ⊗ b(5) = 2(5) + 0, 1 ⊗ 2(5) + 1, 2 ⊗ 2(5) + 2, 3 ⊗ 2(5) + 3, 4 ⊗ 2(5) + 4, 3(5) + 1(5) or
1⊗ 3(5) + 1⊗ 1(5);
4. b = 2 and a = 1(5) or 1⊗ 1(5) and x⊗ y(5) is a composition factor of a⊗ b(5) = 3(5) + 1(5) or
1⊗ 3(5) + 1⊗ 1(5).
Proof. Let (a, b) be a composition factor of V56 ↓ R1R2. Clearly b ≤ 3 since otherwise V56 ↓ X
would have a composition factor at least b(5) > 17.
First suppose b = 0. In this case (a, b) ↓ X = a so a = x⊗ y(5) and b = 0.
Next suppose b = 2. If a is restricted then (a, b) ↓ X = a⊗b(5) is irreducible and a⊗b(5) = x⊗y(5).
Hence a = x and b = y. On the other hand if a is not restricted then a = r ⊗ s(5) with s 6= 0 so
(a, b) ↓ X = r ⊗ s(5) ⊗ b(5). Hence r + 5s + 5b < 17 so s = 1 and r = 0 or 1. Either a = 1(5) and
a⊗ b(5) = 3(5) + 1(5) or a = 1⊗ 1(5) and a⊗ b(5) = 1⊗ 3(5) + 1⊗ 1(5).
Now suppose b = 3. If a is restricted, as before, a = x and b = y. However if a is not restricted
then a = r ⊗ s(5) with s 6= 0. Hence r + 5s+ 5b < 17 which is impossible.
Finally suppose b = 1. If a is restricted, as before, a = x and b = y. If a is not restricted then
a = r ⊗ s(5) with s 6= 0. Thus (a, b) ↓ X = r ⊗ s(5) ⊗ b(5) so r + 5s + 5b < 17. Hence either s = 2
and r = 0 or 1 or s = 1 and r = 0, 1, 2, 3 or 4. We consider each of these options:
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• a = 2(5) and b = 1 hence a⊗ b(5) = 3(5) + 1(5);
• a = 1⊗ 2(5) and b = 1 hence a⊗ b(5) = 1⊗ 3(5) + 1⊗ 1(5);
• a = 1(5) and b = 1 hence a⊗ b(5) = 1(5) ⊗ 1(5) = 2(5) + 0;
• a = 1⊗ 1(5) and b = 1 hence a⊗ b(5) = 1⊗ 2(5) + 1;
• a = 2⊗ 1(5) and b = 1 hence a⊗ b(5) = 2⊗ 2(5) + 2;
• a = 3⊗ 1(5) and b = 1 hence a⊗ b(5) = 3⊗ 2(5) + 3;
• a = 4⊗ 1(5) and b = 1 hence a⊗ b(5) = 4⊗ 2(5) + 4.
In all of these options we are in case 3.
We now divide the proof into two cases:
(A) X is in CG(t)
◦ for some involution t /∈ Z(G);
(B) There are no involutions t /∈ Z(G) such that X ⊆ CG(t)◦.
Case (A): X is in CG(t)
◦ for some involution t /∈ Z(G)
Suppose t /∈ Z(G) is an involution such that X ⊆ CG(t)◦. By Lemma 2.29, CG(t)◦ = A1D6.
Hence X ⊆ A1D6. By Theorem 2.7, X is non-A1D6-cr as A1D6 is a subsystem subgroup of G.
Therefore by Lemma 2.9, X is non-D6-cr. Hence by Lemma 2.10, VD6(λ1) ↓ X is not completely
reducible. So VD6(λ1) ↓ X has a reducible indecomposable summand. By Lemma 2.11, i ⊗ j(p)
extends (p− 2− i)⊗ (j ± 1)(p) for some integers i and j. Note that VD6(λ1) has dimension 12.
First suppose p = 7. There is only one indecomposable reducible summand of dimension smaller
than or equal to 12: 1(7)|5|1(7). The composition factor 5 occurs only once hence it affords a
symplectic representation for A1. This is a contradiction since we are in D6 = SO12. Hence we have
reached a contradiction.
Now suppose p = 5. The possible indecomposable summands are:
• 0|3⊗ 1(5)|0,
• 1|2⊗ 1(5)|1,
• 3|1(5)|3,
• 1(5)|3|1(5),
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• 2|1⊗ 1(5)|2,
• 1⊗ 1(5)|2|1⊗ 1(5),
• 1(5)|3 + 3|1(5),
• 3|1(5) + 1(5)|3.
Consider 1|2⊗1(5)|1, 3|1(5)|3 and 1(5)|3|1(5). As before an odd composition factor must appear twice.
Hence 1|2⊗1(5)|1 cannot occur and if 3|1(5)|3 or 1(5)|3|1(5) are the indecomposable summand then we
have respectively: VD6(λ1) ↓ X = 3|1(5)|3 + 1(5) and VD6(λ1) ↓ X = 1(5)|3|1(5) + 3. However in these
cases the summands 1(5) and 3 are non degenerate so they are symplectic. This is a contradiction.
Let V = 1⊗ 1(5)|2|1⊗ 1(5) be indecomposable. Take v ∈ V with high weight 6 and which is not
in the socle. Then by [13, p. 207], 〈Xv〉 is the image of W (6) but W (6) = 1⊗ 1(5)|2. Therefore V
has a submodule either 1 ⊗ 1(5)|2 or 1 ⊗ 1(5) containing v which is impossible. Hence V does not
exist.
Therefore VD6(λ1) ↓ X = 0|3 ⊗ 1(5)|0 + 02, 2|1 ⊗ 1(5)|2 + 02, 1(5)|3 + 3|1(5) or 3|1(5) + 1(5)|3.
Furthermore either X is in D6 or X is a diagonal subgroup of A
2
1 ⊆ A1D6. Hence there are eight
cases to consider.
First suppose that VD6(λ1) ↓ X = 0|3⊗ 1(5)|0 + 02 and X ⊆ D6. By Theorem 2.21,
V56 ↓ A1D6 = (1, λ1)/(0, λ5). (3.6)
Hence by Lemma 2.33,
V56 ↓ X = (3⊗ 1(5))4/42/(2(5))2/08.
We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with n ≥ 2. Hence X ↪→ R1R2 via (1, 1[5]) since there
is no composition factor greater than or equal to 1(5
2) in V56 ↓ X. By applying Lemma 3.7 to each
of the factors of V56 ↓ X, we find that the restriction of V56 to R2 is one of the following options:
V56 ↓ R2 =
1408 +
1408 +
1408 +
1408 +

2 + 0
04
12
+

2 + 0
04
12
+ 016. (3.7)
The first four factors come from our analysis of 3 ⊗ 1(5), the fifth and sixth from 2(5)/0 and the
last from 42/08. In any case the highest weight of V56 ↓ R2 is 1 or 2 and V56 ↓ R2 has at most two
composition factors 2. By Lemma 3.6, V56 ↓ R2 = 112 + 032 or 22 + 116 + 018.
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Next suppose that VD6(λ1) ↓ X = 0|3⊗ 1(5)|0 + 02 and X is a diagonal subgroup of A21 ⊆ A1D6
via (1, 1[a]) where a is a power of 5. By (3.6),
V56 ↓ X = 1(a) ⊗ 3⊗ 1(5)/(1(a))4/(3⊗ 1(5))2/42/(2(5))2 (3.8)
We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with n ≥ 2.
First suppose a = 1 then V56 ↓ X = 4⊗1(5)/2⊗1(5)/(3⊗1(5))2/(2(5))2/42/14. Clearly X ↪→ R1R2
via (1, 1[5]) since there are no composition factors greater than or equal to 1(5
2) in V56 ↓ X. Using
the same method as in the previous case, we find:
V56 ↓ R2 =
15010 +
1306 +
1408 +
1408 +
203 +
203 + 018. (3.9)
By Lemma 3.6, V56 ↓ R2 = 22 + 116 + 018 or 112 + 032.
If a = 5, V56 ↓ X = 3 ⊗ 2(5)/(3 ⊗ 1(5))2/(2(5))2/(1(5))4/3/42. As before X ↪→ R1R2 via (1, 1[5])
since there are no composition factors greater than or equal to 1(5
2) in V56 ↓ X. We find:
V56 ↓ R2 =

24 + 0
016
18
+
1408 +
1408 +
203 +
203 +
102 +
102
+
102 +
102 + 010.
By Lemma 3.6, V56 ↓ R2 = 26 + 112 + 014, 22 + 116 + 018 or 112 + 032.
Finally suppose a 6= 0 or 5. We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]). One of the ai is equal
to 1 since there is a factor 4 in V56 ↓ X, say it is a1. Suppose none of the ai is equal to 5. Since there
is a composition factor 2(5) in V56 ↓ X, there is a factor 2(5) in V56 ↓ R1. This is a contradiction since
R1 is restricted. Hence one of the ai, say a2, is equal to 5. Similarly we cannot have 5 < ai < a since
otherwise, by inspection of (3.8), either V56 ↓ Ri = 056 or Ri is not restricted. Clearly we cannot
have ai > a. Suppose there is no ai equal to a. Since there is a composition factor 1
(a) in V56 ↓ X,
there is a factor 1(a) in V56 ↓ R1 or 1(a/5) in V56 ↓ R2. Either way this is a contradiction since R1
and R2 are restricted. Therefore X ↪→ R1R2R3 via (1, 1[5], 1[a]) with R1, R2 and R3 restricted A1
subgroups.
Suppose that V56 ↓ R3 has a factor c ≥ 2. Then V56 ↓ X would have a factor greater than or
equal to c(a) which it clearly doesn’t. Thus V56 ↓ R3 = 1r/0t with r and t integers. By Lemma 3.6,
V56 ↓ R3 = 112 + 032.
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In all of these cases we have proven that R = R2 or R3 has an odd and an even composition
factor on V56 ↓ R. Hence R = SL2 with Z(R) 6= Z(E7). Let 〈u〉 = Z(R). Then by Lemma 2.29,
X ⊆ R1R2 ⊆ CE7(u) = A′1D′6 or X ⊆ R1R2R3 ⊆ CE7(u) = A′1D′6 where A′1D′6 is another A1D6.
Since X is non-G-cr, by Theorem 2.7, X is non A′1D
′
6-cr. By the same argument as previously this
implies that VD6(λ1) ↓ X = 0|3⊗1(5)|0+02, 2|1⊗1(5)|2+02, 1(5)|3+3|1(5) or 3|1(5) +1(5)|3. We know
that V56 ↓ X = (3⊗ 1(5))4/42/(2(5))2/08 or V56 ↓ X = 1(a) ⊗ 3⊗ 1(5)/(1(a))4/(3⊗ 1(5))2/42/(2(5))2 so
we have VD′6(λ1) ↓ X = 0|3⊗ 1(5)|0 + 02.
Let (r1, r2) be a composition factor of VD′6(λ1) ↓ R1R2. Clearly r2 ≤ 1 since the highest weight
of VD′6(λ1) ↓ X is 3 ⊗ 1(5). We cannot have VD′6(λ1) ↓ R2 = 056 so there is a factor (r1, r2) of
VD′6(λ1) ↓ R1R2 with r2 = 1. Clearly r1 = 3 since VD′6(λ1) ↓ X = 0|3 ⊗ 1(5)|0 + 02. All other
composition factors of VD′6(λ1) ↓ R1R2 are (0, 0). Therefore VD′6(λ1) ↓ R1R2 = (3, 1)/(0, 0)4. By
Lemma 2.11, 3 and 1 do not extend the trivial module for A1 so, by [17, Proposition 1.5], neither
does 3 ⊗ 1. Hence VD′6(λ1) ↓ R1R2 = (3, 1) + (0, 0)4. Thus VD′6(λ1) ↓ X = 3 ⊗ 1(5) + 04 which is
completely reducible. By Lemma 2.10, X is D′6-cr. Hence by Theorem 2.7, X is G-cr. This is a
contradiction.
We now turn to the case where VD6(λ1) ↓ X = 2|1⊗ 1(5)|2 + 02. If X is in D6 then by (3.6),
V56 ↓ X = (2⊗ 1(5))2/(1⊗ 1(5))2/(1(5))2/32/24/14/04. (3.10)
Clearly X ↪→ R1R2 via (1, 1[5]). The highest weight of V56 ↓ R2 is 1 since otherwise V56 ↓ X would
have a weight at least 2(5). By Lemma 3.6, V56 ↓ R2 = 112 + 032.
Now suppose VD6(λ1) ↓ X = 2|1 ⊗ 1(5)|2 + 02 and X is a diagonal subgroup of A21 ⊆ A1D6 via
(1, 1[a]) where a is a power of 5. By (3.6),
V56 ↓ X = (2⊗ 1(a))2/1⊗ 1(5) ⊗ 1(a)/(1(a))2/(2⊗ 1(5))2/(1(5))2/32/14. (3.11)
Suppose first that a = 1. We find V56 ↓ X = (2 ⊗ 1(5))3/(1(5))3/34/18. Thus X ↪→ R1R2 via
(1, 1[5]) and the highest weight of V56 ↓ R2 is 1. By Lemma 3.6, V56 ↓ R2 = 112 + 032.
Next suppose a = 5. Then V56 ↓ X = (2 ⊗ 1(5))4/1 ⊗ 2(5)/(1(5))4/32/15. Thus X ↪→ R1R2 via
(1, 1[5]). So by Lemma 3.7,
V56 ↓ R2 =
1306 +
1306 +
1306 +
1306 +
1422 + 02 +
102 +
102
+
102 +
102 + 016.
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Hence, by Lemma 3.6, V56 ↓ R2 = 22 + 116 + 018 or 112 + 032.
Finally suppose a 6= 0 or 5. Then, by the same reasoning as before, X ↪→ R1R2R3 via (1, 1[5], 1[a]).
Clearly all of the composition factors of V56 ↓ R3 are strictly smaller than 2. Hence by Lemma 3.6,
V56 ↓ R3 = 112 + 032.
In all of these cases, for R = R2 or R3, we have proven that V56 ↓ R has an odd and an even
composition factor. Therefore R = SL2 with Z(R) 6= Z(E7). If 〈u〉 = Z(R), then by Lemma 2.29,
CE7(u) = A
′
1D
′
6 ⊇ R1R2 ⊇ X or CE7(u) = A′1D′6 ⊇ R1R2R3 ⊇ X where A′1D′6 is another A1D6.
Since X is non-G-cr, by Theorem 2.7, X is non A′1D
′
6-cr. By the same argument as previously and
(3.10), VD′6(λ1) ↓ X = 2|1⊗ 1(5)|2 + 02.
Let (r1, r2) be a composition factor of VD′6(λ1) ↓ R1R2. Then r2 ≤ 1 since the highest weight
of VD′6(λ1) ↓ X is 1 ⊗ 1(5). So there is a factor (r1, r2) of VD′6(λ1) ↓ R1R2 with r2 = 1 since
VD′6(λ1) ↓ R2 6= 056. Hence r1 = 1 since r1 ⊗ r
(5)
2 is a composition factor of VD′6(λ1) ↓ X =
2|1⊗ 1(5)|2 + 02. Therefore VD′6(λ1) ↓ R1R2 has a factor (1, 1). By considering VD′6(λ1) ↓ X we find
VD′6(λ1) ↓ R1R2 = (1, 1)/(2, 0)2/(0, 0)2. By Lemma 2.11, VD′6(λ1) ↓ R1R2 = (1, 1) + (2, 0)2 + (0, 0)2.
Thus VD′6(λ1) ↓ X = 1 ⊗ 1(5) + 22 + 02 which is completely reducible. By Lemma 2.10, X is
D′6-completely reducible. By Theorem 2.7, X is G-cr. This is a contradiction.
Suppose VD6(λ1) ↓ X = 1(5)|3 + 3|1(5) and X ⊆ D6. Then by (3.6) and [22, Table 11],
V56 ↓ X = 34/(1(5))7/4⊗ 1(5)/34/(1(5))3.
Clearly X ↪→ R1R2 via (1, 1[5]). Furthermore V56 ↓ R2 = 1r/0t since the composition factors of
V56 ↓ X are strictly smaller than 2(5). Hence, by Lemma 3.6, V56 ↓ R2 = 112 + 032.
Now suppose VD6(λ1) ↓ X = 1(5)|3 + 3|1(5) and X is a diagonal subgroup of A21 ⊆ A1D6 via
(1, 1[a]) for some integer a. By (3.6) and [22, Table 11],
V56 ↓ X = (1(a) ⊗ 3)2/(1(a) ⊗ 1(5))2/4⊗ 1(5)/34/(1(5))3.
First suppose a = 1. Then V56 ↓ X = 42/34/22/(1(5))3/4⊗ 1(5)/(1⊗ 1(5))2. Clearly X ↪→ R1R2
via (1, 1[5]) and V56 ↓ R2 = 1r/0t. So, by Lemma 3.6, V56 ↓ R2 = 112 + 032.
Next suppose a = 5. We find V56 ↓ X = (3 ⊗ 1(5))2/(2(5))2/4 ⊗ 1(5)/(1(5))3/34/02. Hence
X ↪→ R1R2 via (1, 1[5]). Furthermore V56 ↓ R2 = 2r/1s/0t and r ≤ 2. Therefore, by Lemma 3.6,
V56 ↓ R2 = 112 + 032 or 26 + 112 + 014.
Now suppose a 6= 1 or 5. As in the previous cases, X ↪→ R1R2R3 via (1, 1[5], 1[a]). Note that the
composition factors of V56 ↓ R3 are smaller than or equal to 1 so, by Lemma 3.6, V56 ↓ R3 = 112+032.
For all possible a, V56 ↓ R has an odd and an even composition factor for R = R2 or R3. Hence
R = SL2 with Z(R) 6= Z(E7). If 〈u〉 = Z(R), then by Lemma 2.29, CE7(u) = A′1D′6 ⊇ R1R2 ⊇ X
or CE7(u) = A
′
1D
′
6 ⊇ R1R2R3 ⊇ X. By Theorem 2.7, X is non A′1D′6-cr. By the same argument as
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in the previous cases, VD′6(λ1) ↓ X = 1(5)|3 + 3|1(5).
Using a similar reasoning as in the previous cases we find VD′6(λ1) ↓ R1R2 = (0, 1)2/(3, 0)2 or
VD′6(λ1) ↓ R1R2 = (0, 1)/(1(5), 0)/(3, 0)2. So by Lemma 2.11, VD′6(λ1) ↓ R1R2 = (0, 1)2 + (3, 0)2 or
(0, 1) + (1(5), 0) + (3, 0)2. Thus VD′6(λ1) ↓ X = 32 + (1(5))2 which is completely reducible. Hence X
is D′6-cr by Lemma 2.10. Therefore by Theorem 2.7, X is G-cr. This is a contradiction.
Finally suppose VD6(λ1) ↓ X = 1(5)|3 + 3|1(5). By (3.6) and [22, Table 11],
V56 ↓ X = 34/(1(5))4/(3⊗ 1(5))2/42/06.
Hence X ↪→ R1R2 via (1, 1[5]) and all composition factors of V56 ↓ R2 are smaller than or equal to
1. So by Lemma 3.6, V56 ↓ R2 = 112 + 032.
Now suppose VD6(λ1) ↓ X = 1(5)|3 + 3|1(5) and X is a diagonal subgroup of A21 ⊆ A1D6 via
(1, 1[a]) for some integer a. By (3.6) and [22, Table 11],
V56 ↓ X = (1(a) ⊗ 3)2/(1(a) ⊗ 1(5))2/(3⊗ 1(5))2/42/06.
First suppose a = 1. Then V56 ↓ X = 44/22/(3 ⊗ 1(5))2/(1 ⊗ 1(5))2/04. Hence X ↪→ R1R2 via
(1, 1[5]) and the composition factors of V56 ↓ R2 are strictly smaller than 2. So by Lemma 3.6,
V56 ↓ R2 = 112 + 032
Next suppose a = 5. We find V56 ↓ X = (3 ⊗ 1(5))4/(2(5))2/42/08. Therefore X ↪→ R1R2 via
(1, 1[5]) and V56 ↓ R2 = 2r/1s/1t with r ≤ 2. So by Lemma 3.6, V56 ↓ R2 = 112 +032 or 26 +112 +014.
Finally suppose a 6= 1 or 5. As before, X ↪→ R1R2R3 via (1, 1[5], 1[a]) and V56 ↓ R3 has
composition factors strictly smaller than 2. Hence by Lemma 3.6, V56 ↓ R3 = 112 + 032.
Therefore, whichever a we pick, for R = R2 or R3, V56 ↓ R has an odd and an even composition
factor. Hence R = SL2 with Z(R) 6= Z(E7). If 〈u〉 = Z(R), then by Lemma 2.29, CE7(u) =
A′1D
′
6 ⊇ R1R2 ⊇ X or CE7(u) = A′1D′6 ⊇ R1R2R3 ⊇ X. By Theorem 2.7, X is non A′1D′6-cr. As in
the previous cases, this implies that VD′6(λ1) ↓ X = 3|1(5) + 1(5)|3.
Using the same method as previously, VD′6(λ1) ↓ R1R2 = (0, 1)2/(3, 0)2 or VD′6(λ1) ↓ R1R2 =
(0, 1)/(1(5), 0)/(3, 0)2. So by Lemma 2.11, VD′6(λ1) ↓ R1R2 = (0, 1)2 + (3, 0)2 or (0, 1) + (1(5), 0) +
(3, 0)2. Hence VD′6(λ1) ↓ X = 32 + (1(5))2. This is completely reducible so, by Lemma 2.10, X is
D′6-cr. Therefore X is G-cr, by Theorem 2.7, which is a contradiction.
Case (B): There are no involutions t /∈ Z(G) such that X ⊆ CG(t)◦
Since X is non-G-cr, there is a parabolic subgroup P such that X ⊆ P = QL and X is not
contained in a conjugate of L. By Lemma 2.13, any parabolic subgroup P ′ contained in P has the
same property. Hence we can pick a minimal parabolic subgroup P containing X and such that
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X is not contained in any Levi subgroup of P . Since P is minimal, the projection of X to L is
irreducible.
Let 〈r〉 = Z(G) ∼= C2. Then V56 ↓ r = −I where I is the identity. Since X = A1, either X = SL2
or X = PSL2. Suppose X = SL2 and let Z(X) = 〈s〉. If s is not equal to r then X ⊆ CG(s) ⊆ G
and s is not in Z(G). This is a contradiction. Hence s is equal to r. Thus V56 ↓ s = −I so all
composition factors of V56 ↓ X are odd. Therefore either X = SL2 and V56 ↓ X only has odd
composition factors or X = PSL2 and V56 ↓ X only has even composition factors.
If X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with a1, . . . , an powers of p, we can prove similarly that the
restriction of V56 to each Ri either has all odd composition factors or all even composition factors.
We need a few lemmas.
Lemma 3.8. Suppose X ↪→ R1R2 via (1, 1[p]) with p = 5 or 7, and R1, R2 ∼= A1 restricted. If
V56 ↓ X has highest weight strictly smaller than 3p then V56 ↓ R2 = 212 + 020.
Proof. Suppose b is a composition factor of V56 ↓ R2. Then b ≤ 2 since otherwise V56 ↓ X would
have a composition factor greater than or equal to 3p. Hence V56 ↓ R2 = 2r/1s/0t with r, s, t
integers. Since V56 ↓ R2 either has all even or all odd composition factors, V56 ↓ R2 = 2r/0t or
V56 ↓ R2 = 1s. By Lemma 3.6, V56 ↓ R2 = 212 + 020.
Lemma 3.9. Suppose X ↪→ R1R2 via (1, 1[p]) with p = 5 or 7, R1, R2 ∼= A1 restricted such that
V56 ↓ X has highest weight stricly smaller than 3p. Let (a, b) be a composition factor of V56 ↓ R1R2.
Suppose x⊗ y(p) is a composition factor of (a, b) ↓ X. Then one of the following holds:
1. a = x and b = y
2. a = x⊗ y(p) and b = 0.
Proof. As in the proof of Lemma 3.8, b = 0 or 2. If b = 0 then (a, b) ↓ X = a hence a = x ⊗ y(p)
and b = 0.
Now suppose b = 2. If a is restricted then (a, b) ↓ X = a⊗b(p) is irreducible and a⊗b(p) = x⊗y(p).
Thus a = x and b = y. If a is not restricted then a = r ⊗ s(p) with r and s are integers and s 6= 0.
Hence (a, b) ↓ X = r ⊗ s(p) ⊗ b(p). So r + sp+ bp < 3p which is impossible.
Corollary 3.10. Suppose X ↪→ R1R2 via (1, 1[p]) with p = 5 or 7, R1, R2 ∼= A1 restricted and
V56 ↓ X has highest weight strictly smaller than 3p. Let S be the set of composition factors of
V56 ↓ X of the form a or a⊗ 1(p) with 0 ≤ a ≤ p− 1. Then
∑
W∈S
dimW ≤ 20.
Proof. By Lemma 3.8, V56 ↓ R2 = 212 + 020. Consider a composition factor c in S. Let (a, b) be a
composition factor of V56 ↓ R1R2 such that c is a composition factor of (a, b) ↓ X. Clearly b = 0 or
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2 since V56 ↓ R2 = 212 + 020. If c = a⊗ 1(p) then, we are in case 2 of Lemma 3.9 so b = 0. Similarly
if 0 ≤ c ≤ p− 1 then we are also in case 2 of Lemma 3.9 so b = 0. Finally if c = 0, we are in case 1
or 2 of Lemma 3.9 but either way b = 0.
Hence there are at least
∑
w∈S
dimW trivial composition factors in V56 ↓ R2. So
∑
w∈S
dimW ≤ 20
since V56 ↓ R2 = 212 + 020.
We now consider each possible possible parabolic subgroup P = QL individually and in each
case we reach a contradiction.
Case 1 : L′ = D6
The projection of X to L′ is irreducible since P is a minimal parabolic subgroup containing X.
Hence by Lemma 2.15, VD6(λ1) ↓ X = V1 ⊥ . . . ⊥ Vk with Vi all non degenerate, irreducible and
inequivalent as X-modules. Hence all of the composition factors of VD6(λ1) ↓ X are distinct.
We saw that V56 ↓ X has either all odd or all even composition factors. By Theorem 2.21,
V56 ↓ D6 = λ21/λ5. Hence VD6(λ1) ↓ X has either all odd or all even composition factors. If
VD6(λ1) ↓ X has an odd factor then all its factors are odd so it has a submodule W of odd high
weight. Hence X preserves a symplectic form on W . Therefore W cannot be non degenerate so must
be totally singular. Hence X ⊆ Stab(W ) which is a parabolic subgroup. This is a contradiction as
we took P to be minimal. Therefore all composition factors of VD6(λ1) ↓ X are even.
We can now find all the possible embeddings of X into L′ by finding all possible restrictions of
VD6(λ1) to X such that all composition factors are even and distinct. These are listed in Table 3.4.
By Lemma 2.1, we find that Q ↓ L = λ5/0. By Lemma 2.6, Q ↓ X has a composition factor
which is a twist of 3⊗1(5) when p = 5 and 5⊗1(7) when p = 7. In each case we calculate VD6(λ5) ↓ X
and check whether it has a composition factor 3⊗ 1(5) or 5⊗ 1(7).
For example consider the case where VD6(λ1) ↓ X = 6(a)/4(b) and p = 7. By Lemma 2.32, the spin
module of 6 is 6/0 and the spin module of 4 is 3. Hence by Lemma 2.14, VD6(λ5) ↓ X = 6(a)⊗3(b)/3(b).
Therefore Q ↓ X = 6(a) ⊗ 3(b)/3(b)/0. We proceed similarly for all other cases. The results are
displayed in Table 3.4.
There are no cases where Q ↓ X has a composition factor 5⊗ 1(7) when p = 7 or a composition
factor 3⊗ 1(5) when p = 5. This is a contradiction.
Case 2 : L′ = D5
As in the previous case, all composition factors of VD5(λ1) ↓ X are distinct and even. We find
all the possible restrictions of VD5(λ1) to X. These are listed in Table 3.5. By Lemma 2.17, the
possible composition factors of Q ↓ X are λ1, λ4 or λ5. By Lemma 2.6, Q ↓ X has a composition
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p VD6(λ1) ↓ X VD6(λ5) ↓ X Can Can
Q ↓ X Q ↓ X
have a have a
composition composition
factor factor
3⊗ 1(5)? 5⊗ 1(7)?
5 or 7 3⊗ 1(a)/1⊗ 1(b) 4⊗ 1(a)/2⊗ 1(a)/3⊗ 1(a) ⊗ 1(b) no no
or 4⊗ 1(b)/5/3/2(a) ⊗ 1/
2(a) ⊗ 1(b)
5 or 7 3⊗ 1(a)/2(b)/0 3⊗ 1(a) ⊗ 1(b)/4⊗ 1(b)/ no no
2(a) ⊗ 1(b)
5 or 7 2⊗ 2(a)/2(b) 3⊗ 1(a) ⊗ 1(b)/1⊗ 3(a) ⊗ 1(b) no no
5 or 7 1⊗ 3(a)/1⊗ 1(b) 3⊗ 1(a) ⊗ (1/1(b)) no no
or (4/2(a))⊗ (1/1(b))
5 or 7 1⊗ 3(a)/2(b)/0 1⊗ 3(a) ⊗ 1(b)/4⊗ 1(b)/ no no
2(a) ⊗ 1(b)
5 or 7 1⊗ 1(a)/1(b) ⊗ 1(c)/ 1⊗ 1(b) ⊗ 1(e)/1⊗ 1(c) ⊗ 1(d)/ no no
1(d) ⊗ 1(e) 1(a) ⊗ 1(b) ⊗ 1(d)/1(a) ⊗ 1(c) ⊗ 1(e)
5 or 7 1⊗ 1(a)/1⊗ 1(b)/2(c)/0 (1/1(a))⊗ (1/1(b))⊗ 1(c) no no
5 or 7 1⊗ 1(a)/4(b)/2(c) (1/1(a))⊗ 3(b) ⊗ 1(c) no no
5 or 7 4/2(a)/2(b)/0 (3⊗ 1(a) ⊗ 1(b))2 no no
5 or 7 4(a)/2/2(b)/0 (3(a) ⊗ 1⊗ 1(b))2 no no
5 or 7 2(a)/2(b)/2(c)/2(d) (1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d))2 no no
with a, b, c, d distinct
5 or 7 2⊗ 1(a) ⊗ 1(b) 2⊗ 1(a) ⊗ 2(b)/4⊗ 1(a)/3(a) or no no
with a, b 6= 1 and a 6= b 2⊗ 2(a) ⊗ 1(b)/4⊗ 1(b)/3(b)
7 6(a)/4(b) 6(a) ⊗ 3(b)/3(b) no
7 6(a)/1⊗ 1(b)/0 (6(a)/0)⊗ (1/1(b)) no
7 1⊗ 5(a) 5(a) ⊗ 2/(2⊗ 1(7))(a)/(3(a))2 or no
(1⊗ 1(7))(a)/4(a)/1/4(a) ⊗ 1/3
7 5⊗ 1(a) 5⊗ 2(a)/2⊗ 1(7)/32 or no
1⊗ 1(7)/4/1(a)/4⊗ 1(a)/3(a)
Table 3.4: L′ = D6 (in this table a, b, c, d and e are powers of p = 5 or 7).
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p VD5(λ1) ↓ X VD5(λ5) ↓ X = VD5(λ4) ↓ X Can Can
Q ↓ X Q ↓ X
have a have a
composition composition
factor 3⊗ 1(5)? factor 5⊗ 1(7)?
5 or 7 1⊗ 1(a)/4(b)/0 (1 + 1(a))⊗ 3(b) yes no
5 or 7 1⊗ 1(a)/2(b)/2(c) (1 + 1(a))⊗ 1(b) ⊗ 1(c) no no
5 or 7 4/4(a) 3⊗ 3(a) no no
5 or 7 2(a)/2(b)/2(c)/0 (1(a) ⊗ 1(b) ⊗ 1(c))2 no no
5 or 7 2⊗ 2(a)/0 3⊗ 1(a)/1⊗ 3(a) yes no
7 6/2(a) 6⊗ 1(a) + 1(a) no no
Table 3.5: L′ = D5 (in this table a, b and c are powers of p = 5 or 7).
factor which is a twist of 3 ⊗ 1(5) when p = 5 and 5 ⊗ 1(7) when p = 7. In each case we calculate
the restriction of λ1, λ4 or λ5 to X and check whether the composition factors 3 ⊗ 1(5) or 5 ⊗ 1(7)
occur. We use the fact that VD5(λ4) and VD5(λ5) are spin modules, Lemma 2.32 and Lemma 2.14.
All of these calculations are displayed in Table 3.5. In all cases there is no composition factor
5 ⊗ 1(7) in Q ↓ X when p = 7. When p = 5, there is a composition factor 3 ⊗ 1(5) in Q ↓ X when
VD5(λ1) ↓ X = 1 ⊗ 1(5)/4/0 and VD5(λ1) ↓ X = 2 ⊗ 2(5)/0. Thus these are the only cases we need
to consider.
First suppose VD5(λ1) ↓ X = 1⊗ 1(5)/4/0. By Theorem 2.21,
V56 ↓ D5 = λ21/λ4/λ5/04. (3.12)
Hence V56 ↓ X = (1⊗1(5))2/44/22/(3⊗1(5))2/06. Let S be the set of composition factors of V56 ↓ X
of the form a or a ⊗ 1(p) with 0 ≤ a ≤ 4. Then ∑
W∈S
dimW = 56. By Corollary 3.10, this is a
contradiction.
Now suppose VD5(λ1) ↓ X = 2⊗2(5)/0. By (3.12), V56 ↓ X = (2⊗2(5))2/(3⊗1(5))2/(1⊗3(5))2/06.
Clearly X ↪→ R1R2 via (1, 1[5]) with R1, R2 ∼= A1 restricted. By Lemma 3.7,
V56 ↓ R2 =
2309 +
2309 + 038.
This is a contradiction by Lemma 3.6.
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p VD5(λ1) ↓ X Q ↓ X Does Does
Q ↓ X Q ↓ X
have a have a
composition composition
factor 3⊗ 1(5)? factor 5⊗ 1(7)?
5 or 7 1⊗ 1(a)/4(b)/0 1⊗ 1(a)/4(b)/0/1⊗ 3(b) ⊗ 1(c)/ no no
1(a) ⊗ 3(b) ⊗ 1(c)
5 or 7 1⊗ 1(a)/2(b)/2(c) 1⊗ 1(a)/2(b)/2(c)/ no no
with b 6= c and (1 + 1(a))⊗ 1(b) ⊗ 1(c) ⊗ 1(d)
a 6= 1
5 or 7 4/4(a) 4/4(a)/3⊗ 3(a) ⊗ 1(b) no no
5 or 7 2(a)/2(b)/2(c)/0 2(a)/2(b)/2(c)/0/ no no
a, b and c distinct (1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d))2
5 or 7 2⊗ 2(a)/0 2⊗ 2(a)/0/3⊗ 1(a) ⊗ 1(b) no no
a 6= 1 /1⊗ 3(a) ⊗ 1(b)
7 6/2(a) 6/2(a)/ no no
6⊗ 1(a) ⊗ 1(b) + 1(a) ⊗ 1(b)
Table 3.6: L′ = D5A1 (in this table a, b, c and d are powers of p = 5 or 7).
Case 3 : L′ = D5A1
By Lemma 2.1, we find Q ↓ A1D5 = (1, λ5)/(0, λ1). We have already found the possible embeddings
of X into D5 in the previous case. We find Q ↓ X in each of these cases and check whether there
is a composition factor 3⊗ 1(5) or 5⊗ 1(7); all of these calculations are in Table 3.6.
In all cases, Q ↓ X does not have a composition factor 5 ⊗ 1(7) when p = 7 or 3 ⊗ 1(5) when
p = 5. We have reached a contradiction.
Case 4 : L′ = D4
We consider all possible embeddings of X into L′ by finding all the possible restrictions of VD4(λ1)
to X. As before, all composition factors of VD4(λ1) ↓ X are distinct and even. We find 6 possible
embeddings; these are listed in Table 3.7. By Lemma 2.17, the possible composition factors of
Q ↓ X are λ1, λ3 and λ4. We know that Q ↓ X has a composition factor which is a twist of 3⊗ 1(5)
when p = 5 and 5⊗ 1(7) when p = 7. Hence we calculate VD4(λ3) ↓ X and VD4(λ4) ↓ X and check
whether there could be a composition factor 3 ⊗ 1(5) or 5 ⊗ 1(7) in Q ↓ X. These calculations are
displayed in Table 3.7.
There are no cases where there is a composition factor 5⊗1(7) in Q ↓ X when p = 7. There is no
composition factor 3⊗ 1(5) in Q ↓ X except when VD5(λ1) ↓ X = 3⊗ 1(5) or VD5(λ1) ↓ X = 4 + 2(5).
Hence these are the only cases we need to consider.
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p VD4(λ1) ↓ X Composition factors of Can Can
VD4(λ3) ↓ X and VD4(λ4) ↓ X Q ↓ X Q ↓ X
have a have a
composition composition
factor 3⊗ 1(5)? factor 5⊗ 1(7)?
5 or 7 1⊗ 3(a) 1⊗ 3(a), 4/2(a) no no
5 or 7 3⊗ 1(a) 3⊗ 1(a), 2/4(a) yes no
5 or 7 1⊗ 1(a)/1(b) ⊗ 1(c) 1⊗ 1(c), 1(a) ⊗ 1(b), no no
1⊗ 1(b), 1(a) ⊗ 1(c)
5 or 7 1⊗ 1(a)/2(b)/0 (1 + 1(a))⊗ 1(b) no no
5 or 7 4(a)/2(b) 3(a) ⊗ 1(b) yes no
7 6/0 6/0 no no
Table 3.7: L′ = D4 (in this table a, b and c are powers of p = 5 or 7).
First suppose VD4(λ1) ↓ X = 3⊗ 1(5). By Theorem 2.21,
V56 ↓ A1D4 = (1, λ1)/(0, λ3)2/(0, λ4)2/(1, 0)4 (3.13)
Hence V56 ↓ D4 = λ21/λ23/λ24/08. Therefore V56 ↓ X = (3⊗ 1(5))4/42/(2(5))2/08. Let S be the set of
composition factors of V56 ↓ X of the form a or a ⊗ 1(p) with 0 ≤ a ≤ 4. Then
∑
W∈S
dimW = 50.
This is a contradiction to Corollary 3.10.
Now suppose VD4(λ1) ↓ X = 4/2(5). Then by (3.13), V56 ↓ X = (3 ⊗ 1(5))4/42/(2(5))2/08 which
we have already seen is impossible.
Case 5 : L′ = A1D4
We have already found the possible embeddings ofX intoD4 in the previous section. By Lemma 2.17,
the possible composition factors of Q ↓ L′ are λ1 ⊗ (1 or 0), λ3 ⊗ (1 or 0), λ4 ⊗ (1 or 0). We use the
calculations done in the previous section to find when there can be a factor 3 ⊗ 1(5) or 5 ⊗ 1(7) in
Q ↓ X. These calculations are listed in Table 3.8.
In all cases, there is no composition factor 5 ⊗ 1(7) in Q ↓ X when p = 7. There are two cases
where there can be a composition factor 3⊗ 1(5) in Q ↓ X when p = 5. We consider both of these.
First suppose VD4(λ1) ↓ X = 3 ⊗ 1(5). By (3.13), V56 ↓ X = 1(b) ⊗ 3 ⊗ 1(5)/(1(b))4/(3 ⊗
1(5))2/22/(4(5))2. This is a contradiction as we proved that V56 ↓ X does not have both even and
odd composition factors.
Next suppose VD4(λ1) ↓ X = 4⊗ 2(5). By (3.13), V56 ↓ X = 1(c)⊗ 4/1(c)⊗ 2(5)/(1(c))4/(3⊗ 1(5))4.
This is a contradiction as V56 ↓ X does not have even and odd composition factors.
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p VD4(λ1) ↓ X Possible other composition Can Can
factors of Q ↓ X Q ↓ X Q ↓ X
have a have a
composition composition
factor factor
3⊗ 1(5)? 5⊗ 1(7)?
5 or 7 1⊗ 3(a) 1⊗ 3(a) ⊗ 1(b), no no
4, 2(a), 4⊗ 1(b), 2(a) ⊗ 1(b)
5 or 7 3⊗ 1(a) 3⊗ 1(a) ⊗ 1(b), yes no
3⊗ 1(a), 2, 4(a), 2⊗ 1(b), 4(a) ⊗ 1(b)
5 or 7 1⊗ 1(a)/1(b) ⊗ 1(c) 1⊗ 1(c), 1(a) ⊗ 1(b), 1⊗ 1(b), 1(a) ⊗ 1(c) no no
1⊗ 1(c) ⊗ 1(d), 1(a) ⊗ 1(b) ⊗ 1(d),
1⊗ 1(b) ⊗ 1(d), 1(a) ⊗ 1(c) ⊗ 1(d)
5 or 7 1⊗ 1(a)/2(b)/0 1⊗ 1(a) ⊗ 1(c), 2(b) ⊗ 1(c), 1(c), no no
(1 + 1(a))⊗ 1(b), (1 + 1(a))⊗ 1(b) ⊗ 1(c)
5 or 7 4(a)/2(b) 4(a) ⊗ 1(c), 2(b) ⊗ 1(c), yes no
3(a) ⊗ 1(b) , 3(a) ⊗ 1(b) ⊗ 1(c)
7 6/0 6⊗ 1(a), 1(a) no no
Table 3.8: L′ = A1D4 (in this table a, b, c and d are powers of p = 5 or 7).
maximal subgroup VE6(λ1) ↓ X p
containing X
1 A1A5 1
(q) ⊗ 5(r) + T (8; 4)(r) + 0 7
2 A1A5 6 + 4 + T (8; 4) + 0 7
3 A1A5 1
(a) ⊗ 2(b) ⊗ 1(c) + 2(b) ⊗ 2(c) + T (4; 0)(b) ≥ 3
4 A32 2⊗ 2(a) + 2⊗ 2(b) + 2(a) ⊗ 2(b) ≥ 3
5 A2G2 2
(a) ⊗ 6(b) + 4(a) + 0 7
Table 3.9: Conjugacy classes of E6-irreducible A1 subgroups when p ≤ 7 (in this table a, b, c, q and
r are powers of p).
Case 6 : L′ = E6
We have picked P to be a minimal parabolic subgroup containing X so the projection of X to L′ is
E6-irreducible. In this section we use the notation T (m1;m2; . . . ;mt) to denote the tilting module
with the same composition factors as W (m1) ⊕W (m2) ⊕ . . . ⊕W (mt). By [32, Table 6.1], when
p = 7 there are five conjugacy classes of E6-irreducible A1 subgroups and only two when p = 5.
These are listed in Table 3.9.
By Lemma 2.17, the possible composition factors of Q ↓ X are VE6(λ1) or VE6(λ6). The module
VE6(λ1) is the dual of VE6(λ6). In A1 all irreducible modules are self dual. Hence VE6(λ1) ↓ X and
VE6(λ6) ↓ X have the same composition factors.
First consider case 1 of Table 3.9 where VE6(λ1) ↓ X = 1(q) ⊗ 5(r) + T (8; 4)(r) + 0. There is a
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composition factor 5⊗ 1(7) in Q ↓ X if q = 7 and r = 0. By Theorem 2.21,
V56 ↓ E6 = λ1/λ6/02. (3.14)
Hence V56 ↓ X = (1(7)⊗ 5)2/T (8; 4)2/04. Let S be defined as in Corollary 3.10. The highest weight
of V56 ↓ X is 5⊗ 1(7) and
∑
W∈S
dimW = 56. This is a contradiction by Corollary 3.10.
Now consider case 2 of Table 3.9 where VE6(λ1) ↓ X = 6 + 4 + T (8; 4) + 0 and p = 7. Clearly
Q ↓ X does not have a composition factor 5⊗ 1(7). We have reached a contradiction.
Next consider case 3 of Table 3.9 where VE6(λ1) ↓ X = 1(a) ⊗ 2(b) ⊗ 1(c) + 2(b) ⊗ 2(c) + T (4; 0)(b)
with a, b and c powers of p = 5 or 7. Clearly Q ↓ X does not have a composition factor 5 ⊗ 1(7)
when p = 7. So when p = 7 we reach a contradiction. Suppose p = 5. There is a composition factor
3 ⊗ 1(5) in Q ↓ X if and only if (a, b, c) = (5, 1, 1) or (1, 1, 5). If (a, b, c) = (5, 1, 1) or (1, 1, 5) then
we find respectively:
V56 ↓ X = (3⊗ 1(5))2/(1⊗ 1(5))2/42/22/04/T (4; 0)2
V56 ↓ X = (3⊗ 1(5))2/(1⊗ 1(5))2/(2⊗ 2(5))2/T (4; 0)2/02.
Let S be defined as in Corollary 3.10. Then
∑
W∈S
dimW is respectively 44 or 26. Either way this is
a contradiction by Corollary 3.10.
Next consider case 4 of Table 3.9. There is no composition factor 3⊗ 1(5) or 5⊗ 1(7) in Q ↓ X
so we have reached a contradiction.
Finally consider case 5 of Table 3.9. Clearly Q ↓ X does not have a composition factor 5⊗ 1(7)
so we have reached a contradiction.
Case 7 : L′ is a product of An factors
For all possible Levi subgroups L′ which are a product of An factors we find the possible composition
factors of Q ↓ X by using Lemma 2.17. These are listed in Table 3.10. If there is no composition
factor which is a twist of 3⊗ 1(5) when p = 5 or 5⊗ 1(7) when p = 7 in Q ↓ X, we have reached a
contradiction. We consider each of the remaining cases individually.
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Table 3.10: L′ is a product of An factors (in this table
a, b and c are powers of p = 5 or 7).
L′ VL′ ↓ X possible composition Can Can
factors of Q ↓ X Q ↓ X Q ↓ X
have a have a
composition composition
factor factor
3⊗ 1(5)? 5⊗ 1(7)?
A1 1 1, 0 no no
A2 2 2 no no
A3 3 3, 4, 0 no no
1⊗ 1(a) 1⊗ 1(a), 2, 2(a) no no
A4 4 6, 4, 2 no no
A5 2
(a) ⊗ 1(b) 2(a) ⊗ 2(b), 4(a), 0, 4(a) ⊗ 1(b), no no
2(a) ⊗ 1(b), 3(b), 2(a) ⊗ 1(b)
5(p = 7) 5, 1⊗ 1(7), 4, 2⊗ 1(7), 3, 0 no
A6 6(p = 7) 6, 3⊗ 1(7), 2, 5⊗ 1(7), 1⊗ 1(7), 4, 0 yes
A2A2 (2
(a), 2(b)) 2(a) ⊗ 2(b) no no
A1A4 (1
(a), 4(b)) 1(a) ⊗ 4(b), 4(b), 6(b)/2(b), no no
6(b) ⊗ 1(a)/2(b) ⊗ 1(a)
A1A3 (1
(a), 3(b)) 3(b), 1(a) ⊗ 3(b), 4(b)/0, 4(b) ⊗ 1(a)/1(a) yes no
(1(b), 1⊗ 1(a)) 1⊗ 1(a), 1⊗ 1(a) ⊗ 1(b), 2/2(a), no no
2⊗ 1(b)/2(a) ⊗ 1(b)
A1A2 (1
(a), 2(b)) 2(b), 1(a) ⊗ 2(b) no no
A1A
2
2 (1
(c), 2(a), 2(b)) 1(c) ⊗ 2(a) ⊗ 2(b), 2(a) ⊗ 2(b), no no
1(c) ⊗ 2(a), 1(c) ⊗ 2(b)
A21A2 (1
(a), 1(b), 2(c)) 1(a) ⊗ 1(b) ⊗ 2(c), 1(a) ⊗ 2(c), 1(b) ⊗ 2(c) yes no
A21 (1
(a), 1(b)) 1(a), 1(b), 1(a) ⊗ 1(b) no no
A31 (1
(a), 1(b), 1(c)) 1(a), 1(b), 1(c), 1(a) ⊗ 1(b), 1(a) ⊗ 1(c), no no
1(b) ⊗ 1(c), 1(a) ⊗ 1(b) ⊗ 1(c)
A2A3 (2
(a), 3(b)) 3(b) ⊗ 2(a), 4(b) ⊗ 2(a)/2(a) no no
(2(b), 1⊗ 1(a)) 1⊗ 1(a) ⊗ 2(b), 2⊗ 2(b)/2(a) ⊗ 2(b) yes no
A21A3 (1
(a), 1(b), 3(c)) 3(c), 3(c) ⊗ 1(a), 3(c) ⊗ 1(b), yes yes
3(c) ⊗ 1(a) ⊗ 1(b),
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Table 3.10 – continued from previous page
L′ VL′ ↓ X
4(c)/0, 4(c) ⊗ 1(a)/1(a),
4(c) ⊗ 1(a) ⊗ 1(b)/1(a) ⊗ 1(b)
(1(b), 1(c), 1⊗ 1(a)) 1⊗ 1(a), 1⊗ 1(a) ⊗ 1(b), yes no
1⊗ 1(a) ⊗ 1(b) ⊗ 1(c),
2/2(a), 2⊗ 1(b)/2(a) ⊗ 1(b),
2⊗ 1(b) ⊗ 1(c)/2(a) ⊗ 1(b) ⊗ 1(c)
A31A2 (1
(a), 1(b), 1(c), 2(d)) 2(d), 2(d) ⊗ 1(a), 2(d) ⊗ 1(a) ⊗ 1(b), yes no
2(d) ⊗ 1(a) ⊗ 1(b) ⊗ 1(c)
A41 (1, 1
(a), 1(b), 1(c)) 1, 1⊗ 1(a), 1⊗ 1(a) ⊗ 1(b), yes no
1⊗ 1(a) ⊗ 1(b) ⊗ 1(c)
A2A4 (2
(a), 4(b)) 2(a) ⊗ 4(b), no
2(a) ⊗ 6(b)/2(a) ⊗ 2(b) (p = 7)
2(a) ⊗ 4(b), 2(a) ⊗ 1(5) ⊗ 1(b)/ yes
(2(a) ⊗ 2(b))2 (p = 5)
A1A5 (1
(a), 5)(p=7) 1⊗ 1(7), 2⊗ 1(7), 5, 4, 3, 0, yes
5⊗ 1(a), 1⊗ 1(7) ⊗ 1(a), 4⊗ 1(a), 1(a),
2⊗ 1(7) ⊗ 1(a), 3⊗ 1(a)
(1(b), 2⊗ 1(a)) 2⊗ 1(a), 2⊗ 2(a), 4, 0, yes yes
a 6= 1 4⊗ 1(a), 2⊗ 1(a), 3(a), 2⊗ 1(a) ⊗ 1(b),
2⊗ 2(a) ⊗ 1(b), 4⊗ 1(b), 1(b),
4⊗ 1(a) ⊗ 1(b), 2⊗ 1(a) ⊗ 1(b),
3(a) ⊗ 1(b)
(1(b), 1⊗ 2(a)) 2(a) ⊗ 1, 2⊗ 2(a), 4(a), 0, yes no
a 6= 1 4(a) ⊗ 1, 2(a) ⊗ 1, 3, 2(a) ⊗ 1⊗ 1(b),
2⊗ 2(a) ⊗ 1(b), 4(a) ⊗ 1(b), 1(b),
4(a) ⊗ 1⊗ 1(b), 2(a) ⊗ 1⊗ 1(b), 3⊗ 1(b)
Case 8 : L′ = A6
By Theorem 2.21, V56 ↓ A6 = λ1/λ2/λ5/λ6. Hence V56 ↓ X = (3⊗ 1(7))2/64/24. Let S be the set of
composition factors of V56 ↓ X of the form a or a⊗ 1(p) with 0 ≤ a ≤ 6. Then
∑
W∈S
dimW = 56 and
the highest weight of V56 ↓ X is 10. This is a contradiction by Corollary 3.10.
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Figure 3.1: A3 in D6
Figure 3.2: A1A3 in E7
Case 9 : L′ = A21A2
In this case there is a factor 3 ⊗ 1(5) in Q ↓ X when 1(a) ⊗ 1(b) ⊗ 2(c) = 1(5) ⊗ 1 ⊗ 2. Hence c = 1
and one of a or b is equal to 5 and the other is 1. Any two A2 Levi subgroups are conjugate in E7
and CE7(A2)
◦ = A5. There is a unique conjugacy class of Levi A21 subgroups in A5. Hence all Levi
A21A2 subgroups in E7 are conjugate. Note that A
2
1A2 ⊆ A7. By Theorem 2.21,
V56 ↓ A7 = VA7(λ2)/VA7(λ6). (3.15)
Hence V56 ↓ X = (1 ⊗ 1(5))2/(1 ⊗ 2)2/(1(5) ⊗ 2)2/12/(1(5))2/24/04. This is a contradiction since
V56 ↓ X has both even and odd composition factors.
Case 10 : L′ = A1A3
There is a composition factor 3⊗ 1(5) in Q ↓ X when 3(b) ⊗ 1(a) = 3⊗ 1(5). Hence a = 5 and b = 1.
In E7, there is a unique conjugacy class of Levi A1 subgroups and CE7(A1)
◦ = D6. There are two
conjugacy classes of Levi A3 subgroups in D6 (Figure 3.1). Hence there are two conjugacy classes
of Levi A1A3 in E7 (Figure 3.2).
The first conjugacy class of A1A3 is inside A7 and VA7(λ1) ↓ A3A1 = (λ1, 0)/(0, 1)/(0, 0)2. By
(3.15), V56 ↓ X = 42/06/(3⊗ 1(5))2/34/(1(5))4. This is a contradiction as V56 ↓ X has both even and
odd composition factors.
The second conjugacy class of A1A3 is contained in A5. By Theorem 2.21, for the A5 subgroup
depicted in Figure 3.2, V56 ↓ A5 = λ21/λ2/λ4/λ25/02. Hence V56 ↓ X = (1(5))4/24/42/(3 ⊗ 1(5))2/06.
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This is a contradiction since V56 ↓ X has both even and odd composition factors.
Case 11 : L′ = A3A2
In this case there is a composition factor 3 ⊗ 1(5) in Q ↓ X if 1 ⊗ 1(a) ⊗ 2(b) = 1 ⊗ 1(5) ⊗ 2. Hence
a = 5 and b = 1. There is a unique conjugacy class of Levi A3A2 subgroups in E7; it is in A7. By
(3.15), V56 ↓ X = 26/(2(5))2/(1 ⊗ 1(5) ⊗ 2)2/(1 ⊗ 1(5))2. Let S be the set of composition factors of
V56 ↓ X of the form a or a⊗ 1(s) with 0 ≤ a ≤ 4. Clearly
∑
W∈S
dimW = 50 and the highest weight
of V56 ↓ X is 10. This is a contradiction to Corollary 3.10.
Case 12 : L′ = A41
There is a composition factor 3 ⊗ 1(5) in Q ↓ X if 1 ⊗ 1(a) ⊗ 1(b) ⊗ 1(c) = 1 ⊗ 1 ⊗ 1 ⊗ 1(5). Hence
one of a, b and c is equal to 5 and the other two are equal to 1. The Levi A41 subgroup is in D6 and
VD6(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2. Therefore either VD6(λ1) ↓ X = 2/12/(1(5))2/0 or
VD6(λ1) ↓ X = 1⊗ 1(5)/14. By Theorem 2.21,
L (E7) ↓ D6 = λ25/λ2/03. (3.16)
By Lemma 2.31, ∧2(VD6(λ1)) = VD6(λ2). Hence VD6(λ2) ↓ X = 32/23/2(5)/14/(1(5))2/(2⊗1(5))2/
(1⊗1(5))4/06 or 2(5)/27/(2⊗1(5))4/(1(5))4/010. Either way VD6(λ2) ↓ X does not have a composition
factor 3⊗ 1(5).
Furthermore we find VD6(λ5) ↓ A41 = (1, 0, 1, 0)2 + (1, 0, 0, 1)2 + (0, 1, 1, 1) + (0, 1, 0, 0)4. Hence
VD6(λ5) ↓ X = 22 + 02 + (1 ⊗ 1(5))2 + 2 ⊗ 1(5) + 1(5) + 14 or (1(5) ⊗ 1)4 + 3 + 16 or 22 + 02 + (1 ⊗
1(5))2 + 2⊗ 1(5) + (1(5))5. Either way, there is no composition factor 3⊗ 1(5) in VD6(λ5) ↓ X.
By (3.16), there is no composition factor 3 ⊗ 1(5) in L (E7) ↓ X and so not in Q ↓ X either.
This is a contradiction.
Case 13 : L′ = A2A4
In this case, Q ↓ X has a composition factor 3 ⊗ 1(5) if 2(a) ⊗ 1(5) ⊗ 1(b) = 2 ⊗ 1(5) ⊗ 1 so a = 1
and b = 1. There is only one class of Levi subgroups A2A4 in E7. It is contained in A7 and
VA7(λ1) ↓ A2A4 = (λ1, 0)/(0, λ1). Hence VA7(λ1) ↓ X = 2/4. Let S be defined as in Corollary 3.10.
Then by (3.15), V56 ↓ X = 42/210/(1⊗ 1(5))4 so
∑
W∈S
dimW = 56. The highest weight of V56 ↓ X is
6 so this is a contradiction to Corollary 3.10.
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Case 14 : L′ = A1A5
There is only one class of Levi A1A5 in E7. It is in A2A5. By Table 3.10, there are three possible
embeddings of X into L′ that we need to consider.
By Lemma 2.1, we find Q ↓ A1A5 = (1, λ4)/(0, λ2)/(1, 0). Consider the first case of Table 3.10
for L′ = A1A5. There might be a composition factor 5⊗1(7) in Q ↓ X if 5(b)⊗1(a) = 5⊗1(7). Hence
b = 1 and a = 7. So Q ↓ X = 2(7)⊗ 1/(1(7)⊗ 4)2/1⊗ 1(7)/(1(7))2/1/42/0. There is no factor 5⊗ 1(7)
in Q ↓ X. This is a contradiction.
Next consider the second case of Table 3.10 for L′ = A1A5. There might be a composition factor
3⊗1(5) in Q ↓ X when 2⊗1(a)⊗1(b) = 2⊗1(5)⊗1. Hence one of a and b is 5 and the other is 1. There
might be a composition 5⊗1(7) in Q ↓ X when p = 7 if 4⊗1(a)⊗1(b) = 4⊗1⊗1(7). Hence one of a and
b is equal to 7 and the other is equal to 1. Therefore Q ↓ X = 2(p)⊗ 3/2(p)⊗ 2/2(p)⊗ 1/5/4/3/12/0.
Thus Q ↓ X has no factor 3⊗ 1(5) when p = 5 or 5⊗ 1(7) when p = 7 which is a contradiction.
Finally consider the third case of Table 3.10 for L′ = A1A5. There might be a composition
factor 3 ⊗ 1(5) in Q ↓ X when p = 5 if 3 ⊗ 1(b) = 3 ⊗ 1(5). Hence b = 5. Therefore Q ↓ X =
1(5)⊗ 2⊗ 2(a)/1(5)⊗ 4(a)/1(5)/2⊗ 2(a)/4(a)/0. There is no factor 3⊗ 1(5) in Q ↓ X when p = 5. This
is a contradiction.
Case 15 : L′ = A21A3
By Table 3.10, there are two embeddings we need to consider. There is a unique class of Levi
A21A3 subgroup in E7. It is in D6. By Theorem 2.21, V56 ↓ D6 = λ21/λ5. Since VD6(λ1) ↓ A21A3 =
(100, 0, 0)/(001, 0, 0)/(000, 1, 1), we find
V56 ↓ A21 × A3 = (1, 0, λ1)/(1, 0, λ3)/(0, 1, λ2)/(0, 1, 0)4/(1, 0, 0)2/
(0, 0, λ1)
2/(0, 0, λ3)
2.
We start by considering the first embedding of Table 3.10 for L′ = A21A3. To have a composition
factor 5⊗1(7) in Q ↓ X we need 4(c)⊗1(a)⊗1(b) = 4⊗1⊗1(7). One of a and b is 7 and the other one is
1 and c = 1. Hence V56 ↓ X = 34/(1(7))5/42/22/12/4⊗ 1(7) or V56 ↓ X = 35/(3⊗ 1(7))2/5/(1(7))2/15.
This is impossible as V56 ↓ X does not have both even and odd composition factors.
If Q ↓ X has factor 3 ⊗ 1(5) then 3(c) ⊗ 1(a) or 3(c) ⊗ 1(b) is equal to 3 ⊗ 1(5). Hence one of
a and b is equal to 5 and the other one is equal to 5t for some integer t and c = 1. Therefore
V56 ↓ X = 34/(3⊗1(5))2/4⊗1(5t)/(1(5t))5/(1(5))2 or V56 ↓ X = 34/(3⊗1(5t))2/4⊗1(5)/(1(5))5/(1(5t))2.
Hence V56 ↓ X has both even and odd composition factors which is a contradiction.
We now turn to the second embedding of Table 3.10 for L′ = A21A3. Using the same calculations
as previously we find V56 ↓ X = (1 ⊗ 1(a))4/(1 ⊗ 1(a) ⊗ 1(b))2/2 ⊗ 1(c)/2(a) ⊗ 1(c)/(1(c))4/(1(b))2 or
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(1⊗ 1(a))4/(1⊗ 1(a) ⊗ 1(c))2/2⊗ 1(b)/2(a) ⊗ 1(b)/(1(b))4/(1(c))2. We reach a contradiction as V56 ↓ X
cannot have both even and odd composition factors.
Case 16 : L′ = A2A31
In this case there might be a factor 3 ⊗ 1(5) in Q ↓ X if 2(d) ⊗ 1(a) ⊗ 1(b) = 2 ⊗ 1(5) ⊗ 1. Hence
one of a and b is equal to 5 and the other is equal to 1, c = 5t for some integer t and d = 1.
There is only one conjugacy class of Levi A2A
3
1 subgroup in E7. By Theorem 2.21, V56 ↓ A2A5 =
(λ1, λ1)/(λ2, λ5)/(0, λ3). Since VA5(λ1) ↓ X = 1/1(5)/1(5t), we find
VE7(λ1) ↓ X = 32/12/(2⊗ 1(5))2/(2⊗ 1(5
t))2/1⊗ 1(5) ⊗ 1(5t)/12/ (3.17)
(1(5))2/(1(5
t))2.
First suppose t = 0 or 1. Then VE7(λ1) ↓ X = 34/18/(2⊗ 1(5))3/(1(5))2 or 32/12/(2⊗ 1(5))4/1⊗
2(5)/13/(1(5))4 respectively. Let S be defined as in Corollary 3.10. Clearly
∑
W∈S
dimW = 56 or 50
respectively. The highest weight of VE7(λ1) ↓ X are 7 or 11 respectively. In both cases this is a
contradiction by Corollary 3.10.
Now suppose t 6= 0 or 1. We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with a1, . . . , an powers of
5. Suppose that none of the ai are equal to 5
t or 5t−1. By (3.17), there is a factor 1(5
t) in V56 ↓ X.
Hence there is an Ri such that V56 ↓ Ri has a composition factor greater than or equal to 1(52). This
is a contradiction since all of the Ri are restricted.
Suppose there is an ai which is equal to 5
t. Then V56 ↓ Ri does not have a composition factor
greater than or equal to 2 since V56 ↓ X does not have a composition factor greater than or equal
to 2.5t. Thus V56 ↓ Ri = 1r/0s with r and s integers. We know that V56 ↓ Ri either has all odd
composition factors or all even composition factors so V56 ↓ Ri = 1r or 0s. This is a contradiction
by Lemma 3.6.
Finally suppose that there is an ai equal to 5
t−1. By (3.17), VE7(λ1) ↓ Ri = (1(5))n/0m with
1 ≤ n ≤ 3 and 32 ≤ m ≤ 54. Either way VE7(λ1) ↓ Ri has both even and odd composition factors
which is impossible.
3.5 Proof of Theorem 4 when G = E8
3.5.1 X = G2
We will need the following lemma.
Lemma 3.11. Suppose X = G2 ⊆ P = QL a parabolic subgroup of E8. Then dimQ ≤ 108.
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Proof. Since P is a parabolic subgroup of G, there is a Borel subgroup B of G such that B ⊆ P .
By [8], E8 has 120 positive roots. Hence the unipotent radical of B has dimension 120. So the
unipotent radical of P has dimension smaller than or equal to 120. By Lemma 2.16, the minimal
dimension of a non-trivial G2-module is 7. Therefore the Levi subgroups of E8 containing a G2
subgroup are A7, A6, A6A1, D4, D4A2, D4A1, D5, D5A2, D5A1, D6, D7, E6, A6A1 and E7. The case
where L′ has smallest dimension is when L′ = D4 for which the maximal unipotent subgroup has
dimension 12 by [8]. Hence Q has dimension at most 108.
Let X = G2 and p = 7. Suppose X is contained in a product R1 . . . Rn of simple restricted
subgroups of type G2. Let each projection X → Ri/Z(Ri) be non-trivial and involve a different
field twist.
Suppose for a contradiction that X is non-G-cr. There is a parabolic subgroup P with Levi
decomposition P = QL such that X is contained in P but X is not contained in any conjugate of
L. By Lemma 2.13, any parabolic subgroup P ′ contained in P has the same property. Hence we
can pick a minimal parabolic subgroup P containing X and such that X is not contained in any
Levi subgroup of P . Since P is minimal, the projection of X to L is irreducible.
By Section 2.1, Q has a filtration of X-modules V1, . . . , Vj. If every composition factor V (λ) of
all Vi has H
1(X, V (λ)) = 0 then the only complement of Q in QX lies in a Q-conjugate of L. Hence
X is G-cr which is a contradiction. Therefore there is a composition factor of Q ↓ X, say V (λ),
such that H1(X, V (λ)) 6= 0. By Lemma 3.11, V (λ) has dimension smaller than or equal to 108.
Hence by Lemma 2.4, λ = 20 or 10(a)⊗01(b). Therefore the restriction of Q to X has a composition
factor 20 or 10(a) ⊗ 01(b).
Since L′ contains an irreducible G2 subgroup, one of the following holds:
• L′ = A7 with VA6(λ1) ↓ X = 10/00;
• L′ = A6 with VA6(λ1) ↓ X = 10;
• L′ = D4 with VD4(λ1) ↓ X = 10/00;
• L′ = D7 with VD6(λ1) ↓ X = 01 or 10(r)/10(s) with r and s powers of 7 and r 6= s;
• L′ = E6;
• L′ = E7.
We consider each of these separately.
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Case 1 : L′ = A7
By Lemma 2.1, Q ↓ A7 = λ1/λ2/λ3. We know that ∧2(VA7(λ1)) = VA7(λ2) and ∧3(VA7(λ1)) =
VA7(λ3). Hence
Q ↓ X = 10/00/ ∧2 (10/00)/ ∧3 (10/00).
Since 10/00 = W (10)⊕00, the module 10/00 is a tilting module. Hence by Lemma 2.18, H1(X,∧3(10/00)) =
0, H1(X,∧2(10/00)) = 0 and H1(X, 10/00) = 0. Thus X is G-cr which is a contradiction.
Case 2 : L′ = A6
By Lemma 2.17, the possible composition factors of Q ↓ A6 are λ1, λ2, λ3 and their duals. For
G2, all modules are self dual. For A6, the module VA6(λ6−i) is the dual of VA6(λi+1) for i = 0, 1
and 2. Thus VA6(λ6) ↓ X, VA6(λ5) ↓ X and VA6(λ4) ↓ X have the same composition factors as,
respectively, VA6(λ1) ↓ X, VA6(λ2) ↓ X and VA6(λ3) ↓ X. Furthermore ∧2(VA6(λ1)) = VA6(λ2) and
∧3(VA6(λ1)) = VA6(λ3). Thus VA6(λ2) ↓ X = ∧2(10) and VA6(λ3) ↓ X = ∧3(10). Since 10 = W (10),
the module 10 is a tilting module. Therefore, by Lemma 2.18, H1(X, 10) = 0, H1(X,∧2(10)) = 0
and H1(X,∧3(10)) = 0. Hence for any λ a weight of Q ↓ X we have H1(X,λ) = 0. Thus X is G-cr
which is a contradiction.
Case 3 : L′ = D4
Let L′ = D4. By Lemma 2.17, the possible composition factors of Q ↓ X are λ1, λ3 and λ4. By [23],
VD4(λ1), VD4(λ3) and VD4(λ4) have dimension 8. Therefore VD4(λi) ↓ X = 10/00 for i = 1, 3 and 4.
Thus Q ↓ X does not have a composition factor VG2(20) or 10(a) ⊗ 01(b) which is a contradition.
Case 4 : L′ = D7
We have VD7(λ1) ↓ X = 01 or 10(r)/10(s) with r and s powers of 7 and r 6= s.
Suppose VD7(λ1) ↓ X = 10(r)/10(s) with r 6= s. By Lemma 2.1, Q ↓ D7 = λ1/λ7. Therefore
Q ↓ X = (10(r))2/(10(s))2/10(r) ⊗ 10(s)/00.
There are no composition factor 20 or 10(a) ⊗ 01(b) in Q ↓ X. This is a contradiction.
Suppose VD7(λ1) ↓ X = 01. There are two conjugacy classes ofG2 inD7 such that VD7(λ1) ↓ X =
01. Denote them by Y1 and Y2. On one hand we have VD7(λ7) ↓ Y1 = 11|20 and on the other hand
VD7(λ7) ↓ Y2 = 20|11. By [23], the dim(VX(11)) = 38. Hence by Lemma 2.4, H1(X, VX(11)) = 0.
However H1(X, VX(20)) 6= 0. Therefore we only need to consider Y1. Since H1(Y1, 20) has dimension
3.5 Proof of Theorem 4 when G = E8 74
one, there is a complement to Q in QY1 such that X is not in a Q-conjugate of Y1. This X is non-
G-cr. Since there is a unique conjugacy class of such Y1 and H
1(Y1, 20) has dimension one, there is
a unique such conjugacy class of non-G-cr subgroup. This is case 3 of Theorem 4.
Case 5 : L′ = E7
Recall that X is E7-irreducible. By [33, Table 9], there are no irreducible G2 subgroups in E7 when
p = 7. We have reached a contradiction.
Case 6 : L′ = E6
As in the previous section, X is E6-irreducible. By [33, Table 8], there is a unique class of E6-
irreducible G2 subgroups. If H is such a G2 subgroup then VE6(λ1) ↓ H = 20/00. Take QH ⊆ QL′.
Since H1(H, 20) has dimension 1, there is a complement X to Q in QH such that X is not Q-
conjugate to H. Hence X is non-G-cr. Since there is a unique conjugacy class of such H and
H1(H, 20) has dimension 1, there is a unique conjugacy class of such non-G-cr subgroups. This case
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This completes the proof of Theorem 4 when X = G2.
3.5.2 X = A1
Let X ∼= A1 and p = 7. Suppose X is contained in a product R1 . . . Rn of simple restricted subgroups
of type A1. Let each projection X → Ri/Z(Ri) be non-trivial and involve a different field twist.
Suppose for a contradiction that X is non-G-cr. If n = 1 then X = R1. Hence X is restricted, so
by Theorem 2.5, X is G-cr which is a contradiction. Therefore n ≥ 2.
Preliminary Results
We start by proving a few preliminary results.
Proposition 3.12. Let X ∼= A1 be a subgroup of E8. Suppose X ⊆ R1 . . . Rn ⊆ A1E7 with Ri ∼= A1
simple restricted subgroups such that each projection X → Ri/Z(Ri) is non-trivial and involves a
different field twist. Then X is G-cr.
Proof. Suppose for a contradiction X is non-G-cr. Since A1E7 is a subsystem subgroup of G, X is
non A1E7-cr by Theorem 2.7. Let X
′ be the projection of X to E7. By Lemma 2.9, X ′ is non-E7-cr.
Suppose one of the Ri is the A1 factor of A1E7. Without loss of generality take R1 = A1 and
R2 . . . Rn ⊆ E7. Then X ′ ⊆ R2 . . . Rn ⊆ E7 with Ri ∼= A1 simple restricted subgroups such that
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each projection X ′ → Ri/Z(Ri) is non-trivial and involves a different field twist. By the proof of
Theorem 4 for G = E7, X
′ is E7-cr which is a contradiction.
Now suppose none of the Ri are the A1 factor of A1E7. Suppose R1 . . . Rn projects to R
′
1 . . . R
′
n in
E7. Then X
′ ⊆ R′1 . . . R′n ⊆ E7 with R′i ∼= A1 simple restricted subgroups such that each projection
X ′ → R′i/Z(R′i) is non-trivial and involves a different field twist. Hence, as before, X ′ is E7-cr
which is a contradiction.
Lemma 3.13. Let X ↪→ R1R2 via (1, 1[7]) where R1 and R2 are simple restricted subgroups of type
A1 in E8. Suppose L (E8) ↓ X has high weight strictly smaller than 23. Let (a, b) be one of the
composition factors of L (E8) ↓ R1R2. Suppose x ⊗ y(7) with x, y < 7 is a composition factor of
(a, b) ↓ X. One of the following holds:
1. a = x and b = y;
2. a = x⊗ y(7) and b = 0;
3. b = 2 and a = 1(7) or 1⊗ 1(7) and x⊗ y(7) is a composition factor of a⊗ b(7) = 3(7) + 1(7) or
1⊗ 3(7) + 1⊗ 1(7).
4. b = 1 and a = 2(7), 1⊗ 2(7) or r⊗ 1(7) with r ∈ {0, . . . , 6} and x⊗ y(7) is a composition factor
of a⊗ b(7) = 3(7) + 1, 1⊗ 3(7) + 1⊗ 1(7) or i⊗ 2(7) + i for i ∈ {0, . . . , 6}.
Proof. Clearly b ≤ 3 since L (E8) ↓ X has hight weight strictly smaller than 23.
First suppose b = 0. Then (a, b) ↓ X = a so a = x⊗ y(7) and b = 0.
Next suppose b = 3. If a is restricted then (a, b) ↓ X = a ⊗ b(7) which is irreducible so
a = x and b = y. Now suppose a is not restricted. Then a = r ⊗ s(7) with s 6= 0. Hence
(a, b) ↓ X = r ⊗ s(7) ⊗ b(7) with b = 3 and s 6= 0. However L (E8) ↓ X has highest weight strictly
smaller than 23 so r + 7s+ 7b < 23. This is impossible.
Now suppose b = 2. If a is restricted then, as before, (a, b) ↓ X = a ⊗ b(7) is irreducible
so a = x and b = y. Suppose a is not restricted and take a = r ⊗ s(7) with s 6= 0. Then
(a, b) ↓ X = r ⊗ s(7) ⊗ b(7) so r + 7s + 7b < 23 with b = 2 and s 6= 0. Therefore s = 1 and r = 0
or 1. Hence a = 1(7) or 1 ⊗ 1(7) and x ⊗ y(7) is a composition factor of a ⊗ b(7) = 3(7) + 1(7) or
1⊗ 3(7) + 1⊗ 1(7).
Finally suppose b = 1. If a is restricted then, as before, we are in case 1. If a is not restricted
then a = r ⊗ s(7) with s 6= 0. Hence r + 7s + 7b < 19. So either s = 2 and r = 0 or 1 or s = 1
and r = 0, 1, 2, 3, 4, 5 or 6. If s = 2 then a = 2(7) or 1 ⊗ 2(7) so x ⊗ y(7) is a composition factor of
a⊗ b(7) = 3(7) + 1(7) or 1⊗ 3(7) + 1⊗ 1(7). If s = 1 then a = i⊗ 1(7) for some i ∈ {1, . . . 6} so x⊗ y(7)
is a composition factor of a⊗ b(7) = i⊗ 2(7) + i.
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Lemma 3.13 implies straightforwardly the following lemma.
Lemma 3.14. Let X ↪→ R1R2 via (1, 1[7]) where R1 and R2 are simple restricted subgroups of type
A1 in E8. Suppose L (E8) ↓ X has high weight strictly smaller than 19. Let (a, b) be one of the
composition factors of L (E8) ↓ R1R2. Suppose that x ⊗ y(7) with x, y < 7 is a composition factor
of (a, b) ↓ X. One of the following holds:
1. a = x and b = y;
2. a = x⊗ y(7) and b = 0;
3. b = 1 and a = r ⊗ 1(7) with r = 0, 1, 2, 3 or 4 and x ⊗ y(7) is a composition factor of
a⊗ b(7) = 2(7) + 0, 1⊗ 2(7) + 1, 2⊗ 2(7) + 2, 3⊗ 2(7) + 3 or 4⊗ 2(7) + 4 respectively.
Lemma 3.15. If Y = A1 ⊆ E8 where L (E8) ↓ Y has weights smaller than or equal to 3, then
L (E8) ↓ Y = 2 + 156 + 0133, 214 + 164 + 078, 32 + 227 + 152 + 055 or 38 + 228 + 148 + 036.
Proof. Clearly L (E8) ↓ Y = 3a/2b/1c/0d for some integers a, b, c and d. By Lemma 2.11, L (E8) ↓
Y = 3a + 2b + 1c + 0d. Let u ∈ Y be a non-trivial unipotent element. Then L (E8) ↓ u =
Ja4 +J
b
3+J
c
2+J
d
1 . Hence by [14, Table 9],L (E8) ↓ u = J3+J562 +J1331 , J143 +J642 +J781 , J24 +J273 +J522 +J551
or J84 + J
28
3 + J
48
2 + J
36
1 . Therefore L (E8) ↓ Y = 2 + 156 + 0133, 214 + 164 + 078, 32 + 227 + 152 + 055
or 38 + 228 + 148 + 036.
The following Lemma can be proved straightforwardly from Lemma 3.15.
Lemma 3.16. If Y = A1 ⊆ E8 where L (E8) ↓ Y has weights smaller than or equal to 2, then
either L (E8) ↓ Y = 2 + 156 + 0133 or L (E8) ↓ Y = 214 + 164 + 078.
We can now use these lemmas to prove the following proposition.
Proposition 3.17. Let X ∼= A1 and X ⊆ R1 . . . Rn with Ri ∼= A1 simple restricted subgroups such
that each projection X → Ri/Z(Ri) is non-trivial and involves a different field twist. If there is an
involution t ∈ X such that X ⊆ CG(t) = D8 then X is G-cr.
Proof. Suppose for a contradiction that X is non-G-cr. By Theorem 2.7, X is non-D8-cr since
D8 is a subsystem subgroup of E8. By Lemma 2.10, VD8(λ1) ↓ X is not completely reducible. By
Lemma 2.11, there is a composition factor i⊗j(p) which extends (p−2−i)⊗(j±1)(p) in VD8(λ1) ↓ X.
Hence we can find all of the possible VD8(λ1) ↓ X. These are listed in Table 3.11.
By Theorem 2.21, L (E8) ↓ D8 = λ2/λ7. By Lemma 2.31, ∧2(VD8(λ1)) = VD8(λ2). Furthermore
VD8(λ7) is a spin module. Thus we can calculate L (E8) ↓ X in each of these cases by using
Lemma 2.32. These results are displayed in Table 3.11.
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VD8(λ1) ↓ X L (E8) ↓ X
1 1⊗ 1(7)|4|1⊗ 1(7) + 03 (5⊗ 1(7))2/(4⊗ 1(7))4/(3⊗ 1(7))2/(2⊗ 1(7))4/(1⊗ 1(7))6/
(3⊗ 2(7))2/2⊗ 2(7)/(2(7))3/6/52/43/36/24/12/04
2 2|3⊗ 1(7)|2 + 02 (5⊗ 1(7))4/4⊗ 2(7)/(3⊗ 1(7))8/(2⊗ 2(7))2/(1⊗ 1(7))4/
(2(7))3/63/45/210/02
3 0|5⊗ 1(7)|0 + 02 (5⊗ 2(7))2/(5⊗ 1(7))4/(4⊗ 2(7))2/(4⊗ 1(7))4/3⊗ 1(7)/(2⊗ 1(7))2/
(3(7))2/1⊗ 3(7)/(1⊗ 2(7))2/1⊗ 1(7)/2(7)/6/34/22/12/06
4 4|1⊗ 1(7)|4 + 02 (6⊗ 1(7))2/(5⊗ 1(7))2/(4⊗ 1(7))2/(3⊗ 1(7))2/(2⊗ 1(7))2/
(1⊗ 1(7))3/2(7)/(1(7))4/63/56/46/34/24/14/02
5 5|1(7) + 1(7)|5 (2(7) ⊗ 1)2/12/(4⊗ 1(7))4/(5⊗ 1(7))4/2(7)/22/3⊗ 1(7)/
34/(2⊗ 1(7))2/46/(1⊗ 1(7))3/56/(1(7))4/6/06
6 1(7)|5 + 5|1(7) (3⊗ 1(7))3/(5⊗ 1(7))7/(1⊗ 1(7))7/2⊗ 2(7)/2(7)/6/414/23/014
Table 3.11: L (E8) ↓ X for all possible VD8(λ1) ↓ X.
We have X ⊆ R1 . . . Rn with Ri ∼= A1 simple restricted subgroups such that each projection
X → Ri/Z(Ri) is non-trivial and involves different field twists. We saw that n ≥ 2. In all of these
cases the highest weight of L (E8) ↓ X is at most 1 ⊗ 3(7). Hence X ↪→ R1R2 via (1, 1[7]) with
R1, R2 = A1 restricted since otherwise there would be a composition factor at least 1
(72).
Consider the first two cases of Table 3.11. Clearly the highest weight of L (E8) ↓ X are
respectively 3 ⊗ 2(7) or 4 ⊗ 2(7). Hence the highest weight of L (E8) ↓ R2 is at most 2. By
Lemma 3.16, L (E8) ↓ R2 = 214 + 164 + 078 or 2 + 156 + 0133. In both cases, L (E8) ↓ R2 has an
odd weight so R2 ∼= SL2. If 〈t〉 = Z(R2) then, by Lemma 2.29, CG(t) = D′8 or A1E7 where D′8
is another D8 subgroup. If CG(t) = A1E7, then X ⊆ R1R2 ⊆ A1E7 so X is G-cr by Proposition
3.12. This is a contradiction. Hence CG(t) = D
′
8. By Theorem 2.7, X is non-D
′
8-cr since D
′
8 is
a subsystem subgroup of E8. As before, this means that VD′8(λ1) ↓ X is as in the first column
of Table 3.11. We know L (E8) ↓ X so by Table 3.11, VD′8(λ1) ↓ X = 1 ⊗ 1(7)|4|1 ⊗ 1(7) + 03 or
VD′8(λ1) ↓ X = 2|3 ⊗ 1(7)|2 + 02. Let (a, b) be a composition factor of VD′8(λ1) ↓ R1R2. Suppopse
x⊗ y(7) is a composition factor of (a, b) ↓ X.
In the first case we have VD′8(λ1) ↓ X = 1 ⊗ 1(7)|4|1 ⊗ 1(7) + 03. If x ⊗ y(7) = 1 ⊗ 1(7) then by
Lemma 3.14 either a = 1 and b = 1 or a = 1⊗ 1(7) and b = 0. If x⊗ y(7) = 4 then a = 4 and b = 0.
If x⊗ y(7) = 0 then a = 0 and b = 0. Therefore
VD′8(λ1) ↓ R1R2 = (1⊗ 1(7), 0)/(4, 0)/(1⊗ 1(7), 0) + (0, 0)3
or VD′8(λ1) ↓ R1R2 = (1, 1)/(4, 0)/(1, 1) + (0, 0)3.
The first case cannot occur as this would imply that VD′8(λ1) ↓ R2 = 016. In the second case, by
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Lemma 2.11, 1 does not extend the trivial module hence
VD8(λ1) ↓ R1R2 = (1, 1)2 + (4, 0) + (0, 0)3.
Therefore VD′8(λ1) ↓ X = (1 ⊗ 1(7))2 + 4 + 03. This is completely reducible so, by Lemma 2.10, X
is D′8-cr which is a contradiction.
In the second case we have VD′8(λ1) ↓ X = 2/3 ⊗ 1(7)/2 + 02. If x ⊗ y(7) = 3 ⊗ 1(7) then either
a = 3 and b = 1 or a = 3⊗ 1(7) and b = 0. If x⊗ y(7) = 2 then a = 2 and b = 0. If x⊗ y(7) = 0 then
a = 0 and b = 0. Hence either
VD′8(λ1) ↓ R1R2 = (2, 0)/(3⊗ 1(7), 0)/(2, 0) + (0, 0)2
or VD′8(λ1) ↓ R1R2 = (2, 0)/(3, 1)/(2, 0) + (0, 0)2.
The first case cannot occur as VD′8(λ1) ↓ R2 6= 016. In the second case, by Lemma 2.11, we have
VD8(λ1) ↓ R1R2 = (2, 0)2 +(3, 1)+(0, 0)2. Hence VD′8(λ1) ↓ X = 22 +3⊗1(7) +02 which is completely
reducible. By Lemma 2.10, X is D′8-cr which is a contradiction.
Now consider cases 5 and 6 of Table 3.11. We will proceed similarly. The highest weight of
L (E8) ↓ X is 1⊗2(7) and 2⊗2(7) respectively. Hence the highest weight ofL (E8) ↓ R2 in both cases
is at most 2. By Lemma 3.16,L (E8) ↓ R2 = 214+164+078 or 2+156+0133. Therefore R2 ∼= SL2. Let
〈t〉 = Z(R2) then, by Lemma 2.29, CG(t) = D′8 or A1E7. If CG(t) = A1E7, then X ⊆ R1R2 ⊆ A1E7
so X is G-cr by Proposition 3.12. This is a contradiction so CG(t) = D
′
8. Therefore X is non-D
′
8-cr
so, as before, VD′8(λ1) ↓ X is as in the first column of Table 3.11. Since we have L (E8) ↓ X,
by Table 3.11, we find that in cases 5 and 6 we have respectively VD′8(λ1) ↓ X = 5|1(7) + 1(7)|5
and VD′8(λ1) ↓ X = 1(7)|5 + 5|1(7). By considering each composition factor of VD8(λ1) ↓ X as in
the previous two paragraph we find that in both cases VD′8(λ1) ↓ R1R2 = (5, 0)2/(0, 1)2, VD′8(λ1) ↓
R1R2 = (5, 0)
2/(1(7), 0)/(0, 1) or VD′8(λ1) ↓ R1R2 = (5, 0)2/(1(7), 0)2. The last case cannot occur
as VD′8(λ1) ↓ R2 6= 016. By Lemma 2.11, we have VD′8(λ1) ↓ R1R2 = (5, 0)2 + (0, 1)2 or VD′8(λ1) ↓
R1R2 = (5, 0)
2 + (1(7), 0) + (0, 1). Either way VD′8(λ1) ↓ X = 52 + (1(7))2. Hence VD′8(λ1) ↓ X is
completely reducible so, by Lemma 2.10, X is D′8-cr. This is a contradiction.
Next consider case 3 of Table 3.11. Note the highest weight of L (E8) ↓ X is 1 ⊗ 3(7). By
applying Lemma 3.13 to each of the factors of L (E8) ↓ X and using the fact that R1 and R2 are
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restricted we find:
L (E8) ↓ R2 =26 + 26 +
16012 +
16012 +
16012 +
16012 + 25 + 25 +
15010
+
15010 +
1408 +
1306 +
1306 + 3 + 3 +

24
32 + 12
32 + 04
+
22 + 0214
+
2 + 012 +
15010 +
15010 +
22 + 0214 + 034.
For example the first two factors come from our analysis of 5⊗ 2(7) and the next four factors come
from our analysis of 5⊗ 1(7). The highest weight of L (E8) ↓ R2 is at most 3 and there are between
two and four composition factors 3 inL (E8) ↓ R2. By Lemma 3.15,L (E8) ↓ R2 = 32+227+152+055.
Therefore R2 ∼= SL2. Take 〈t〉 = Z(R2). From L (E8) ↓ R2, we find that dimCG(t) = 27×4 + 55 =
136. Therefore by Lemma 2.29, CG(t) = A1E7. Thus X ⊆ R1R2 ⊆ CG(t) = A1E7. By Proposition
3.12, X is G-cr which is a contradiction.
Finally suppose we are in the last case of Table 3.11. Using Lemma 3.14 and the fact that R1
and R2 are restricted we find:
L (E8) ↓ R2 =17 + 17 +
16012 +
16012 +
15010 +
15010 +
1408 +
1408 +
1306
+
1306 +
1204 +
1204 +
1204 +
2 + 012 +
102 +
102
+
102 +
102 + 0124.
The highest weight of L (E8) ↓ R2 is 2 so by Lemma 3.16, L (E8) ↓ R2 = 2 + 156 + 0133 or
214 + 164 + 078. There are at least 124 copies of 0 so L (E8) ↓ R2 = 2 + 156 + 0133. Thus B ∼= SL2
and if 〈t〉 = Z(R2) then CG(t) = A1E7. We have X ⊆ R1R2 ⊆ CG(t) = A1E7. By Proposition 3.12,
X is G-cr which is a contradiction.
In conclusion we have looked at all the possibilities in Table 3.11 and in each case we have
reached a contradiction. Hence X is G-cr.
Since X ∼= A1, clearly X ∼= PSL2 or X ∼= SL2. Suppose X ∼= SL2. Then Z(X) = 〈s〉 for
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an involution s and X ⊆ CG(s). By Lemma 2.29, CG(s) = D8 or A1E7. If CG(s) = D8 then
X ⊆ CG(s) = D8 so, by Proposition 3.17, X is G-cr which is a contradiction. So CG(s) = A1E7.
We have X ⊆ R1 . . . Rn with each Ri ∼= A1. If Ri ∼= SL2 for some i, then Z(Ri) = 〈r〉 for some
involution r so X ⊆ R1 . . . Rn ⊆ CG(r). As before CG(r) = D8 or A1E7. If CG(r) = D8, by
Proposition 3.17, X is G-cr. If CG(r) = A1E7 then by Proposition 3.12, X is G-cr. Thus either
way X is G-cr which is a contradiction. Hence for all i ∈ {1, . . . , n} we have Ri ∼= PSL2. Since
X ⊆ R1 . . . Rn, we also have X ∼= PSL2 which is a contradiction as we assumed that X ∼= SL2.
Hence X ∼= PSL2.
Now suppose that Ri ∼= SL2 for some i ∈ {1, . . . , n}. There is an involution r such that
Z(Ri) = 〈r〉. Hence X ⊆ R1 . . . Rn ⊆ CG(r). By Lemma 2.29, CG(r) = D8 or A1E7. If CG(r) = D8,
by Proposition 3.17, X is G-cr. If CG(r) = A1E7 then by Proposition 3.12, X is G-cr. So either
way, X is G-cr which is a contradiction. Hence Ri ∼= PSL2 for all i ∈ {1, . . . , n}. We can now prove
the following lemma.
Lemma 3.18. The high weight of L (E8) ↓ X is greater than or equal to 4(7).
Proof. Suppose for a contradiction that all composition factors of L (E8) ↓ X are strictly smaller
than 4(7). Clearly X ↪→ R1R2 via (1, 1[7]) since otherwise L (E8) ↓ X would have a composition
factor greater than or equal to 1(7
2). Furthermore the composition factors ofL (E8) ↓ R2 are at most
3 since otherwise L (E8) ↓ X would have a composition factor strictly greater than 3(7). Hence by
Lemma 3.15, L (E8) ↓ R2 = 2 + 156 + 0133, 214 + 164 + 078, 32 + 227 + 152 + 055 or 38 + 228 + 148 + 036.
In all of these cases L (E8) ↓ R2 has odd composition factors. Therefore R2 ∼= SL2 which is a
contradiction.
Since X is non-G-cr there is a parabolic subgroup P such that X ⊆ P = QL where QL is the
Levi decomposition of P but X is not contained in any conjugate of L. By Lemma 2.13, we can
take this P to be minimal containing X and so the projection of X to L is irreducible. We now
consider each possible parabolic subgroup P = QL individually.
Case 1 : L′ = D7
By Lemma 2.15, VD7(λ1) ↓ X = V1 ⊥ . . . ⊥ Vk with Vi all non degenerate, irreducible and
inequivalent as X-modules. Thus all of the composition factors of VD7(λ1) ↓ X are distinct. Since
X ∼= PSL2, all of the composition factors of VD7(λ1) ↓ X are even. We find all possible VD7(λ1) ↓ X.
These are listed in Table 3.12.
By Lemma 2.1, Q ↓ L′ = λ1/λ7. By Lemma 2.6, Q ↓ X has a composition factor which is a
twist of 5 ⊗ 1(7). Hence in each case we check whether 5 ⊗ 1(7) is a composition factor of Q ↓ X
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VD7(λ1) ↓ X Possible composition factors of Can
VD7(λ7) ↓ X Q ↓ X
have a
composition
factor
5⊗ 1(7)?
1 4/2⊗ 2(a) 6⊗ 1(a), 4⊗ 1(a), 2⊗ 1(a), 1(a), 4⊗ 3(a), 2⊗ 3(a) no
2 6/6(a) with a 6= 1 6⊗ 6(a), 6, 6(a), 0 no
3 3⊗ 1(a)/4(b)/0 3⊗ 1(a) ⊗ 3(b), 4⊗ 2(a) ⊗ 3(b) no
4 1⊗ 3(a)/4(b)/0 1⊗ 3(a) ⊗ 3(b), 4⊗ 3(b), 2⊗ 3(b) no
5 2⊗ 2(a)/1⊗ 1(b)/0 4⊗ 1(a), 2⊗ 1(a), 1(b) ⊗ 3⊗ 1(a), 2⊗ 3(a), 3(a), no
1(b) ⊗ 1⊗ 3(a)
6 1⊗ 3(a)/2(b)/2(c) 3(a) ⊗ 1⊗ 1(b) ⊗ 1(c), 4(a) ⊗ 1(b) ⊗ 1(c), no
with a 6= 1 2⊗ 1(b) ⊗ 1(c)
7 1(a) ⊗ 3/2(b)/2(c) 3⊗ 1(a) ⊗ 1(b) ⊗ 1(c), 4⊗ 1(b) ⊗ 1(c), no
with a 6= 1, b and c distinct 2(a) ⊗ 1(b) ⊗ 1(c)
8 6/1⊗ 1(a)/2(b) with a 6= 1 7⊗ 1(b), 5⊗ 1(b), 6⊗ 1(a) ⊗ 1(b), 1⊗ 1(b), yes
1(a) ⊗ 1(b)
9 4/4(b)/1⊗ 1(a) 4⊗ 3(b), 2⊗ 3(b), 3⊗ 3(b) ⊗ 1(a) no
10 6/2(a)/2(b)/0 6⊗ 1(a) ⊗ 1(b), 1(a) ⊗ 1(b), 6⊗ 1(a), 6⊗ 1(b) no
11 4/4(b)/2(a)/0 3⊗ 1(a) ⊗ 3(b), 3⊗ 3(b), 3⊗ 1(a), 3(b) ⊗ 1(a) no
12 4/1⊗ 1(a)/1⊗ 1(b)/0 3⊗ 1(a) ⊗ 1(b), 4⊗ 1(a), 4⊗ 1(b), 2⊗ 1(b), no
2⊗ 1(a), 5, 3, 1
13 4/2(a)/2(b)/2(c) 3⊗ 1(a) ⊗ 1(b) ⊗ 1(c) no
with a, b and c distinct
14 1⊗ 1(a)/1⊗ 1(b)/2(c)/2(d) 2⊗ 1(c) ⊗ 1(d), 1(c) ⊗ 1(d), 1⊗ 1(b) ⊗ 1(c) ⊗ 1(d), no
1(a) ⊗ 1⊗ 1(c) ⊗ 1(d), 1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d)
15 1⊗ 1(a)/2(b)/2(c)/2(d)/0 1⊗ 1(b) ⊗ 1(c) ⊗ 1(d), 1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d) no
Table 3.12: VD7(λ7) ↓ X for all possible VD7(λ1) ↓ X (a, b, c and d are powers of p = 7).
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by checking whether it is a composition factor of VD7(λ1) ↓ X or VD7(λ7) ↓ X. These results are
displayed in Table 3.12.
The only case where Q ↓ X has a composition factor 5 ⊗ 1(7) is case 8 of Table 3.12 where
VD7(λ1) ↓ X = 6/1⊗ 1(a)/2(7) with a = 7t for some integer t 6= 0. By Theorem 2.21, L (E8) ↓ D7 =
λ2/λ1/λ6/λ7/0. Hence
L (E8) ↓ X = 6⊗ 2(7)/7⊗ 1(a)/5⊗ 1(a)/1⊗ 1(a) ⊗ 2(7)/2(7)/2(a)/3⊗ 1(7)/6/23/62/ (3.18)
(1⊗ 1(a))2/(2(7))2/(7⊗ 1(7))2/(5⊗ 1(7))2/(6⊗ 1(a) ⊗ 1(7))2/(1⊗ 1(7))2/
(1(7) ⊗ 1(a))2/0.
We consider separately the case where a = 7, a = 72 and a 6= 7, 72.
If a = 7 then
L (E8) ↓ X = (6⊗ 2(7))3/(5⊗ 1(7))6/1⊗ 3(7)/(1⊗ 1(7))5/(2(7))9/
3⊗ 1(7)/65/23/06.
By Lemma 3.18, this is a contradiction.
If a = 72 then
L (E8) ↓ X = 6⊗ 2(7)/7⊗ 1(72)/5⊗ 1(72)/1⊗ 1(72) ⊗ 2(7)/2(7)/2(72)/3⊗ 1(7)/6/23/62/
(1⊗ 1(72))2/(2(7))2/(7⊗ 1(7))2/(5⊗ 1(7))2/(6⊗ 1(72) ⊗ 1(7))2/(1⊗ 1(7))2/
(1(7) ⊗ 1(72))2/0.
As before X ⊆ R1 . . . Rn with n ≥ 2. If n is greater than or equal to 4 then L (E8) ↓ X has a factor
greater than or equal to 1(7
3). Hence n = 2 or 3 so X ↪→ R1R2 via (1[a1], 1[a2]) or X ↪→ R1R2R3 via
(1[a1], 1[a2], 1[a3]) for a1, a2 and a3 powers of 7. Since there is a factor 2 in L (E8) ↓ X one of the ai,
say a1, is equal to 1. Since the highest weight of L (E8) ↓ X is 6⊗1(72)⊗1(7), we have ai ≤ 72. Thus
X ↪→ R1R2 via (1, 1[7]) or (1, 1[72]) or X ↪→ R1R2R3 via (1, 1[7], 1[72]). If X ↪→ R1R2 via (1, 1[7]) then
since there is a factor 2(7
2) in L (E8) ↓ X there is either a factor 2(72) in L (E8) ↓ R1 or a factor 2(7)
in L (E8) ↓ R2. Either way this is a contradiction since R1 and R2 are restricted. If X ↪→ R1R2 via
(1, 1[7
2]) then since there is a factor 6⊗ 2(7) in L (E8) ↓ X, there is a factor 6⊗ 2(7) in L (E8) ↓ R1
which is a contradiction since R1 is restricted.
Hence X ↪→ R1R2R3 via (1, 1[7], 1[72]). The highest weight of L (E8) ↓ R3 is 2 since otherwise
L (E8) ↓ X would have a factor at least 3(72). Thus by Lemma 3.16, L (E8) ↓ R3 = 2 + 156 + 0133
or 214 + 164 + 078. This is a contradiction since R3 ∼= PSL2.
Finally suppose a 6= 7 or 72. We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with a1, . . . , an powers
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of 7. Clearly one of the ai is equal to 1 as there is a factor 2 in L (E8) ↓ X, say it is a1. Suppose
none of the ai is equal to 7. Since there is a factor 6⊗ 2(7) in L (E8) ↓ X, there is a factor 6⊗ 2(7)
in L (E8) ↓ R1. This is a contradiction since R1 is restricted. Thus one of the ai, say a2, is equal
to 7. Let a = 7t for some integer t. Suppose 7 < ai < 7
t−1, by inspecting the composition factors
of (3.18), we find that either L (E8) ↓ Ri = 0248 or L (E8) ↓ Ri has a factor greater than or equal
to 1(7
2) which is impossible since Ri is restricted. Finally if ai > a, then L (E8) ↓ X would have a
factor at least 1(ai) which is impossible since the highest weight of L (E8) ↓ X is 2(a). Thus one of
the following holds:
1. X ↪→ R1R2 via (1, 1[7]);
2. X ↪→ R1R2R3 via (1, 1[7], 1[7t−1]);
3. X ↪→ R1R2R3 via (1, 1[7], 1[7t]);
4. X ↪→ R1R2R3R4 via (1, 1[7], 1[7t−1], 1[7t]).
If we are in case 1 or case 2 then, since L (E8) ↓ X has a factor 2(a), either L (E8) ↓ R2 has a factor
2(7
t−1) or L (E8) ↓ R1 has a factor 2(a) or additionally in the second case L (E8) ↓ R3 has a factor
2(7). Either way we reach a contradiction since R1, R2 and R3 are restricted.
If we are in case 3 or case 4 then L (E8) ↓ R3 or L (E8) ↓ R4 has composition factors smaller
than or equal to 2 since otherwise L (E8) ↓ X would have a composition factor at least 3(a). Thus,
by Lemma 3.16, the restriction of L (E8) to R3 or R4 is 2 + 156 + 0133 or 214 + 164 + 078. This is a
contradiction since R3, R4 ∼= PSL2.
Case 2 : L′ = D6
As before, all composition factors of VD6(λ1) ↓ X are even and distinct. We find all possible
VD6(λ1) ↓ X. These are listed in Table 3.13.
By Lemma 2.6, Q ↓ X has a composition factor 5⊗1(7). By Lemma 2.17, the possible composition
factors of Q ↓ D6 are VD6(λ1), VD6(λ5) and VD6(λ6). In each case we calculate VD6(λ5) ↓ X and
VD6(λ6) ↓ X and check if Q ↓ X can have a composition factor 5 ⊗ 1(7). If it doesn’t we reach a
contradiction. These results are displayed in Table 3.13.
Case 16 of Table 3.13 is the only case where there could be a composition factor 5 ⊗ 1(7) in
Q ↓ X. By Theorem 2.21, L (E8) ↓ D6 = λ2/λ41/λ25/λ26/06. Hence
L (E8) ↓ X = (4⊗ 2(7))2/2(7)/1⊗ 3(7)/3⊗ 1(7)/1⊗ 1(7)/6/22/(5⊗ 2(7))2/
(2⊗ 1(7))2/34/(1⊗ 1(7))2/42/(1(7))2/(4⊗ 1(7))2/(3(7))2.
By Lemma 3.18, this is a contradiction.
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VD6(λ1) ↓ X VD6(λ5) ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 3⊗ 1(a)/1⊗ 1(b) 4⊗ 1(a)/2⊗ 1(a)/3⊗ 1(a) ⊗ 1(b) no
or 4⊗ 1(b) + 5 + 3 + 2(a) ⊗ 1
+2(a) ⊗ 1(b)
2 3⊗ 1(a)/2(b)/0 3⊗ 1(a) ⊗ 1(b) + 4⊗ 1(b) + 2(a) ⊗ 1(b) no
3 2⊗ 2(a)/2(b) 3⊗ 1(a) ⊗ 1(b) + 1⊗ 3(a) ⊗ 1(b) no
4 1⊗ 3(a)/1⊗ 1(b) 3⊗ 1(a) ⊗ (1 + 1(b)) no
or (4 + 2(a))⊗ (1 + 1(b))
5 1⊗ 3(a)/2(b)/0 1⊗ 3(a) ⊗ 1(b) + 4⊗ 1(b) + 2(a) ⊗ 1(b) no
6 1⊗ 1(a)/1⊗ 1(b)/1⊗ 1(c) no
7 1⊗ 1(a)/1⊗ 1(b)/2(c)/0 (1 + 1(a))⊗ (1 + 1(b))⊗ 1(c) no
8 1⊗ 1(a)/4(b)/2(c) (1 + 1(a))⊗ 3(b) ⊗ 1(c) no
9 4/2(a)/2(b)/0 (3⊗ 1(a) ⊗ 1(b))2 no
10 4(a)/2/2(b)/0 (3(a) ⊗ 1⊗ 1(b))2 no
11 2(a)/2(b)/2(c)/2(d) (1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d))2 no
with a, b, c, d distinct
12 2⊗ 1(a) ⊗ 1(b) 2⊗ 1(a) ⊗ 2(b)/4⊗ 1(a)/3(a) or no
with a, b 6= 1 and a 6= b 2⊗ 2(a) ⊗ 1(b)/4⊗ 1(b)/3(b)
13 6(a)/4(b) 6(a) ⊗ 3(b) + 3(b) no
14 6(a)/1⊗ 1(b)/0 (6(a) + 0)⊗ (1 + 1(b)) no
15 1⊗ 5(a) 5(a) ⊗ 2/(2⊗ 1(7))(a)/(3(a))2 or no
(1⊗ 1(7))(a)/4(a)/1/4(a) ⊗ 1/3
16 5⊗ 1(a) 5⊗ 2(a)/2⊗ 1(7)/32 or yes
1⊗ 1(7)/4/1(a)/4⊗ 1(a)/3(a)
Table 3.13: L′ = D6 (in this table a, b and c are powers of p = 7).
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VD5(λ1) ↓ X VD5(λ5) ↓ X = VD5(λ4) ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 1⊗ 1(a)/4(b)/0 (1 + 1(a))⊗ 3(b) no
2 1⊗ 1(a)/2(b)/2(c) (1 + 1(a))⊗ 1(b) ⊗ 1(c) no
3 4/4(a) 3⊗ 3(a) no
4 2(a)/2(b)/2(c)/0 (1(a) ⊗ 1(b) ⊗ 1(c))2 no
5 2⊗ 2(a)/0 3⊗ 1(a)/1⊗ 3(a) no
6 6/2(a) 6⊗ 1(a) + 1(a) no
Table 3.14: L′ = D5 (in this table a, b and c are powers of p = 7).
VD4(λ1) ↓ X Composition factors of Can
VD4(λ3) ↓ X and Q ↓ X
VD4(λ4) ↓ X have a
composition
factor 5⊗ 1(7)?
1 1⊗ 3(a) 1⊗ 3(a), 4/2(a) no
2 3⊗ 1(a) 3⊗ 1(a), 2/4(a) no
3 1⊗ 1(a)/1(b) ⊗ 1(c) 1⊗ 1(c), 1(a) ⊗ 1(b), 1⊗ 1(b), 1(a) ⊗ 1(c) no
4 1⊗ 1(a)/2(b)/0 (1 + 1(a))⊗ 1(b) no
5 4(a)/2(b) 3(a) ⊗ 1(b) no
6 6/0 6/0 no
Table 3.15: L′ = D4 (in this table a, b and c are powers of p = 7).
Case 3 : L′ = D5
The restriction of VD5(λ1) to X has all even and distinct composition factors. Hence we find all
possible restrictions of VD5(λ1) to X. These are listed in Table 3.14.
By Lemma 2.6, Q ↓ X has a composition factor 5 ⊗ 1(7) and by Lemma 2.17, the possible
composition factors of Q ↓ D5 are VD5(λ1), VD5(λ4) and VD5(λ5). In each case we calculate VD5(λ4) ↓
X and VD5(λ5) ↓ X and check whether 5 ⊗ 1(7) could be a composition factor of Q ↓ X. These
results are displayed in Table 3.14. There are no cases where Q ↓ X has a composition factor
5⊗ 1(7). We have reached a contradiction.
Case 4 : L′ = D4
The restriction of VD4(λ1) to X has all even and distinct composition factors. We find all possible
restrictions of VD4(λ1) to X. These are listed in Table 3.15.
By Lemma 2.17, the possible composition factors of Q ↓ D4 are VD4(λ1), VD4(λ3) and VD4(λ4).
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VD4(λ1) ↓ X Possible other composition factors of Q ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 1⊗ 3(a) 1⊗ 3(a) ⊗ 1(b), 4/2(a), 4⊗ 1(b)/2(a) ⊗ 1(b) no
2 3⊗ 1(a) 3⊗ 1(a) ⊗ 1(b), 2/4(a), 2⊗ 1(b)/4(a) ⊗ 1(b) no
3 1⊗ 1(a)/1(b) ⊗ 1(c) 1⊗ 1(c), 1(a) ⊗ 1(b), 1⊗ 1(b), 1(a) ⊗ 1(c) no
1⊗ 1(c) ⊗ 1(d), 1(a) ⊗ 1(b) ⊗ 1(d),
1⊗ 1(b) ⊗ 1(d), 1(a) ⊗ 1(c) ⊗ 1(d)
4 1⊗ 1(a)/2(b)/0 1⊗ 1(a) ⊗ 1(c)/2(b) ⊗ 1(c)/1(c), (1 + 1(a))⊗ 1(b), no
(1 + 1(a))⊗ 1(b) ⊗ 1(c)
5 4(a)/2(b) 4(a) ⊗ 1(c)/2(b) ⊗ 1(c), 3(a) ⊗ 1(b), 3(a) ⊗ 1(b) ⊗ 1(c) no
6 6/0 6⊗ 1(a)/1(a) no
Table 3.16: L′ = D4A1 (in this table a, b, c and d are powers of p = 7).
We calculate VD4(λ3) ↓ X and VD4(λ4) ↓ X in each case. These are given in Table 3.15. There are
no cases where Q ↓ X can have a composition factor 5⊗1(7). This is a contradiction by Lemma 2.6.
Case 5 : L′ = D4A1
We have already found all the possible restrictions of VD4(λ1) to X in the previous section. By
Lemma 2.6, Q ↓ X has a composition factor 5 ⊗ 1(7). By Lemma 2.17 the possible composition
factors of Q ↓ D4A1 are λ1 ⊗ (1 or 0), λ3 ⊗ (1 or 0) and λ4 ⊗ (1 or 0). We use the calculations
done in the previous section to check whether Q ↓ X can have a composition factor 5⊗ 1(7). These
results are given in Table 3.16. There is never a composition factor 5 ⊗ 1(7) in Q ↓ X. Hence we
have reached a contradiction.
Case 6 : L′ = D4A2
We have already found all the possible restrictions of VD4(λ1) to X. Since X is irreducible in L
′,
VA2(λ1) ↓ X = 2. By Lemma 2.6, Q ↓ X has a composition factor 5 ⊗ 1(7). By Lemma 2.17,
the possible composition factors of Q ↓ L′ are λ1 ⊗ (2 or 0), λ3 ⊗ (2 or 0) and λ4 ⊗ (2 or 0). In
each case we calculate the possible composition factors of Q ↓ X and check whether 5⊗ 1(7) could
be a composition factor of Q ↓ X. These calculations are given in Table 3.17. Cases 2 and 5 of
Table 3.17 are the only cases where Q ↓ X could have a composition factor 5⊗ 1(7).
By considering the Dynkin diagram of E8, we find that A2D4 ⊆ A2E6. By Theorem 2.21,
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VD4(λ1) ↓ X Possible other composition factors of Q ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 1⊗ 3(a) 1⊗ 3(a) ⊗ 2(b), 4/2(a), 4⊗ 2(b)/2(a) ⊗ 2(b) no
2 3⊗ 1(a) 3⊗ 1(a) ⊗ 2(b), 2/4(a), 2⊗ 2(b)/4(a) ⊗ 2(b) yes
3 1⊗ 1(a)/1(b) ⊗ 1(c) 1⊗ 1(c), 1(a) ⊗ 1(b), 1⊗ 1(b), 1(a) ⊗ 1(c) no
1⊗ 1(c) ⊗ 2(d), 1(a) ⊗ 1(b) ⊗ 2(d),
1⊗ 1(b) ⊗ 2(d), 1(a) ⊗ 1(c) ⊗ 2(d)
4 1⊗ 1(a)/2(b)/0 1⊗ 1(a) ⊗ 2(c)/2(b) ⊗ 2(c)/2(c), (1 + 1(a))⊗ 1(b), no
(1 + 1(a))⊗ 1(b) ⊗ 2(c)
5 4(a)/2(b) 4(a) ⊗ 2(c)/2(b) ⊗ 2(c), 3(a) ⊗ 1(b), 3(a) ⊗ 1(b) ⊗ 2(c) yes
6 6/0 6⊗ 2(a)/2(a) no
Table 3.17: L′ = D4A2 (in this table a and b are powers of p = 7).
L (E8) ↓ A2E6 = (11, 0)/(00, λ5)/(10, λ6)/(λ2, λ1). Hence
L (E8) ↓ A2D4 = (11, 0)/(0, λ2)/(0, λ1)2/(0, λ3)2/(0, λ4)2/(10, λ1)/(10, λ3)/
(10, λ4)/(10, 00)
3/(01, λ1)/(01, λ3)/(01, λ4)/(01, 00)
3/(0, 00)2.
We now consider separately case 2 and case 5 of Table 3.17.
First consider case 2 of Table 3.17. There is a composition factor 5 ⊗ 1(7) in Q ↓ X when
3⊗ 1(a) ⊗ 2(b) = 3⊗ 1(7) ⊗ 2 so a = 7, b = 1 and VD4(λ1) ↓ X = 3⊗ 1(7). Hence
L (E8) ↓ X = 4⊗ 2(7)/(2⊗ 2(7))2/(2(7))3/(5⊗ 1(7))4/(3⊗ 1(7))8/(1⊗ 1(7))4/
63/45/210/02.
Next consider case 5 of Table 3.17. There is a factor 5⊗ 1(7) in Q ↓ X when 3(a) ⊗ 1(b) ⊗ 2(c) =
3⊗ 1(7) ⊗ 2 so a = 1, b = 7, c = 1 and VD4(λ1) ↓ X = 4/2(7). Thus, as in the previous case,
L (E8) ↓ X = 4⊗ 2(7)/(2⊗ 2(7))2/(2(7))3/(5⊗ 1(7))4/(3⊗ 1(7))8/
(1⊗ 1(7))4/63/45/210/02.
In both cases, the highest weight of L (E8) ↓ X is 4⊗ 2(7). By Lemma 3.18, this is a contradiction.
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VD5(λ1) ↓ X Possible composition factors of Q ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 1⊗ 1(a)/4(b)/0 (1 + 1(a))⊗ 3(b), 1⊗ 1(a), 4(b), 0, yes
(1 + 1(a))⊗ 3(b) ⊗ 2(c), 1⊗ 1(a) ⊗ 2(c), 4(b) ⊗ 2(c), 2(c)
2 1⊗ 1(a)/2(b)/2(c) 1⊗ 1(a), 2(b), 2(c), (1 + 1(a))⊗ 1(b) ⊗ 1(c), 1⊗ 1(a) ⊗ 2(d), no
2(b) ⊗ 2(d), 2(c) ⊗ 2(d), (1 + 1(a))⊗ 1(b) ⊗ 1(c) ⊗ 2(d)
3 4/4(a) 3⊗ 3(a), 4, 4(a), 3⊗ 3(a) ⊗ 2(b), 4⊗ 2(b), 4(a) ⊗ 2(b) no
4 2(a)/2(b)/2(c)/0 1(a) ⊗ 1(b) ⊗ 1(c), 2(a), 2(b), 2(c), 0, 2(a) ⊗ 2(d), no
1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 2(d), 2(b) ⊗ 2(d), 2(c) ⊗ 2(d), 2(d)
5 2⊗ 2(a)/0 3⊗ 1(a), 1⊗ 3(a), 2⊗ 2(a), 0, 3⊗ 1(a) ⊗ 2(b), yes
1⊗ 3(a) ⊗ 2(b), 2⊗ 2(a) ⊗ 2(b), 2(b)
6 6/2(a) 6⊗ 1(a), 1(a), 6, 2(a), 6⊗ 1(a) ⊗ 2(b), 1(a) ⊗ 2(b), no
6⊗ 2(b), 2(a) ⊗ 2(b)
Table 3.18: L′ = D5A2 (in this table a, b, c and d are powers of p = 7).
Case 7 : L′ = D5A2
By Lemma 2.17, the possible composition factors of Q ↓ L′ are λ1 ⊗ (2 or 0), λ4 ⊗ (2 or 0) and
λ5 ⊗ (2 or 0). By Lemma 2.6, the restriction of Q to X has a composition factor 5⊗ 1(7). We have
already found all the possible restrictions of VD5(λ1) to X. In each case we check whether Q ↓ X
has a composition factor 5⊗ 1(7). These calculations are displayed in Table 3.18.
There is a composition factor 5 ⊗ 1(7) in Q ↓ X in the first and fifth case of Table 3.18. By
Theorem 2.21,
L (E8) ↓ D5A2 = (λ5, 10)/(λ1, 10)/(λ4, 00)/(0, 10)/(λ4, 01)/(λ1, 01)/ (3.19)
(λ5, 00)/(0, 01)/(λ2, 00)/(0, 11)/(0, 00).
Suppose that we are in the first case of Table 3.18. Then by (3.19),
L (E8) ↓ X = (5⊗ 1(7))3/(3⊗ 1(7))7/(1⊗ 1(7))5/2(7)/65/410/215/03.
The highest weight of L (E8) ↓ X is 5⊗ 1(7). By Lemma 3.18, this is a contradiction.
Now suppose we are in case 5 of Table 3.18. Then by (3.19),
L (E8) ↓ X =(5⊗ 1(7))2/(3⊗ 1(7))2/(1⊗ 1(7))2/(3⊗ 3(7))2/(1⊗ 3(7))2/(4⊗ 2(7))3/
(2⊗ 2(7))3/(2(7))2/(3⊗ 1(7))2/(1⊗ 3(7))2/2⊗ 4(7)/2(7)/4/25/0.
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VD5(λ1) ↓ X Possible other composition factors of Q ↓ X Can
Q ↓ X
have a
composition
factor 5⊗ 1(7)?
1 1⊗ 1(a)/4(b)/0 1⊗ 1(a) ⊗ 1(c), 4(b) ⊗ 1(c), 1(c), (1 + 1(a))⊗ 3(b), no
(1 + 1(a))⊗ 3(b) ⊗ 1(c)
2 1⊗ 1(a)/2(b)/2(c) 1⊗ 1(a) ⊗ 1(d), 2(b) ⊗ 1(d), 2(c) ⊗ 1(d), no
with b 6= c and (1 + 1(a))⊗ 1(b) ⊗ 1(c),
a 6= 1 (1 + 1(a))⊗ 1(b) ⊗ 1(c) ⊗ 1(d)
3 4/4(a) 4⊗ 1(b), 4(a) ⊗ 1(b), 3⊗ 3(a), 3⊗ 3(a) ⊗ 1(b) no
4 2(a)/2(b)/2(c)/0 2(a) ⊗ 1(d), 2(b) ⊗ 1(d), 2(c) ⊗ 1(d), 1(d), no
a, b and c distinct 1(a) ⊗ 1(b) ⊗ 1(c), 1(a) ⊗ 1(b) ⊗ 1(c) ⊗ 1(d)
5 2⊗ 2(a)/0 2⊗ 2(a) ⊗ 1(b), 1(b), 3⊗ 1(a), 1⊗ 3(a), no
a 6= 1 3⊗ 1(a) ⊗ 1(b), 1⊗ 3(a) ⊗ 1(b)
6 6/2(a) 6⊗ 1(b), 2(a) ⊗ 1(b), 6⊗ 1(a), 1(a) yes
6⊗ 1(a) ⊗ 1(b), 1(a) ⊗ 1(b)
Table 3.19: L′ = D5A1 (in this table a, b, c and d are powers of p = 7).
This is a contradiction by Lemma 3.18.
Case 8 : L′ = D5A1
We have already found all of the possible restrictions of VD5(λ1) to X. By Lemma 2.6, Q ↓ X has
a composition factor 5 ⊗ 1(7) and by Lemma 2.17, the possible composition factors of Q ↓ L′ are
VD5(λ1)⊗ (1 or 0), VD5(λ4)⊗ (1 or 0) and VD5(λ5)⊗ (1 or 0). Hence we find all possible composition
factors of Q ↓ X in each case and check if 5⊗ 1(7) is a composition factor of Q ↓ X. These results
are given in Table 3.19.
Case 6 of Table 3.19 is the only case where there could be a composition factor 5⊗1(7) in Q ↓ X.
We have VD5(λ1) ↓ X = 6/2(a). Hence by (3.19),
L (E8) ↓ X = (6⊗ 1(b))2/62/(2(a) ⊗ 1(b))2/(2(a))3/(6⊗ 1(a) ⊗ 1(b))2/(6⊗ 1(a))4/
(1(a) ⊗ 1(b))2/(1(a))4/6⊗ 2(a)/3⊗ 1(7)/6/22/2(b)/(1(b))4/04.
There is an odd composition factor in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Case 9 : L′ = E6
We picked P such that it is a minimal parabolic subgroup containing X. Hence X is not contained
in a parabolic subgroup of P so its projection to L′ is E6-irreducible. By Lemma 2.17, the possible
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maximal subgroup VE6(λ1) ↓ X Can Q ↓ X
containing X have a composition
factor 5⊗ 1(7)
1 A1A5 1
(q) ⊗ 5(r)/T (8; 4)(r)/0 yes
2 6 + 4 + T (8; 4) + 0 no
3 1(a) ⊗ 2(b) ⊗ 1(c) + 2(b) ⊗ 2(c) + T (4; 0)(b) no
4 A32 2⊗ 2(a) + 2⊗ 2(b) + 2(a) ⊗ 2(b) no
5 A2G2 2
(a) ⊗ 6(b) + 4(a) + 0 no
Table 3.20: Conjugacy classes of E6-irreducible A1 subgroups (a, b, c, q and r powers of p = 7).
composition factors of Q ↓ L′ are VE6(λ1) and VE6(λ6). For E6 the modules VE6(λ1) and VE6(λ6)
are duals whereas in A1 all irreducible modules are self dual; hence VE6(λ1) ↓ X and VE6(λ6) ↓ X
have the same composition factors. By [32, Theorem 6.1.1], there are five conjugacy classes of
E6-irreducible A1 subgroups. These are listed in Table 3.20.
By Lemma 2.6, there is a composition factor 5 ⊗ 1(7) in Q ↓ X. In each case, we check if this
happens.
There can only be a composition factor 5⊗1(7) in Q ↓ X in the first case of Table 3.20 when V27 ↓
X = 1(7) ⊗ 5/T (8; 4)/0. By [1, Theorem 7.2], VE6(λ2) ↓ X = 2(7)/T (10; 8; 6; 4; 2)/(1(7) ⊗ T (9; 5; 3)).
By Theorem 2.21, L (E8) ↓ E6 = λ2/λ31/λ36/08. Hence
L (E8) ↓ X = 2(7)/T (10; 8; 6; 4; 2)/(1(7) ⊗ T (9; 5; 3))/(5⊗ 1(7))6/(T (8; 4))6/014.
This is a contradiction by Lemma 3.18.
Case 10 : L′ = E6A1
By Lemma 2.1, Q ↓ E6A1 = (λ6, 1)/(λ1, 0)/(0, 1) or Q ↓ E6A1 = (λ6, 1)/(λ6, 0)/(0, 1). As before,
the projection of X to L′ is E6-irreducible since P is a minimal parabolic subgroup containing X.
By [32, Theorem 6.1.1], there are five conjugacy classes of E6-irreducible A1 subgroups. These are
listed in Table 3.20. In the previous section, we saw that VE6(λ1) ↓ X and VE6(λ6) ↓ X have the
same composition factors. By Lemma 2.6 there is a composition factor 5 ⊗ 1(7) in Q ↓ X so we
check if this happens in each of the cases. These results are given in Table 3.21.
Case 1 of Table 3.21 is the only case where Q ↓ X has a composition factor 5 ⊗ 1(7). By
Theorem 2.21,
L (E8) ↓ E6A1 = (λ2, 0)/(λ6, 1)/(λ6, 0)/(λ1, 1)/(λ1, 0)/(0, 2)/(0, 1)2/(0, 0). (3.20)
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maximal Q ↓ X Can Q ↓ X
subgroup have a
containing X composition
factor 5⊗ 1(7)
1 A1A5 1
(q) ⊗ 5(r) ⊗ 1(s)/T (8; 4)(r) ⊗ 1(s)/(1(s))2/ yes
1(q) ⊗ 5(r)/T (8; 4)(r)/0
2 6⊗ 1(a)/4⊗ 1(a)/T (8; 4)⊗ 1(a)/(1(a))2/ no
6/4/T (8; 4)/0
3 1(a) ⊗ 2(b) ⊗ 1(c) ⊗ 1(d)/2(b) ⊗ 2(c) ⊗ 1(d)/ no
T (4; 0)(b) ⊗ 1(d)/1(a) ⊗ 2(b) ⊗ 1(c)/2(b) ⊗ 2(c)/
T (4; 0)(b)/1(d)
4 A32 2⊗ 2(a) ⊗ 1(c)/2⊗ 2(b) ⊗ 1(c)/2(a) ⊗ 2(b) ⊗ 1(c)/ no
2⊗ 2(a)/2⊗ 2(b)/2(a) ⊗ 2(b)/1(c)
5 A2G2 2
(a) ⊗ 6(b) ⊗ 1(c)/4(a) ⊗ 1(c)/(1(c))2/ no
2(a) ⊗ 6(b)/4(a)/0
Table 3.21: Conjugacy classes of E6-irreducible A1s in A1E6 (a, b, c, d, q, r and s powers of p = 7).
Thus
L (E8) ↓ X = 2(7)/T (10; 8; 6; 4; 2)/(1(7) ⊗ T (9; 5; 3))/(5⊗ 1(7) ⊗ 1(a))2/
(T (8; 4)⊗ 1(a))2/(1(a))2/(5⊗ 1(7))2/(T (8; 4))2/02/2(a)/(1(a))2/0.
Hence L (E8) ↓ X has an odd factor which is a contradiction since X ∼= PSL2.
Case 11 : L′ = E7
We picked P such that it is a minimal parabolic subgroup containing X. Hence X is not contained
in a parabolic subgroup of P so it is E7-irreducible. By Lemma 2.1, Q ↓ E7 = VE7(λ7)/0. In [32,
Table 10.7], there is a list of the composition factors of VE7(λ7) for all possible irreducible A1 in E7.
We find that there are no conjugacy classes of E7-irreducible X with a composition factor 5⊗ 1(7)
in VE7(λ7) ↓ X. Therefore there is no E7-irreducible X such that Q ↓ X has a composition factor
5⊗ 1(7). This is a contradiction by Lemma 2.6.
Case 12 : L′ = An with n = 1, 2, . . . , 7
Suppose L′ = An with n = 1, 2, . . . , 7. We know that VAn(λ1) ↓ X is irreducible. Hence if n = 1, 2, 4
or 6 then VAn(λ1) ↓ X = n. If n = 3 then VAn(λ1) ↓ X = 3 or 1(a) ⊗ 1(b). If n = 5 then
VAn(λ1) ↓ X = 5 or 2(a) ⊗ 1(b). Finally if n = 7 then VAn(λ1) ↓ X = 3(a) ⊗ 1(b). In all of these cases
a and b are powers of 7.
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L’ VL′(λ1) ↓ X possible composition factors of Q ↓ X
A1 1 1
A2 2 2
A3 3 3, 4, 0
1(a) ⊗ 1(b) 1(a) ⊗ 1(b), 2(a), 2(b)
A4 4 6, 4, 2
A5 5 1⊗ 1(7), 2⊗ 1(7), 5, 4, 3, 0
2(a) ⊗ 1(b) 2(a) ⊗ 2(b), 2(a) ⊗ 1(b), 4(a), 4(a) ⊗ 1(b), 3(b), 0
A6 6 5⊗ 1(7), 3⊗ 1(7), 1⊗ 1(7), 6, 4, 2, 0
A7 3
(a) ⊗ 1(b) 4(a) ⊗ 2(b), 6(a), 2(b), 2(a), 1(a) ⊗ 1(b), 5(a) ⊗ 1(b), 3(a) ⊗ 3(b),
3(a) ⊗ 1(b), 1(a) ⊗ 1(b)
Table 3.22: Possible composition factors of Q ↓ X when L′ = An with n = 1, . . . , 7.
By Lemma 2.17, the possible composition factors of Q ↓ An are λj and λn+1−j for j = 1, 2, 3
when they exist. By Lemma 2.6, Q ↓ X has a composition factor 5 ⊗ 1(7). For each n = 1, . . . , 7,
we calculate all of the possible composition factors of Q ↓ X and check whether 5 ⊗ 1(7) could be
one of them. These results are given in Table 3.22.
Clearly Q ↓ X can only have a composition factor 5⊗ 1(7) when L′ = A6 and VA6(λ1) ↓ X = 6
or L′ = A7 and VA7(λ1) ↓ X = 3⊗ 1(7). In all other cases we reach a contradiction.
Let L′ = A7 and VA7(λ1) ↓ X = 3 ⊗ 1(7). By Theorem 2.21, L (E8) ↓ A7 = λ1 + λ7/λ1/λ2/λ3/
λ5/λ6/λ7/0. Hence
L (E8) ↓ X = 6⊗ 2(7)/(4⊗ 2(7))3/2⊗ 2(7)/(2(7))5/(3⊗ 3(7))2/(5⊗ 1(7))4/(3⊗ 1(7))4/
(1⊗ 1(7))2/63/4/23/03.
Next let L′ = A6 and VA6(λ1) ↓ X = 6. By Theorem 2.21, L (E8) ↓ A6 = λ1 +λ6/λ31/λ22/λ3/λ4/
λ25/λ
3
6/0
5. Hence
L (E8) ↓ X = (5⊗ 1(7))3/(3⊗ 1(7))5/1⊗ 1(7)/6/42/22.
By Lemma 3.18, this is a contradiction.
Case 13 : L′ is a product of more than one An factor
It remains to consider the following Levi subgroups: A6A1, A5A1, A4A1, A4A
2
1, A4A2, A4A2A1,
A4A3, A3A1, A3A2, A3A
2
1 ,A3A3, A3A2A1, A2A2, A2A1, A2A
2
1, A2A
3
1, A2A2A1, A2A2A
2
1, A
4
1, A
3
1 and
A21. By Lemma 2.6, Q ↓ X has a composition factor 5⊗ 1(7). For L′ = An, the possible composition
factors of Q ↓ X are listed in Table 3.22. If L′ is a product of An factors then the composition
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factors of Q ↓ X are the tensor products of twists of these composition factors.
For example if we consider L′ = A2A4. The possible composition factors of Q ↓ X are all the
possible composition factors of Q ↓ X when L′ = A2, all the possible composition factors of Q ↓ X
when L′ = A4 and all possible tensor products of twists of these. Hence in this case the possible
composition factors of Q ↓ X are: 6, 4, 2, 6(b) ⊗ 2(a), 4(b) ⊗ 2(a), 2(b) ⊗ 2(a) with a and b powers of 7.
Therefore Q ↓ X does not have a composition factor 5⊗ 1(7).
Now consider the case where L′ = A1Ai for i = 1, . . . , 6. Clearly the possible composition factors
of Q ↓ X in this case are 1(a) tensored with all the possible composition factors of Q ↓ X when
L′ = Ai. The possible composition factors of Q ↓ X when L′ = Ai are given in Table 3.22. Hence
we find that either L′ = A1A5 and VA5(λ1) ↓ X = 2⊗ 1(7) or 5 or L′ = A1A6.
We consider all other cases similarly and find that the there is no composition factor 5⊗ 1(7) in
Q ↓ X except in the following cases:
• L′ = A1A5 with VA5(λ1) ↓ X = 5 or 2⊗ 1(7);
• L′ = A1A6;
• L′ = A21A4;
• L′ = A21A3 with VA3(λ1) ↓ X = 3;
• L′ = A21A22;
• L′ = A3A′3 with VA3(λ1) ↓ X = 3 and VA′3(λ1) ↓ X = 1⊗ 1(7);
• L′ = A3A4 with VA3(λ1) ↓ X = 1⊗ 1(7) ;
• L′ = A1A2A3 with VA3(λ1) ↓ X = 3.
We consider each of these individually.
Case 14 : L′ = A1A6
By considering the extended Dynkin diagram of E8, note that A1A6 ⊆ A1E7. By Theorem 2.21,
L (E8) ↓ A1E7 = (2, 0)/(0, λ1)/(1, λ7). By Theorem 2.21, VE7(λ7) ↓ A6 = λ1/λ2/λ5/λ6 and
VE7(λ1) ↓ A6 = λ1 + λ6/λ1/λ3/λ4/λ6/02. Thus
L (E8) ↓ A1A6 = (2, 0)/(0, λ1 + λ†6)/(0, λ1)/(0, λ3)/(0, λ4)/(0, λ6)/(0, 0)/ (3.21)
(1, λ1)/(1, λ2)/(1, λ5)/(1, λ6).
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A1A5 ⊆ A1A6
A1A5 ⊆ A1E6
Figure 3.3: A1A5 in E8
We know that VA6(λ1) ↓ X = 6. Hence
L (E8) ↓ X = 2(a)/(5⊗ 1(7))3/3⊗ 1(7)/(1⊗ 1(7))3/65/46/22/06/
(1(a) ⊗ 6)4/(3⊗ 1(7) ⊗ 1(a))2/(2⊗ 1(a))4.
Now consider all possible values of a. If a = 1 or 7 then we find respectively
L (E8) ↓ X = 2/(5⊗ 1(7))3/3⊗ 1(7)/(1⊗ 1(7))3/65/46/22/06/(1(7))4/58/
(4⊗ 1(7))2/(2⊗ 1(7))2/34/14;
L (E8) ↓ X = 2(7)/(5⊗ 1(7))3/3⊗ 1(7)/(1⊗ 1(7))3/65/46/22/06/
(1(7) ⊗ 6)4/(3⊗ 2(7))2/(2⊗ 1(7))4/32.
By Lemma 3.18, this is a contradiction.
Suppose a ≥ 72. We have X ↪→ R1 . . . Rn via (1[a1], . . . , 1[an]) with n ≥ 2, Ri ∼= A1 restricted
and a1, . . . , an distinct powers of 7. Suppose that there is no ai = a. Since there is a factor 2
(a) in
L (E8) ↓ X, there is a factor at least 2(7) in L (E8) ↓ Ri for some i. This is impossible since all Ri
are restricted. So there is an ai which is equal to a, suppose it is a1. Then the highest weight of
L (E8) ↓ R1 is 2 since otherwise there would be a composition factor at least 3(a) in L (E8) ↓ X.
By Lemma 3.16, L (E8) ↓ R1 = 2 + 156 + 0133 or 214 + 164 + 073. This is a contradiction since
R1 ∼= PSL2.
Case 15 : L′ = A1A5
From the Dynkin diagram of E8, note that there are two possible Levi A1A5 (Figure 3.3). Either
A1A5 is in A1A6 or it is in A1E6.
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First suppose A1A5 ⊆ A1A6. By (3.21),
L (E8) ↓ A1A5 = (2, 0)/(0, λ1 + λ5)/(0, λ1)/(0, λ5)/(0, λ1)/(0, 0)3/(0, λ3)2/(0, λ2)/(0, λ4)/
(0, λ5)/(1, λ1)
2/(1, 0)2/(1, λ2)/(1, λ4)/(1, λ5)
2.
There is a composition factor (0, λ1) in L (E8) ↓ A1A5. The restriction of VA5(λ1) to X is either 5
or 2⊗ 1(7). Hence there is a composition factor 5 or 2⊗ 1(7) in L (E8) ↓ X. This is a contradiction
since X ∼= PSL2.
Now suppose A1A5 ⊆ A1E6. By Theorem 2.21, VE6(λ1) ↓ A5 = λ21/λ4. Furthermore by [17,
Table 8.3], VE6(λ2) ↓ A5 = λ1 + λ5/λ23/03. Hence by (3.20),
L (E8) ↓ A5A1 = (λ1 + λ5, 0)/(λ3, 0)3/(0, 0)3/(λ1, 1)4/(λ4, 1)2/(λ1, 0)4/(λ4, 0)2/(0, 2)/
(0, 2)2/(0, 0).
There is a composition factor (λ1, 0) in L (E8) ↓ A5A1 so whether VA5(λ1) ↓ X = 5 or 2 ⊗ 1(7),
there is an odd composition factor in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Case 16 : L′ = A3A4
By considering the Dynkin diagram of E8, note that A3A4 is contained in A4A4. The two A4 are
conjugate. Hence whether we embed A3 in the first or second A4 does not matter. By Theorem 2.21,
we have
L (E8) ↓ A4A4 = (1001, 0)/(0, 1001)/(λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3). (3.22)
Hence we find
L (E8) ↓ A3A4 = (1001, 0)/(0, 101)/(0, 100)/(0, 001)/(0, 000)/(λ1, 010)/(λ1, 100)/
(λ2, 001)/(λ2, 000)/(λ3, 100)/(λ3, 000)/(λ4, 010)/(λ4, 001).
Therefore
L (E8) ↓ X = (4⊗ 2(7))2/2⊗ 2(7)/(2(7))3/(5⊗ 1(7))6/(3⊗ 1(7))4/(1⊗ 1(7))5/
65/44/26/03.
By Lemma 3.18, this is a contradiction.
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Case 17 : L′ = A3A3
By considering the Dynkin diagram of E8, note that A3A3 ⊆ A4A4. By (3.22),
L (E8) ↓ A3A3 = (101, 0)/(0, 101)/(λ1, 0)2/(0, λ1)2/(λ2, 0)2/(0, λ2)2/(λ3, 0)2/(0, λ3)2/
(λ1, λ1)/(λ1, λ2)/(λ1, λ3)/(λ2, λ1)/(λ2, λ3)/(λ3, λ1)/(λ3, λ2)/(λ3, λ3)/(0, 0)
2
One of the A3 has VA3(λ1) ↓ A1 = 1⊗1(7) and the other has VA3(λ1) ↓ A1 = 3. Which A1 we embed
in each A3 does not impact the restriction of L (E8) to X. We find
L (E8) ↓ X = (3⊗ 2(7))2/2⊗ 2(7)/(2(7))3/(5⊗ 1(7))2/(4⊗ 1(7))4/(3⊗ 1(7))2/
(2⊗ 1(7))4/(1⊗ 1(7))6/6/52/43/36/24/12/04.
This is a contradiction since X ∼= PSL2.
Case 18 : L′ = A1A2A3
By considering the Dynkin diagram of E8, we note that there are four distinct ways of embedding a
Levi A1A2A3 subgroup in E8 (Figure 3.4). Clearly in cases 1, 3 and 4 the Levi A1A2A3 is contained
in A4A4 whereas in case 2 it is contained in A6A1.
First consider the case where A1A2A3 ⊆ A4A4. Note that VA4(1001) ↓ A3 = 101/100/001/000.
By (3.22), there is a composition factor (1001, 0) and a composition factor (0, 1001) in L (E8) ↓
A4A4. Hence whether A3 is embedded in the first or the second A4, there is a composition factor
(0, 00, 100) in L (E8) ↓ A1A2A3. Hence there is a composition factor 3 in L (E8) ↓ X since
VA3(λ1) ↓ X = 3. This is a contradiction since X ∼= PSL2.
Now suppose A1A2A3 ⊆ A1A6. Note that VA6(λ1) ↓ A2A3 = (10, 000)/(00, 100). By (3.21),
there is composition factor (0, λ1) in L (E8) ↓ A1A6 hence there is a composition factor (0, 00, 100)
in L (E8) ↓ A1A2A3. As before, we know that VA3(λ1) ↓ X = 3 so there is a composition factor 3
in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Case 19 : L′ = A22A
2
1
By considering the Dynkin diagram of E8, note that the Levi A
2
2A
2
1 subgroup is contained in A4A4
with an A1A2 in each A4. There is a composition factor 5⊗1(7) in Q ↓ X when VA2(λ1) ↓ X = 2 for
both A2 and VA1(λ1) ↓ X = 1 for one of the A1 and VA1(λ1) ↓ X = 1(7) for the other. Since VA4(λ1) ↓
A2A1 = (10, 0)/(00, 1), we find that VA4(1001) ↓ A1A2 = (11, 0)/(10, 1)/(01, 1)/(00, 2)/(00, 0). By
(3.22), there is a composition factor (1001, 0) and (0, 1001) in L (E8) ↓ A4A4. Hence there is a
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4
3
2
1
Figure 3.4: Levi A1A2A3 in E8
composition factor (10, 1, 00, 0) and (00, 0, 10, 1) inL (E8) ↓ A1A2A1A2. Thus there is a composition
factor 2⊗ 1(7) in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Case 20 : L′ = A4A21
As in Figure 3.4, we find that the Levi A4A
2
1 subgroups are either in A4A4 or in A1A6. There is a
composition factor 5 ⊗ 1(7) in Q ↓ X when VA4(λ1) ↓ X = 4 and VA1(λ1) ↓ X = 1 in one case and
VA1(λ1) ↓ X = 1(7) in the other.
Suppose A4A
2
1 is in A4A4. We know that VA4(λ1) ↓ A21 = (1, 0)/(0, 1)/(0, 0). Hence VA4(1001) ↓
A21 = (2, 0)/(0, 2)/(1, 1)
2/(1, 0)2/(0, 1)2/(0, 0)2. By (3.22), there is a composition factor (1001, 0)
and a composition factor (0, 1001) in L (E8) ↓ A4A4. Therefore whether we embed A21 in the first
or the second A4, there is a composition factor (1, 0, 0000) in L (E8) ↓ A21A4. Thus there is a
composition factor 1 or 1(7) in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Suppose A4A
2
1 is in A1A6. We know that VA6(λ1) ↓ A4A1 = (λ1, 0)/(0, 1). By (3.21), there
is a composition factor (0, λ1) in L (E8) ↓ A1A6 so there is a composition factor (0000, 0, 1) in
L (E8) ↓ A4A21. Hence there is a composition factor 1 or 1(7) in L (E8) ↓ X. This is a contradiction
since X ∼= PSL2.
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Case 21 : L′ = A3A21
As before, by considering the Dynkin diagram of E8 we find that the Levi A3A
2
1 subgroups are
either in A4A4 or in A6A1. There is a composition factor 5⊗ 1(7) is Q ↓ X when VA1(λ1) ↓ X = 3
and VA1(λ1) ↓ X is equal to 1 in one case and 1(7) in the other.
Suppose A21 ⊆ A4 with VA4(λ1) ↓ A21 = (1, 0)/(0, 1)/(0, 0). Then VA4(1001) ↓ A21 = (2, 0)/(0, 2)/
(1, 1)2/(1, 0)2/(0, 1)2/(0, 0)2. By (3.22), there is a composition factor (1001, 0) and a composition
factor (0, 1001) in L (E8) ↓ A4A4. Hence whether A21 is embedded in the first or the second A4,
there is a composition factor (000, 0, 1) in L (E8) ↓ A3A21. Thus there is a composition factor 1 or
1(7) in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
Suppose A21A3 ⊆ A1A6. There is a composition factor (0, λ1) in L (E8) ↓ A1A6. Since VA6(λ1) ↓
A1A3 = (100, 0)/(000, 1)/(000, 0), there is a composition factor (1, 0, 000) in L (E8) ↓ A21A3. Hence
there is a composition factor 1 or 1(7) in L (E8) ↓ X. This is a contradiction since X ∼= PSL2.
This completes the proof of Theorem 4.
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Chapter 4
Products of restricted subgroups of the
same type in F4
In this chapter we find all products of simple restricted subgroups of the same type in F4 in good
characteristic thus proving Theorem 6 when G = F4 which is the following theorem.
Theorem 4.1. Let G = F4 over an algebraically closed field k of good characteristic. Suppose
X = R1 . . . Rn ⊆ G with n ≥ 2, all Ri of the same type and each Ri a simple restricted subgroup.
Then X is conjugate to one of the subgroups listed in Table 9.1.
In Lemma 2.23, we have listed up to isomorphism all possible products R1 . . . Rn of restricted
subgroups of the same type in G. We now consider each of these individually.
4.1 R1 . . . Rn = A
2
2
By Lemma 2.23, there is a unique conjugacy class of A22 subgroups in F4. By Theorem 2.21, we
have the restriction of L (F4) to A22 as in Table 9.1.
4.2 R1 . . . Rn = A
4
1
By Lemma 2.23, the A41 subgroups in F4 are in B4 and A¯1C3. The subgroup A
4
1 has maximal rank
in F4. Hence it is a subsystem subgroup and so it is unique up to conjugacy.
By Theorem 2.21, we have the restriction of L (F4) to A¯1C3. We know that VC3(λ1) ↓ A31 =
(1, 0, 0)/(0, 1, 0)/(0, 0, 1). Furthermore S2(100) = 200 and ∧3(100) = 100/001 (Theorem 2.31).
Thus we find L (F4) ↓ A41 as in Table 9.1.
4.3 R1 . . . Rn = A
3
1 100
VC3(λ1) ↓ A21 L (F4) ↓ A31
1 (1, 0)/(0, 1)/(0, 0)2 (1, 1, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/
(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3
2 (1, 0)2/(0, 1) (1, 2, 1)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(1, 1, 0)2/(1, 0, 1)2/
(0, 1, 1)2/(0, 0, 0)
3 (2, 1) (1, 4, 1)/(0, 4, 2)/(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
4 (3, 0)/(0, 1) (0, 6, 0)/(1, 4, 1)/(1, 3, 0)/(0, 3, 1)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
Table 4.1: A31 = A¯1A
2
1 ⊆ A¯1C3 with each factor restricted.
4.3 R1 . . . Rn = A
3
1
By Lemma 2.23, the A31 subgroups in F4 are in B4, A¯1C3 and A1G2.
4.3.1 A31 ⊆ A¯1C3
Suppose A31 is in A¯1C3. Recall the notation of diagonal subgroups without twists defined in Sec-
tion 2.2. We are in one of the following cases:
1. A31 = A¯1A
2
1 ⊆ A¯1C3 with A21 ⊆ C3
2. A31 ⊆ C3
3. A31 = A1 A1A1A1 ⊆ A41 ⊆ A¯1C3.
1. A31 = A¯1A
2
1 ⊆ A¯1C3
There are four conjugacy classes of A21 in C3 with both factors restricted. These are listed in
Table 4.1. By Theorem 2.21,
L (F4) ↓ A¯1C3 = (1, 001)/(2, 000)/(0, 200).
In each case we use the fact that S2(VC3(100)) = VC3(200) and ∧3(VC3(100)) = VC3(001)/VC3(100) to
findL (F4) ↓ A31. For example let VC3(λ1) ↓ A21 = (1, 0)/(0, 1)/(0, 0)2. Then S2((1, 0)/(0, 1)/(0, 0)2) =
(2, 0)/(1, 1)/(1, 0)2/(0, 2)/(0, 1)2/(0, 0)3. Furthermore ∧3((1, 0)/(0, 1)/(0, 0)2) = (1, 1)2/(1, 0)2/(0, 1)2/
(0, 0)4. Hence we find:
L (F4) ↓ A31 = (1, 1, 1)2/(1, 1, 0)/(1, 0, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 1, 1)/
(0, 1, 0)2/(0, 0, 2)/(0, 0, 1)2/(0, 0, 0)3.
We proceed similarly for the three other options in Table 4.1. None of these give the same compo-
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VB4(λ1) ↓ A31 Some composition factors of L (F4) ↓ A31 n
1 (4, 0, 0)/(0, 1, 1) (6, 0, 0)/(2, 0, 0)/(4, 1, 1)/(0, 2, 0)/(0, 0, 2)/ . . . 4
2 (1, 0, 0)2/(0, 1, 1)/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(0, 1, 1)/(1, 0, 0)2/ . . . 1
(0, 0, 0)
3 (2, 0, 0)/(0, 1, 1)/ (2, 0, 0)3/(2, 1, 1)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)2/(0, 0, 0)/ . . . 2
(0, 0, 0)2
4 (1, 1, 0)/(0, 1, 1)/ (2, 0, 0)/(0, 2, 0)2/(1, 2, 1)/(1, 0, 1)/(0, 0, 2)/(1, 1, 0)/(0, 1, 1) . . . 2
(0, 0, 0)
5 (2, 0, 0)/(0, 2, 0)/ (2, 0, 0)/(2, 2, 0)/(2, 0, 2)/(0, 2, 0)/(0, 2, 2)/(0, 0, 2)/ . . . none
(0, 0, 2)
Table 4.2: A31 in B4 in F4 with each factor restricted. Each A
3
1 has the same composition factors as
case n of Table 9.1 on L (F4).
sition factors for L (F4) ↓ A31. Hence these A31 are not conjugate to each other. They are the first
4 conjugacy classes of A31 in Table 9.1.
2. A31 ⊆ C3
The subgroup A31 in C3 has maximal rank so it is A¯1
3
. By Lemma 2.26, it is also A¯1
3
in F4. By
Lemma 2.25, there is a unique conjugacy class of A¯1
3
in F4. Hence this A
3
1 is conjugate to case 1 of
Table 9.1 for A31.
3. A31 = A1 A1A1A1 ⊆ A¯14 ⊆ A¯1C3
Suppose A31 = A¯1 A¯1A¯1A¯1 ⊆ A¯14 ⊆ A¯1C3. By Theorem 2.24, CF4(A¯1)◦ = C3. Hence A31 = A¯1A21 ⊆
A¯1C3 with A
2
1 ⊆ C3. Therefore these A31 are conjugate to one of cases 1 to 4 of Table 9.1 for A31. In
Section 4.2, we calculated L (F4) ↓ A¯14 so we find:
L (F4) ↓ A¯1 A¯1A¯1A¯1 = (2, 1, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)2/
(1, 0, 1)2/(0, 1, 1)2/(0, 0, 0).
Hence this A31 is conjugate to case 2 of Table 9.1 for A
3
1.
4.3.2 A31 ⊆ B4
There are five conjugacy classes of A31 in B4 with each factor restricted. These are listed in Table 4.2.
By Theorem 2.21, L (F4) ↓ B4 = λ2/λ4. By Theorem 2.31, ∧2(VB4(λ1)) = VB4(λ2). In each case we
find VB4(λ2) ↓ A31 so some of the composition factors of L (F4) ↓ A31; these are given in Table 4.2.
4.4 R1 . . . Rn = A
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In the first four cases of Table 4.2, the last factor of A31 is A¯1 in B4. Hence by Lemma 2.26, it is
also A¯1 in F4. By Lemma 2.24, CF4(A¯1)
◦ = C3. Hence these A31 are in A¯1C3. They are conjugate to
one of cases 1 to 4 of Table 9.1. For each of these A31, there is an n ∈ {1, 2, 3, 4} such that A31 has
the same composition factors as case n of Table 9.1 on L (F4). This n is given in Table 4.2. Hence
X is conjugate to case n of Table 9.1.
Finally consider case 5 of Table 4.2. In this case, A31 does not have the same composition factors
as any of the A31 we have already seen on L (F4). Hence it is not conjugate to any of the A
3
1 we
have already seen. It is case 5 in Table 9.1.
4.3.3 A31 ⊆ A1G2
Let X = R1R2R3 = A
3
1 ⊆ A1G2. Then R2R3 = A¯1A1 ⊆ G2. This G2 subgroup is in B4. Hence by
Lemma 2.26, X = A¯1A
2
1 in F4. By Lemma 2.24, CF4(A¯1)
◦ = C3 so X ⊆ A¯1C3. This A31 is conjugate
to one of cases 1 to 4 in Table 9.1. By Theorem 2.21, L (F4) ↓ A1G2 = (4, 10)/(2, 00)/(0, 01).
Hence
L (F4) ↓ A31 = (4, 0, 2)/(4, 1, 1)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 3).
Therefore this A31 is conjugate to case 3 of Table 9.1 for A
3
1.
4.4 R1 . . . Rn = A
2
1
By Lemma 2.23, the A21 subgroups in F4 are in B4, A2A2, A¯1C3, G2 and A1G2.
4.4.1 A21 ⊆ A¯1C3
Suppose A21 is in A¯1C3. We are in one of the following cases:
1. A21 = A¯1A1 ⊆ A¯1C3
2. A21 ⊆ C3
3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1C3.
1. A21 = A¯1A1 ⊆ A¯1C3
There are seven conjugacy classes of restricted A1 in C3. These are listed in Table 4.3. In each case
we calculate L (F4) ↓ A21, this is given in Table 4.3. None of these A21 have the same composition
factors on L (F4). Thus these A21 are not conjugate to each other. They are the first 7 conjugacy
classes of A21 in Table 9.1.
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VC3(λ1) ↓ A1 L (F4) ↓ A21
1 5 (0, 10)/(1, 9)/(0, 6)/(1, 3)/(2, 0)/(0, 2)
2 3/1 (0, 6)/(1, 5)/(0, 4)/(1, 3)2/(2, 0)/(0, 2)3
3 3/02 (0, 6)/(1, 4)2/(1, 3)/(0, 3)2/(2, 0)/(0, 2)/(0, 0)3
4 22 (1, 4)2/(0, 4)3/(2, 0)/(0, 2)/(1, 0)4/(0, 0)3
5 13 (1, 3)/(2, 0)/(0, 2)6/(1, 1)5/(0, 0)3
6 12/02 (1, 2)2/(2, 0)/(0, 2)3/(1, 1)2/(1, 0)4/(0, 1)4/(0, 0)4
7 1/04 (2, 0)/(0, 2)/(1, 1)5/(1, 0)4/(0, 1)4/(0, 0)10
Table 4.3: A21 = A¯1A1 ⊆ A¯1C3 with both factors restricted.
2. A21 ⊆ C3
There are four conjugacy classes of A21 in C3 with both factors restricted; they are listed in Table 4.1.
In cases 1, 2 and 4 of Table 4.1, one of the factors of A21 is A¯1 in C3. Hence by Lemma 2.26, it is
also A¯1 in F4. By Theorem 2.24, CF4(A¯1)
◦ = C3 so A21 = A¯1A1 ⊆ A¯1C3. Therefore these A21 are
conjugate to one of cases 1 to 7 of Table 9.1. In each case we use Table 4.1 to find L (F4) ↓ A21. In
case 1 of Table 4.1 we find
L (F4) ↓ A21 = (1, 1)5/(2, 0)/(0, 2)/(1, 0)4/(0, 1)4/(0, 0)10.
In case 2 we find
L (F4) ↓ A21 = (2, 1)2/(2, 0)3/(0, 2)/(1, 0)4/(0, 1)4/(1, 1)2/(0, 0)4.
In case 4 we find
L (F4) ↓ A21 = (6, 0)/(4, 1)2/(3, 0)2/(3, 1)/(0, 0)3/(2, 0)/(0, 2).
These A21 are respectively conjugate to cases 7, 6 and 3 of Table 9.1 as these are the only ones of
cases 1 to 7 that have the same composition factors as them on L (F4).
Consider case 3 of Table 4.1. Using our calculations in Section 4.3.1 we find
L (F4) ↓ A21 = (4, 1)2/(4, 2)/(0, 3)2/(2, 0)/(0, 2)/(0, 0)3.
This A21 does not have the same composition factors on L (F4) as any of the A
2
1 seen previously.
Therefore it is not conjugate to any A21 seen previously. It is case 8 of Table 9.1.
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3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1C3
Suppose X = A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1C3. By Section 4.3, there are four conjugacy classes
of A¯1A
2
1 in A¯1C3 with each factor restricted. These are cases 1 to 4 of Table 9.1 for A
3
1. Let
A¯1A
2
1 = ABC.
Consider case 1 of Table 9.1 for A31. In this case we have VC3(λ1) ↓ BC = (1, 0)/(0, 1)/(0, 0)2.
Clearly B and C are conjugate in C3. So it does not matter which diagonal subgroup we pick. Take
X = A BC. Then C is A¯1 in C3 so also in F4 by Lemma 2.26. Hence A B is in C3 by Theorem
2.24. So X = A¯1A1 ⊆ A¯1C3 with A1 ⊆ C3. This A21 is conjugate to one of cases 1 to 7 of Table 9.1
for A21. By Table 4.1 we find
L (F4) ↓ A BC = (2, 1)2/(2, 0)3/(0, 2)/(1, 1)2/(1, 0)4/(0, 1)4/(0, 0)4.
Therefore X is conjugate to case 6 of Table 9.1.
Now consider case 2 of Table 9.1 for A31 where VC3(λ1) ↓ BC = (1, 0)2/(0, 1). Suppose X =
A21 = A BC. Clearly C = A¯1 so A B ⊆ C3. Hence, as before, this A21 is conjugate to one of cases 1
to 7 of Table 9.1. From Table 4.1, we find
L (F4) ↓ A BC = (3, 1)/(2, 0)6/(0, 2)/(1, 1)5/(0, 0)3.
This A21 is conjugate to case 5 of Table 9.1.
Next suppose A21 = ABC. By Table 4.1, we find:
L (F4) ↓ ABC = (2, 2)/(2, 0)4/(0, 2)4/(1, 1)4/(0, 0)3.
This does not have the same composition factors on L (F4) as any of the A21 seen previously. It is
case 9 of Table 9.1.
We now consider case 3 of Table 9.1 for A31 where VC3(λ1) ↓ BC = (2, 1). By Table 4.1 we find:
L (F4) ↓ A BC = (5, 1)/(4, 2)/(3, 1)/(1, 3)/(2, 0)2/(0, 2);
L (F4) ↓ ABC = (2, 4)2/(4, 0)/(0, 4)/(2, 0)3/(0, 2).
These do not have the same composition factors on L (F4) as each other or as any of the A21 seen
previously. They are cases 10 and 11 of Table 9.1 for A21.
Finally consider case 4 of Table 9.1 for A31, so that VC3(λ1) ↓ BC = (3, 0)/(0, 1). Clearly C = A¯1.
Hence A BC = A¯1A1 ⊆ A¯1C3 so A BC is conjugate to one of cases 1 to 7 of Table 9.1. From
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VB4(λ1) ↓ A21 Some composition factors of L (F4) ↓ A21 n
1 (1, 1)/(0, 0)5 (2, 0)/(0, 2)/(1, 1)5/(0, 0)10/ . . . 7
2 (1, 3)/(0, 0) (0, 6)/(2, 4)/(0, 2)/(1, 3)2/(2, 0)2/(0, 2) 12
3 (2, 2) (4, 2)/(2, 4)/(0, 2)/(2, 0)/(3, 1)/(1, 3) none
4 (2, 0)/(0, 2)/(0, 0)3 (1, 3)/(1, 1)3/(2, 0)/(0, 2)4/(0, 0)/ . . . 9
5 (2, 0)/(0, 2)2 (0, 4)/(2, 2)2/(2, 0)/(0, 2)3/(0, 0)/ . . . none
6 (1, 1)2/(0, 0) (2, 0)3/(0, 2)3/(1, 1)2/(2, 2)/(0, 0)/ . . . 9
7 (1, 0)2/(0, 1)2/(0, 0) (2, 0)/(1, 1)4/(1, 0)2/(0, 2)/(0, 1)2/(0, 0)6/ . . . 7
8 (1, 1)/(1, 0)2/(0, 0) (2, 0)2/(0, 2)/(2, 1)2/(0, 1)2/(1, 1)/(1, 0)2/(0, 0)3/ . . . 6
9 (1, 1)/(0, 2)/(0, 0)2 (1, 3)/(1, 1)3/(2, 0)/(0, 2)4/(0, 0)/ . . . 5
10 (2, 0)/(0, 1)2/(0, 0)2 (2, 1)2/(2, 0)3/(0, 2)/(0, 1)4/(0, 0)4/ . . . 6
11 (4, 0)/(0, 2)/(0, 0) (6, 0)/(2, 0)/(4, 2)/(0, 2)2/(4, 0)/ . . . 12
Table 4.4: A21 ⊆ B4 in F4 with both factors restricted. Each A21 has the same composition factors
as case n of Table 9.1 on L (F4).
Table 4.1 we find:
L (F4) ↓ A BC = (6, 0)/(5, 1)/(3, 1)2/(4, 0)/(2, 0)3/(0, 2).
It is conjugate to case 2 of Table 9.1 for A21. On the other hand if A
2
1 = ABC, then from Table 4.1
we find:
L (F4) ↓ ABC = (0, 6)/(2, 4)/(0, 4)/(1, 3)2/(2, 0)2/(0, 2).
This A21 does not have the same composition factors on L (F4) as any of the A
2
1 seen previously. It
is case 12 of Table 9.1.
4.4.2 A21 ⊆ B4
There are eleven conjugacy classes of A21 in B4 with both factors restricted. These are listed in
Table 4.4. By Theorem 2.21, L (F4) ↓ B4 = λ4/λ2. By Theorem 2.31, ∧2(VB4(λ1)) = VB4(λ2). In
each case we use Lemma 2.32 to calculate VB4(λ2) ↓ A21. Therefore we have some of the composition
factors of L (F4) ↓ A21; these are given in Table 4.4.
In case 1 of Table 4.4, A21 is A¯1
2
in B4. It is also A¯1
2
in F4 by Lemma 2.26. By Lemma 2.25,
there is a unique conjugacy class of A¯1
2
in F4. Thus this A
2
1 is conjugate to case 7 of Table 9.1 for
A21.
Now consider cases 4, 6, 7, 8, 9, 10 and 11 of Table 4.4. They are all contained in an A31
in B4 which we have considered in Section 4.3.2. Let ABC,DEF,HIJ = A
3
1 ⊆ B4 such that
VB4(λ1) ↓ ABC = (2, 0, 0)/(0, 1, 1)/(0, 0, 0)2, VB4(λ1) ↓ DEF = (1, 1, 0)/(0, 1, 1)/(0, 0, 0) and
VB4(λ1) ↓ GHI = (4, 0, 0)/(0, 1, 1). By Section 4.3.2, ABC, DEF and HIJ are in A¯1C3. Cases
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VA¯2(λ1) ↓ A1 VA˜2(λ1) ↓ A1 L (F4) ↓ A21 n
1 + 0 1 + 0 (1, 2)2/(1, 1)2/(1, 0)4/(0, 2)3/(0, 1)4/(2, 0)/(0, 0)4 6
1 + 0 2 (1, 4)2/(0, 4)3/(2, 0)/(0, 2)/(1, 0)4/(0, 0) 4
2 1 + 0 (2, 2)2/(2, 1)2/(2, 0)3/(4, 0)/(0, 2)/(0, 1)2/(0, 0) 14
2 2 (2, 4)2/(4, 0)/(0, 4)/(2, 0)3/(0, 2) 11
Table 4.5: A21 in A¯2A˜2. Each A
2
1 has the same composition factors as case n of Table 9.1 on L (F4).
4, 9 and 10 of Table 4.4 are respectively AB C, ABC and AB. Similarly cases 6, 7, 8 and 11 of
Table 4.4 are respectively D FE, DF , ED and HI J . Thus they are in A¯1C3. Hence all of these
A21 are conjugate to one of cases 1 to 12 of Table 9.1. We use the composition factors of L (F4) ↓ A21
in Table 4.4 to determine the conjugacy class of each of these A21.
Next consider cases 2 and 11 of Table 4.4. These are A21 ⊆ B4 with embeddings (1, 3)/(0, 0) or
(4, 0)/(0, 2)/(0, 0) respectively. Clearly they are both in D4 ⊆ B4 and they are conjugate by triality.
Now note that they both have the same composition factors as case 12 of Table 9.1 on L (F4)
so we prove that these are conjugate. Case 12 of Table 9.1 for A21 is ABC with ABC = A
3
1 ⊆ A¯1C3
with embedding (1, (3, 0)/(0, 1)). Both A and C are A¯1 and B is in C2 with VC2(λ1) ↓ B = 3 so
ABC is in A¯1
2
C2. There is a unique conjugacy class of A¯1
2
C2 since it has maximal rank in F4.
Hence this A¯1
2
C2 is conjugate to A¯1
2
C2 ⊆ B4. Thus ABC is in B4. Clearly cases 2 and 11 of
Table 4.4 are the only A21 in B4 which have the same composition factor as this A
2
1 on L (F4). Thus
cases 2 and 11 of Table 4.4 are conjugate to case 4 of Table 9.1.
Finally consider cases 3 and 5 of Table 4.4. They do not have same composition factors on
L (F4) as each other or as any of the A21 seen previously. They are respectively cases 13 and 14 of
Table 9.1.
4.4.3 A21 ⊆ A2A2
In A2 there are two conjugacy classes of restricted A1 subgroups. Either VA2(λ1) ↓ A1 = 2 or
VA2(λ1) ↓ A1 = 1 + 0. Hence in A¯2A˜2 there are four cases we need to consider. By Theorem 2.21,
L (F4) ↓ A¯2A˜2 = (10, 02)/(01, 20)/(11, 00)/(00, 11).
In each case we calculate L (F4) ↓ A21; these results are given Table 4.5.
Suppose A1 ⊆ A¯2 with VA2(λ1) ↓ A1 = 1 + 0. Then A1 = A¯1 in A¯2. Hence by Lemma 2.26,
it is also A¯1 in F4. Thus these A
2
1 are in A¯1C3 so they are conjugate to one of cases 1 to 12 of
Table 9.1. In each case we use L (F4) ↓ A21 to find which of these they are conjugate to. We find
that A21 ⊆ A¯2A˜2 with embeddings (1 + 0, 2) and (1 + 0, 1 + 0) are respectively conjugate to cases 4
and 6 of Table 9.1.
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VG2(λ1) ↓ A1 VG2(λ2) ↓ A1 L (F4) ↓ A1 M
1 12/03 2/14/03 2/114/021 A1A1 and A2
2 2/12 32/2/03 32/26/110/06 A1A1
3 6 10/2 10/65/2/03 A1
4 22/0 4/23 4/213/08 A2
Table 4.6: A1 in G2 ⊆ F4, M is the maximal subgroup of G2 containing A1.
VA1G2 ↓ A21 L (F4) ↓ A21 n
1 (0, (0, 2)/(1, 1)) (4, 1)2/(4, 2)/(0, 3)2/(2, 0)/(0, 2)/(0, 0)3 8
2 (1, 12/03) (4, 1)2/(4, 0)3/(2, 0, 0)/(0, 2)/(0, 1)4/(0, 0)3 4
3 (1, 2/12) (4, 2)/(4, 1)2/(2, 0)/(0, 3)2/(0, 2)/(0, 0)3 8
4 (1, 6) (0, 10)/(4, 6)/(2, 0)/(0, 2) none
5 (1, 22/0) (4, 2)2/(4, 0)/(2, 0)/(0, 4)/(0, 2)3 11
6 (1, (0, 2)/(1, 1) (5, 1)/(3, 1)/(4, 2)/(1, 3)/(2, 0)2/(0, 2) 10
7 (1, (0, 2)/(1, 1) (1, 5)/(1, 3)/(0, 6)/(0, 4)/(0, 2)/(1, 3)/(2, 0)/(0, 2)2 2
8 (1, (0, 2)/(1, 1) (2, 4)2/(0, 4)/(4, 0)/(2, 0)3/(0, 2) 11
Table 4.7: A21 ⊆ A1G2 with both factors restricted. Each A21 has the same composition factors as
case n of Table 9.1 on L (F4).
Now consider AB = A21 ⊆ A¯2A˜2 with embedding (2, 1 + 0). Note that B is A1 ⊆ A˜2 with
VA2(λ1) ↓ A1 = 1 + 0. Hence it is A˜1 in F4. By [15], CF4(A˜1)◦ = A3 so AB ⊆ A˜1A3. Hence AB is
contained in B4. By considering L (F4) ↓ A21, we find that AB is conjugate to case 14 of Table 9.1.
Finally consider A21 in A
2
2 with embedding (2, 2). This A
2
1 has the same composition factors on
L (F4) as case 11 of Table 9.1. We show that these A21 are conjugate. Let Y1Y2 = A1A1 ⊆ C3 such
that VC3(λ1) ↓ Y1Y2 = (1, 2). In case 11 of Table 9.1, A21 = AB = A¯1 Y1Y2. Clearly B acts on
VC3(λ1) as 2 + 2. These are both singular three spaces and the stabiliser of these in C3 is A˜2. So B
is in A˜2. By Table 4.5, L (F4) ↓ B = 47/2/014. By [15, Table 2], CF4(B)◦ = G2. Hence A ⊆ G2. We
also have L (F4) ↓ A = 4/213/08. By Theorem 2.21, L (F4) ↓ G2 = 105/01/003. By Lemma 2.30,
there are four conjugacy classes of A1 subgroups in G2. In each case we find L (F4) ↓ A1; these are
given in Table 4.6. Clearly A is case 4 of Table 4.6. Thus A ⊆ A2 ⊆ G2. Hence AB ⊆ A2A2. By
comparing composition factors on L (F4), we find that AB is conjugate to A21 in A
2
2 with embedding
(2, 2).
4.4.4 A21 ⊆ A1G2
We now consider A21 ⊆ A1G2. There are 8 conjugacy classes of subgroups A21 with both factors
restricted in A1G2, these are listed in Table 4.7. By Theorem 2.21, we have the restriction of L (F4)
to A1G2. Hence we calculate L (F4) ↓ A21 in each case. These results are given in Table 4.7.
By Lemma 2.30, A1 ⊆ G2 with VG2(λ1) ↓ A1 = 12/03, 2/12 or 22/0 are contained in A21 in G2.
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Hence all of the A21 ⊆ A1G2 except case 4 of Table 4.7 are in A31 ⊆ A1G2. We proved in Section 4.3.3
that A31 ⊆ A1G2 is conjugate to an A31 in A¯1C3. Thus these A21 are conjugate to an A21 in A¯1C3 so
to one of cases 1 to 12 of Table 9.1. In each case, we use the factors of L (F4) ↓ A21 from Table 4.7
to determine which one.
Now consider case 4 of Table 4.7. This A21 does not have the same composition factors as any
of the A21 we have seen previously on L (F4). It is case 15 of Table 9.1.
4.4.5 A21 ⊆ G2, p = 7
Finally we look at A21 in the maximal subgroup G2 when p = 7. We know that A
2
1 is the centraliser
in G2 of a semisimple element s of order 2. By Lemma 2.29, CF4(t) = B4 or A¯1C3. Therefore A
2
1
is contained in B4 or A¯1C3. Either way it is conjugate to an A
2
1 we have seen previously. By [32,
Section 5.2.7],
L (F4) ↓ A21 = (1, 5)/(3, 1)/(2, 4)/(2, 0)/(0, 2)2/(1, 3).
This A21 is conjugate to case 10 of Table 9.1.
This completes the proof of Theorem 4.1.
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Chapter 5
Products of restricted subgroups of the
same type in E6
In this chapter we find all products of restricted subgroups of the same type in E6 in good charac-
teristic thus proving Theorem 6 when G = E6 which is the following theorem.
Theorem 5.1. Let G = E6 over an algebraically closed field k of good characteristic. Suppose
X = R1 . . . Rn ⊆ G with n ≥ 2, all Ri of the same type and each Ri a simple restricted subgroup.
Then X is conjugate to one of the subgroups listed in Table 9.2.
In Lemma 2.23 we have have listed up to isomorphim all possible products R1 . . . Rn of restricted
subgroups of the same type in G. We now consider each of these individually.
5.1 R1 . . . Rn = B
2
2
By Lemma 2.23, the B2B2 subgroups in E6 with both factors restricted are in C4 and in D5.
Consider B22 in D5 where VD5(λ1) ↓ B22 = (10, 00)/(00, 10). Clearly this is B¯22 in D5. Hence by
Lemma 2.26, it is also B¯2
2
in E6. Similarly the B
2
2 subgroup of C4 is B¯2
2
in E6.
By [17, Table 8.3], there is a unique conjugacy class of B¯2 in E6 and CE6(B¯2)
◦ = B¯2T1. Hence
there is a unique conjugacy class of B¯2
2
in E6. Therefore B
2
2 ⊆ D5 is conjugate to B22 ⊆ C4.
By Theorem 2.21, L (E6) ↓ D5 = λ2/λ4/λ5/0. Hence we find L (E6) ↓ B22 as in Table 9.2.
5.2 R1 . . . Rn = A
3
2
Since A32 in E6 has maximal rank, it is unique up to conjugacy. It is A¯2
3
. By Theorem 2.21, we
have L (E6) ↓ A¯23 as in Table 9.2.
5.3 R1 . . . Rn = A
2
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5.3 R1 . . . Rn = A
2
2
By Lemma 2.23, the A22 subgroups in E6 are in A¯1A5, A¯2
3
, F4 or A2G2. We will consider each of
these individually.
Suppose A22 ⊆ A¯23. Either we take two of the three A2 factors or we take one A2 factor and
diagonal subgroup of the other two factors. By Lemma 2.27, NE6(A
3
2) = A
3
2.S3. Hence there is a
unique conjugacy class for each of these possibilities. By Theorem 2.21, we find that if we take two
of the three factors A2 we have
L (E6) ↓ A22 = (10, 10)3/(01, 01)3/(11, 00)/(00, 11)/(00, 00)8.
If we take one A2 and diagonal subgroup of the other two A2 with embedding (10, 10, 10) we have
L (E6) ↓ A22 = (20, 10)/(01, 10)/(02, 01)/(10, 01)/(11, 00)2/(00, 11).
If we take embedding (10, 01, 10), we have
L (E6) ↓ A22 = (11, 10)/(00, 10)/(11, 01)/(00, 01)/(11, 00)2/(00, 11).
None of these have the same composition factors as each other. They are cases 1, 2 and 3 of
Table 9.2.
Suppose A22 ⊆ A¯1A5. Then A22 = A¯22 in A5. Hence by Lemma 2.26, it is also A¯22 in E6. By
Theorem 2.24, there is a unique conjugacy class of A¯2 in E6 and CE6(A¯2)
◦ = A¯2
2
. Clearly there is
a unique conjugacy class of A¯2 in A¯2
2
. Hence there is a unique conjugacy class of A¯2
2
in E6. Thus
this A22 is conjugate to case 1 of Table 9.2.
Now consider A22 in F4. We saw in Chapter 4 that there is only one conjugacy class of A
2
2 in
F4. It is A¯2A2 in F4. Hence by clearly, it is also A¯2A2 in E6. By Theorem 2.24, CE6(A¯2)
◦ = A¯2A¯2
so this A22 is in A¯2
3
. It is conjugate to one of cases 1, 2 or 3 of Table 9.2. By Theorem 2.21,
L (E6) ↓ F4 = 0001/1000. Hence by Table 9.1,
L (E6) ↓ A22 = (11, 00)/(00, 11)/(10, 02)/(01, 20)/ . . . .
This A22 is conjugate to case 2 of Table 9.2 as this is the only case that could have the same
composition factors as this A22 on L (E6).
Finally suppose A22 ⊆ A2G2. There is a unique A2 in G2. It is A¯2 in G2. By [17, Table 8.3], the
G2 factor of A2G2 is in D4 ⊆ E6. Hence by Lemma 2.26, A¯2 in G2 is also A¯2 in E6. Therefore this
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A22 is in A¯2
3
. By Theorem 2.21, L (E6) ↓ A2G2 = (11, 10)/(11, 00)/(00, 01). Hence we find:
L (E6) ↓ A22 = (11, 10)/(11, 01)/(11, 00)2/(00, 11)/(00, 10)/(00, 01).
This A22 is conjugate to case 3 of Table 9.2.
5.4 R1 . . . Rn = A
4
1
By Lemma 2.23, the A41 subgroups in E6 are in A¯1A5, F4, D5 and C4.
There are two conjugacy classes of A31 with all factors restricted in A5. Either (1)VA5(λ1) ↓
A31 = (1, 1, 0)/(0, 0, 1) or (2)VA5(λ1) ↓ A31 = (1, 0, 0)/(0, 1, 0)/(0, 0, 1). By Theorem 2.21, L (E6) ↓
A¯1A5 = (1, 00100)/(2, 00000)/(0, 10001). Hence
(1)L (E6) ↓ A41 = (1, 1, 1, 0)/(1, 2, 0, 1)/(1, 0, 2, 1)/(1, 1, 1, 0)/(2, 0, 0, 0)/(0, 2, 2, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)2/(0, 0, 0, 0);
(2)L (E6) ↓ A41 = (1, 0, 1, 0)2/(1, 0, 0, 1)2/(1, 1, 0, 0)2/(0, 1, 1, 0)2/(0, 1, 0, 1)2/
(0, 0, 1, 1)2(1, 1, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)2.
These A41 are not conjugate to each other as they have different composition factors on L (E6).
They are cases 1 and 2 of Table 9.2.
By Chapter 4, there is a unique conjugacy class of A41 with each factor restricted in F4. It is
A¯1
4
in F4 so it is also A¯1
4
in E6. Similarly the A
4
1 in C4 is A¯1
4
in C4 so also in E6. By Lemma
2.25, there is a unique conjugacy class of A¯1
4
in E6. Hence these two A
4
1 are conjugate to case 2 of
Table 9.2.
Now suppose X = A41 ⊆ D5. There are two conjugacy classes of A41 with each factor restricted
in D5:
VD5(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2;
VD5(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2).
In the first case A41 is A¯1
4
in D5. Hence by Lemma 2.26, it is also A¯1
4
in E6 so it is conjugate to
case 2 of Table 9.2.
Suppose we are in the second case. The first factor is A¯1 in D5. Hence by Lemma 2.26 it is A¯1
in E6. By Lemma 2.25, CE6(A¯1)
◦ = A5. Hence X is conjugate to one of the A41 in A¯1A5 so to one
of cases 1 or 2 of Table 9.2. Since it is not A¯1
2
it is not conjugate to case 2 of Table 9.2. Thus X
is conjugate to case 1 of Table 9.2.
5.5 R1 . . . Rn = A
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5.5 R1 . . . Rn = A
3
1
By Lemma 2.23, the A31 subgroups in E6 are in A¯1A5, A
3
2, F4, C4, D5 or A2G2. We will need the
following lemma.
Lemma 5.2. Let ABC = A31 ⊆ A¯1A5 ⊆ E6 with embedding (1, (1, 1, 0)/(0, 0, 1)) in A¯1A5. Then
ABC ⊆ B4 ⊆ D5 and A, B and C are conjugate in E6.
Proof. Consider WXY Z = A41 ⊆ A¯1A5 with embedding (1, (1, 1, 0)/(0, 0, 1)). Note that ABC is
just WXY Z.
Clearly W and Z are A¯1. The product XY is in A3 ⊆ A5. Hence WXY Z is in A¯1A¯1A3. By [17,
Table 8.3], the connected centraliser of A3 in E6 is A¯1A¯1T1. The centralisers of T1 in E6 is a Levi
subgroup. The only Levi subgroup that contains A¯1A¯1A3 is D5. Hence the centraliser of this T1 is
D5. Thus A¯1A¯1A3 is in D5. There is an involution t ∈ D5 such that D5/〈t〉 = SO10. We will consider
the images of the subgroups W,X, Y and Z in SO10. Since XY ⊆ A3 with VA3(λ1) ↓ XY = (1, 1),
we have XY ↪→ SO3SO3 in SO10. On the other hand WZ = A¯1A¯1 ↪→ SO4 in SO10. If we take
the diagonal subgroup in WZ, we get an SO3 in SO10. So WXY Z ↪→ SO3SO3SO3 in D5. By
Lemma 2.27, there is an S3 in D5 permuting these three SO3. Hence these three A1 are conjugate.
Furthermore this is SO3SO3SO3 in SO10. Clearly it is in SO9 = B4 in SO10.
5.5.1 A31 ⊆ A¯1A5
Suppose X = A31 is in A¯1A5. We are in one of the following cases:
1. A31 = A¯1A
2
1 ⊆ A¯1A5;
2. A31 ⊆ A5;
3. A31 = A¯1 A1A1A1 ⊆ A¯1A31 ⊆ A¯1A5.
1. A31 = A¯1A
2
1 ⊆ A¯1A5
There are eight conjugacy classes of A21 in A5 with both factors restricted. They are listed in
Table 5.1. We find L (E6) ↓ A31 in each of these cases. These results are displayed in Table 5.1.
None of these A31 have the same composition factors on L (E6). Hence these A
3
1 are not conjugate
to each other. They are the first 8 conjugacy classes of A31 in Table 9.2.
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VA5(λ1) ↓ A21 L (E6) ↓ A21
1 (2, 1) (1, 4, 1)/(1, 2, 1)/(1, 0, 3)/(2, 0, 0)/(0, 4, 2)/(0, 4, 0)/(0, 2, 2)/(0, 2, 0)/
(0, 0, 2)
2 (2, 0)/(0, 2) (1, 2, 2)2/(1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)2/
(0, 0, 0)
3 (2, 0)/(0, 1)/(0, 0) (1, 2, 1)2/(1, 2, 0)2/(1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/(0, 2, 1)2/(0, 2, 0)3/(0, 0, 2)/
(0, 0, 1)2/(0, 0, 0)2
4 (1, 1)/(1, 0) (1, 1, 1)2/(1, 3, 0)/(1, 1, 0)/(1, 1, 2)/(2, 0, 0)/(0, 2, 2)/(0, 2, 0)2/(0, 0, 2)/
(0, 2, 1)2/(0, 0, 1)2/(0, 0, 0)
5 (1, 1)/(0, 0)2 (1, 1, 1)2/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)/(0, 1, 1)4/
(0, 0, 0)4
6 (1, 0)/(0, 1)2 (1, 1, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)4/(1, 1, 0)3/(1, 0, 1)4/(0, 1, 1)4/(0, 0, 0)4
7 (1, 0)/(0, 1)/(0, 0)2 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(1, 1, 0)2/(1, 0, 1)2/(0, 1, 1)2/(1, 0, 0)4/
(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)5
8 (3, 0)/(0, 1) (0, 6, 0)/(1, 4, 1)/(0, 4, 0)/(1, 3, 0)2/(0, 3, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(1, 0, 1)/(0, 0, 0)
Table 5.1: A¯1A
2
1 ⊆ A¯1A5 with A21 ⊆ A5
2. A31 ⊆ A5
By Section 5.4, there are two conjugacy classes of A31 in A5 with all three factors restricted. Either
VA5(λ1) ↓ A31 = (1, 1, 0)/(0, 0, 1) or VA5(λ1) ↓ A31 = (1, 0, 0)/(0, 1, 0)/(0, 0, 1). In both cases at
least one of the factors is A¯1 in A5. Hence by Lemma 2.26, it is A¯1 in E6. By Theorem 2.24,
CE6(A¯1)
◦ = A5. Hence A31 = A¯1A
2
1 ⊆ A¯1A5 with A21 in A5. These A31 are conjugate to one of cases
1 to 8 of Table 9.2. By using our previous calculations we find the restriction of L (E6) to A31 in
both cases. We find that these are respectively conjugate to cases 5 and 7 of Table 9.2 as these are
the only ones of cases 1 to 8 that have the same composition factors as them on L (E6).
3. A31 = A¯1 A1A1A1 ⊆ A¯1A31 ⊆ A¯1A5.
Let X = A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A¯1A5. By Section 5.4, there are two conjugacy classes of A41
in A¯1A5 with each factor restricted. Let ABC = A
3
1 ⊆ A5 with VA5(λ1) ↓ ABC = (1, 1, 0)/(0, 0, 1)
and DEF = A31 ⊆ A5 with VA5(λ1) ↓ DEF = (1, 0, 0)/(0, 1, 0)/(0, 0, 1). The two A41 in A¯1A5 are
A¯1ABC and A¯1DEF .
Note that A is conjugate to B; and D,E and F are conjugate so we only need to consider
A¯1 ABC, A¯1ABC and A¯1 DEF . Using calculations from Section 5.4 we find:
L (E6) ↓ A¯1 ABC = (2, 1, 0)2/(3, 0, 1)/(1, 0, 1)/(1, 2, 1)/(0, 1, 0)2/(2, 2, 0)/
(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(0, 0, 0);
5.5 R1 . . . Rn = A
3
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VA2 ↓ A1 VA2 ↓ A1 VA2 ↓ A1 L (E6) ↓ A31 n
2 2 2 (2, 2, 2)2/(4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(2, 0, 0)/(0, 2, 0)/ none
(0, 0, 2)
2 2 1 + 0 (2, 2, 1)2/(2, 2, 0)2/(4, 0, 0)/(0, 4, 0)/(2, 0, 0)/(0, 2, 0)/ 2
(0, 0, 2)/(0, 0, 1)2/(0, 0, 0)
2 1 + 0 1 + 0 (2, 1, 1)2/(2, 1, 0)2/(2, 0, 1)2/(2, 0, 0)3/(4, 0, 0)/(0, 2, 0)/ 3
(0, 0, 2)/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)2
1 + 0 1 + 0 1 + 0 (1, 1, 1)2/(1, 1, 0)2/(1, 0, 1)2/(1, 0, 0)4/(0, 1, 1)2/(0, 1, 0)4/ 7
(0, 0, 1)4/(0, 0, 0)5/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
Table 5.2: A31 in A
3
2 with each factor restricted, V = VA2(λ1). Each A
3
1 has the same composition
factors as case n of Table 9.2 on L (E6).
L (E6) ↓ A¯1ABC = (1, 1, 1)/(2, 2, 0)/(2, 0, 2)/(1, 1, 1)/(0, 2, 2)/(0, 2, 0)2/(0, 0, 2)2/
(2, 0, 0)2/(1, 1, 1)2/(0, 0, 0);
L (E6) ↓ A¯1 DEF = (1, 1, 0)4/(1, 0, 1)4/(2, 0, 0)4/(0, 1, 1)3/(2, 1, 1)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)4.
Clearly C,D,E and F are A¯1. Hence A¯1 AB and A¯1 DE are in A5. So A¯1 ABC and A¯1 DEF =
A¯1A
2
1 ⊆ A¯1A5. They are conjugate to one of cases 1 to 8 of Table 9.2. They are respectively
conjugate to cases 4 and 6 since these are the only ones of cases 1 to 8 that have the same composition
factors on L (E6) as these A31.
Note that A1ABC does not have the same factors on L (E6) as any of the A31 we have seen
previously. It is case 9 of Table 9.2.
5.5.2 A31 ⊆ A32
Suppose A31 ⊆ A32. In each of the A2 factors there are two conjugacy classes of restricted A1
subgroups. Either VA2(λ1) ↓ A1 = 1 + 0 or VA2(λ1) ↓ A1 = 2. Thus there are 8 possible A31 in A32
with each factor restricted. By Lemma 2.27, NE6(A
3
2) = A
3
2.S3. Thus we only need to consider four
cases. In each case we calculate L (E6) ↓ A31. These are listed in Table 5.2.
Suppose one of the A1 ⊆ A2 has VA2(λ1) ↓ A1 = 1 + 0. It is A¯1 in A2 and so also in E6 by
Lemma 2.26. By Lemma 2.25, these A31 are conjugate to an A
3
1 in A¯1A5 so to one of cases 1 to 9 of
Table 9.2. For each of these A31, there is an n ∈ {1, 2, . . . , 9} such that A31 has the same composition
factors as case n of Table 9.2 on L (E6). This n is given in Table 5.2. Hence X is conjugate to case
n of Table 9.2.
Now consider A31 ⊆ A32 with embedding (2, 2, 2). This A31 does not have the same composition
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M VM ↓ A1 Some composition factors of L (E6) ↓ A31 n
1 A¯1C3 (1, (1, 0)/(0, 1)/(0, 0)
2) (1, 1, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/ 7
(0, 1, 1)/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3/ . . .
2 A¯1C3 (1, (1, 0)
2/(0, 1)) (1, 2, 1)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(1, 1, 0)2/(1, 0, 1)2/ 6
(0, 1, 1)2/(0, 0, 0)/ . . .
3 A¯1C3 (1, (2, 1)) (1, 4, 1)/(0, 4, 2)/(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ . . . 1
4 A¯1C3 (1, (3, 0)/(0, 1)) (0, 6, 0)/(1, 4, 1)/(1, 3, 0)/(0, 3, 1)/(2, 0, 0)/(0, 2, 0)/ 8
(0, 0, 2)/ . . .
5 B4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2) (2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ . . . 9
Table 5.3: A31 in F4 with each factor restricted. Each A
3
1 has the same composition factors as case
n of Table 9.2 on L (E6).
factors on L (E6) as any of the A31 we have seen previously. It is case 10 of Table 9.2.
5.5.3 A31 ⊆ F4
By Section 4.3, there are five conjugacy classes of A31 in F4 with each factor restricted. By The-
orem 2.21, L (E6) ↓ F4 = 1000/0001. In Section 4.3, we found 1000 ↓ A31 in each of these cases.
Hence we have some of the composition factors of L (E6) ↓ A31 in each case. These are listed in
Table 5.3. In this table, M is a reductive subgroup of maximal rank in F4 such that A
3
1 ⊆M ⊆ F4.
The first four A31 are in A¯1C3. Clearly A¯1C3 ⊆ A¯1A5 in E6 since CE6(A¯1)◦ = A5. Therefore
these A31 are in A¯1A5 so they are conjugate to one of cases 1 to 9 of Table 9.2. By considering the
composition factors in Table 5.3, we identify the conjugacy class of each one.
Now consider case 5 of Table 5.3. It could have the same composition factors as ABC = A31 ⊆
A¯1A5 ⊆ E6 with embedding (1, (1, 1, 0)/(0, 0, 1)) (case 9 of Table 9.2). By Lemma 5.2, ABC is
conjugate to an A31 in B4. Hence it is conjugate to an A
3
1 in F4. Clearly the case 5 of Table 5.3 is
the only A31 in F4 it could be conjugate to. Hence these two A
3
1 are conjugate.
5.5.4 A31 ⊆ C4
Suppose A31 ⊆ C4. There are 5 conjugacy classes of A31 in C4 with each factor restricted. These are
listed in Table 5.4. By Theorem 2.21, L (E6) ↓ C4 = 2000/0001. Since S2(1000) = 2000, in each
case we find some of the composition factors of L (E6) ↓ A31. These are given in Table 5.4.
In cases 2, 3, 4 and 5 the third A1 is A¯1 in C4. Hence it is also A¯1 in E6 so these are conjugate
to an A31 in A¯1A5. They are respectively conjugate to cases 1, 8, 7 and 6 of Table 9.2 as these are
the only ones of cases 1 to 10 that could have the same composition factors as these A31 on L (E6).
In case 1, VC4(λ1) ↓ A31 = (1, 1, 1). By [32, p.66], this A31 is contained in A32. We have already
seen all A31 in A
3
2 so this A
3
1 is conjugate to one of the A
3
1 we have already seen. By considering the
5.5 R1 . . . Rn = A
3
1 116
VC4(λ1) ↓ A31 Some composition factors of L (E6) ↓ A31 n
1 (1, 1, 1) (2, 2, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ . . . 10
2 (2, 1, 0)/(0, 0, 1) (0, 4, 2)/(0, 0, 2)/(2, 0, 0)/(2, 1, 1)/(0, 0, 2)/ . . . 1
3 (3, 0, 0)/(0, 1, 0)/(0, 0, 1) (6, 0, 0)/(2, 0, 0)/(3, 1, 0)/(3, 0, 1)/(0, 2, 0)/ 8
(0, 1, 1)/(0, 0, 2)/ . . .
4 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)2 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/ 7
(0, 0, 1)2/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 0)3/ . . .
5 (1, 0, 0)2/(0, 1, 0)/(0, 0, 1) (2, 0, 0)3/(1, 1, 0)2/(1, 0, 1)2/(0, 2, 0)/(0, 0, 2)/ 6
(0, 1, 1)/ . . .
Table 5.4: A31 in C4 with each factor restricted. Each A
3
1 has the same composition factors as case
n of Table 9.2 on L (E6).
composition factors of L (E6) ↓ A31, we find that it is conjugate to case 10 of Table 9.2.
5.5.5 A31 ⊆ A2G2
Let X = A31 ⊆ A2G2. There are two conjugacy classes of restricted A1 in A2 and there is a unique
conjugacy class of A21 in G2 with both factors restricted. The A
2
1 in G2 is A¯1A1 in G2. By [17, Table
8.3], the G2 factor of A2G2 is in D4. Hence A¯1A1 ⊆ G2 is also A¯1A1 in E6 by Lemma 2.26. Therefore
in both cases A31 = A¯1A1A1 in E6. Thus they are conjugate to one of cases 1 to 9 of Table 9.2. By
Theorem 2.21, L (E6) ↓ A2G2 = (11, 10)/(00, 01)/(11, 00) so we can calculate L (E6) ↓ A31 in both
cases. We find that these two A31 are respectively conjugate to cases 1 and 4 of Table 9.2.
5.5.6 A31 ⊆ D5
There are 8 conjugacy classes of A31 in D5 with each factor restricted; these are listed in Table 5.5.
In all cases except case 8 one of the factors is A¯1 in D5. Hence by Lemma 2.26, it is A¯1 in E6.
By Lemma 2.25, CE6(A¯1)
◦ = A5. Hence these A31 are conjugate to an A
3
1 in A¯1A5 so to one of
cases 1 to 9 of Table 9.2. By Theorem 2.21, L (E6) ↓ D5 = λ2/λ4/λ5/0. By Theorem 2.31,
∧2(VD5(λ1)) = VD5(λ2). Hence we can find some of the composition factors of L (E6) ↓ A31 for each
of these A31. These results are given in Table 5.5. Thus by comparing composition factors on L (E6)
we find which of cases 1 to 9 of Table 9.2 each of these A31 is conjugate to.
Now consider case 8 of Table 5.5 where X = A31 ⊆ D5 such that VD5(λ1) ↓ X = (2, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0). Let A41 = ABCD ⊆ D5 with VD5(λ1) ↓ ABCD = (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2).
Clearly X = A BCD. In Section 5.4, we proved that ABCD is conjugate to A41 ⊆ A¯1A5 with embed-
ding (1, (1, 1, 0)/(0, 0, 1)). Hence X is conjugate to A31 ⊆ A¯1A5 with embedding (1, (1, 1, 0)/(0, 0, 1))
which is case 9 of Table 9.2.
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VD5(λ1) ↓ A31 Some composition factors of L (E6) ↓ A31 n
1 (1, 1, 0)/(0, 1, 1)/(0, 0, 0)2 (2, 0, 0)/(0, 2, 0)2/(1, 2, 1)/(1, 0, 1)/(1, 1, 0)2/ 6
(0, 0, 2)/(0, 1, 1)2/(0, 0, 0)
2 (1, 1, 0)/(0, 0, 1)2/(0, 0, 0)2 (2, 0, 0)/(0, 2, 0)/(1, 1, 1)2/(1, 1, 0)2/(0, 0, 0)4/ 7
(0, 0, 2)/(0, 0, 1)4
3 (1, 1, 0)/(0, 0, 2)/(0, 0, 0)3 (2, 0, 0)/(0, 2, 0)/(1, 1, 2)/(1, 1, 0)3/(0, 0, 2)4/ 6
(0, 0, 0)3
4 (1, 1, 0)/(0, 0, 2)2 (2, 0, 0)/(0, 2, 0)/(1, 1, 2)2/(0, 0, 2)3/(0, 0, 4)/ 3
(0, 0, 0)
5 (1, 1, 0)/(2, 0, 0)/(0, 0, 2) (2, 0, 0)2/(0, 2, 0)/(3, 1, 0)/(1, 1, 0)/(1, 1, 2)/ 4
(2, 0, 2)/(0, 0, 2)
6 (1, 1, 0)/(0, 0, 4)/(0, 0, 0) (2, 0, 0)/(0, 2, 0)/(1, 1, 4)/(1, 1, 0)/(0, 0, 6)/ 8
(0, 0, 2)/(0, 0, 4)
7 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2) (0, 0, 0)3/(2, 0, 0)/(1, 2, 0)2/(1, 0, 2)2/(0, 2, 0)/ 5
(0, 2, 2)/(0, 0, 2)
8 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0) (2, 0, 0)2/(2, 2, 0)/(2, 0, 2)/(0, 2, 0)2/(0, 2, 2)/ 9
(0, 0, 2)2
Table 5.5: A31 in D5 with each factor restricted. Each A
3
1 has the same composition factors as case
n of Table 9.2 on L (E6).
5.6 R1 . . . Rn = A
2
1
By Lemma 2.23, the A21 subgroups in E6 are in A¯1A5, A
3
2, G2, F4, C4, D5 and A2G2. We will
consider each of these individually to find all possible A21 in E6 with both factors restricted.
5.6.1 A21 ⊆ A¯1A5
We start by finding all the A21 in A¯1A5 with both factors restricted. We are in one of the following
cases:
1. A21 = A¯1A1 ⊆ A¯1A5;
2. A21 ⊆ A5;
3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1A5.
1. A21 = A¯1A1 ⊆ A¯1A5
Let X = A21 = A¯1A1 ⊆ A¯1A5. There are ten conjugacy classes of restricted A1 in A5; these are
listed in Table 5.6. In each case we calculate the restriction of the Lie algebra of E6 to A
2
1. These
are given in Table 5.6. These A21 do not have the same composition factors as each other on L (E6)
so they are not conjugate to each other. They are cases 1 to 10 of Table 9.2.
5.6 R1 . . . Rn = A
2
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VA5(λ1) ↓ A1 L (E6) ↓ A21
1 5 (1, 9)/(1, 5)/(1, 3)/(2, 0)/(0, 10)/(0, 8)/(0, 6)/(0, 4)/(0, 2)
2 4/0 (0, 8)/(1, 6)2/(0, 6)/(0, 4)3/(1, 2)2/(2, 0)/(0, 2)/(0, 0)
3 3/1 (0, 6)/(1, 5)/(0, 4)3/(1, 3)3/(2, 0)/(0, 2)4/(1, 1)/(0, 0)
4 3/02 (0, 6)/(1, 4)2/(0, 4)/(1, 3)2/(0, 3)4/(2, 0)/(0, 2)/(1, 0)2/(0, 0)4
5 22 (1, 4)2/(0, 4)4/(1, 2)2/(2, 0)/(0, 2)4/(1, 0)4/(0, 0)3
6 2/1/0 (0, 4)/(1, 3)2/(0, 3)2/(1, 2)2/(2, 0)/(0, 2)4/(1, 1)2/(1, 0)2/(0, 1)4/(0, 0)2
7 13 (1, 3)/(2, 0)/(0, 2)9/(1, 1)8/(0, 0)8
8 12/02 (1, 2)2/(2, 0)/(0, 2)4/(1, 1)4/(1, 0)6/(0, 1)8/(0, 0)7
9 1/04 (2, 0)/(0, 2)/(1, 1)6/(1, 0)8/(0, 1)8/(0, 0)16
10 2/03 (0, 4)/(1, 2)6/(2, 0)/(0, 2)7/(1, 0)2/(0, 0)9
Table 5.6: A21 in A¯1A5 with both factors restricted.
VA5(λ1) ↓ A21 L (E6) ↓ A21
1 (2, 1) (4, 1)2/(2, 1)2/(0, 3)2/(4, 2)/(4, 0)/(2, 2)/(2, 0)/(0, 2)/(0, 0)3
2 (2, 0)/(0, 2) (2, 2)4/(0, 0)8/(4, 0)/(0, 4)/(2, 0)/(0, 2)/(2, 2)2
3 (2, 0)/(0, 1)/(0, 0) (2, 1)4/(2, 0)4/(4, 0)/(2, 1)2/(2, 0)3/(0, 2)/(0, 1)2/(0, 0)9
4 (1, 1)/(1, 0) (1, 1)4/(3, 0)2/(1, 0)2/(1, 2)2/(2, 2)/(2, 0)2/(0, 2)/(2, 1)2/
(0, 1)2/(0, 0)4
5 (1, 1)/(0, 0)2 (1, 1)4/(2, 0)4/(0, 2)4/(2, 0)/(0, 2)/(2, 2)/(1, 1)4/(0, 0)7
6 (1, 0)/(0, 1)2 (1, 2)2/(2, 0)/(0, 2)4/(1, 0)6/(0, 1)8/(1, 1)4/(0, 0)7
7 (1, 0)/(0, 1)/(0, 0)2 (2, 0)/(0, 2)/(1, 1)4/(1, 0)4/(0, 1)4/(1, 1)2/(1, 0)4/(0, 1)4/(0, 0)16
8 (3, 0)/(0, 1) (6, 0)/(4, 1)2/(4, 0)/(3, 0)4/(3, 1)2/(2, 0)/(0, 2)/(0, 1)2/(0, 0)4
Table 5.7: A21 in A5 with both factors restricted.
2. A21 ⊆ A5
By Section 5.5.1, there are 8 conjugacy classes of A21 in A5 with both factors restricted. These are
listed in Table 5.1. In each case we use Table 5.1 to find L (E6) ↓ A21. These results are given in
Table 5.7.
In cases 3, 6, 7 and 8 of Table 5.7 one of the factors of A21 is A¯1. Hence these A
2
1 are conjugate
to one of the A21 we have seen previously. Cases 3, 6, 7 and 8 of Table 9.2 are respectively conjugate
to cases 10, 8, 9 and 4 of Table 9.2 since these are the only A21 we have seen previously that have
the same composition factors as them on L (E6).
In the remaining four cases of Table 5.7, note that these A21 do not have the same composition
factors on L (E6) as each other or as any of the A21 we have seen previously. They are cases 11, 12,
13 and 14 of Table 9.2.
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VA5(λ1) ↓ A21 L (E6) ↓ X n
1(i) (1, (2, 1)) (5, 1)/(3, 1)2/(1, 1)/(1, 3)/(2, 0)2/(4, 2)/(4, 0)/(2, 2)/ none
(0, 2)
1(ii) (1, (2, 1)) (2, 4)/(0, 4)/(2, 2)2/(0, 2)2/(4, 0)/(2, 0)3/(2, 4)/(0, 4) none
2 (1, (2, 0)/(0, 2)) (3, 2)2/(1, 2)2/(1, 0)2/(2, 0)2/(4, 0)/(0, 4)/(0, 2)/(2, 2)2/ none
(0, 0)
3(i) (1, (2, 0)/(0, 1)/ (3, 1)2/(1, 1)2/(3, 0)2/(1, 0)4/(4, 0)/(2, 1)2/(2, 0)4/(0, 2)/ 6
((0, 0)) (0, 1)2/(0, 0)2
3(ii) (1, (2, 0)/(0, 1)/ (2, 2)2/(0, 2)5/(1, 2)2/(1, 0)2/(2, 0)2/(0, 4)/(1, 2)2/ none
(0, (0)) (1, 0)2/(0, 0)2
4(i) (1, (1, 1)/(1, 0)) (2, 1)2/(0, 1)4/(4, 0)/(2, 0)5/(0, 0)/(2, 2)2/(0, 2)2/ none
(2, 1)2/(0, 0)
4(ii) (1, (1, 1)/(1, 0)) (2, 1)2/(0, 1)2/(1, 3)/(1, 1)2/(3, 1)/(2, 0)2/(2, 2)/(0, 2)2/ none
(1, 2)2/(1, 0)2/(0, 0)
5 (1, (1, 1)/(0, 0)2) (2, 1)2/(0, 1)2/(3, 0)2/(1, 0)2/(1, 2)2/(2, 0)2/(0, 2)/(2, 2)/ 13
(1, 1)4/(0, 0)4
6(i) (1, (1, 0)/(0, 1)2) (2, 2)/(0, 2)5/(2, 0)5/(0, 0)3/(1, 1)8/(0, 0)4 14
6(ii) (1, (1, 0)/(0, 1)2) (3, 1)/(1, 1)/(0, 2)/(2, 0)9/(1, 1)7/(0, 0)8 7
7 (1, (1, 0)/(0, 1)/ (2, 0)4/(0, 2)/(2, 1)2/(0, 1)2/(1, 1)4/(1, 0)8/ 8
(0, 0)2) (0, 1)4/(0, 0)7
8(i) (1, (3, 0)/(0, 1)) (6, 0)/(5, 1)/(3, 1)/(4, 0)3/(2, 0)2/(3, 1)2/(2, 0)2/(0, 2)/ 3
(1, 1)/(0, 0)
8(ii) (1, (3, 0)/(0, 1)) (0, 6)/(2, 4)/(0, 4)/(0, 4)/(1, 3)2/(1, 3)2/(2, 0)2/(0, 2)/ none
(2, 0)/(0, 0)2
Table 5.8: X = A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1A5. Each A21 has the same composition factors as case
n of Table 9.2 on L (E6).
3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1A5.
Let X = A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1A5. By Section 5.5.1, there are 8 conjugacy classes of
A31 = A¯1A
2
1 in A¯1A5 with each factor restricted. In each case we use Table 5.1 to find L (E6) ↓ A21.
These results are displayed in Table 5.8.
Let A31 = A¯1AB. In cases 3(i), 7 and 8(i), B is generated by long root subgroups. Hence A¯1 AB
is in A¯1A5. Similarly in case 6(ii), AA¯1 B is in A¯1A5 since A = A¯1. Therefore these A
2
1 are conjugate
to one of cases 1 to 10 of Table 9.2. We consider the composition factors of L (E6) ↓ A21 given in
Table 5.8 to find which case of Table 9.2 each of these A21 is conjugate to.
Note that A21 ⊆ A¯1A5 with embedding (1, (1, 1)/(0, 0)2) (case 5(i) of Table 5.8) has the same
composition factors onL (E6) as A21 ⊆ A¯1A5 with embedding (0, (1, 1)/(1, 0)) (case 13 of Table 9.2).
We claim these are conjugate. Consider ABCD ⊆ A¯1A5 with embedding (1, (1, 1, 0)/(0, 0, 1)).
Clearly A and D are A¯1. Thus they are conjugate since there is a unique conjugacy class of A¯1 in
E6. The A
2
1 in A¯1A5 with embeddings (1, (1, 1)/(0, 0)
2) and (0, (1, 1)/(1, 0)) are respectively A BC
5.6 R1 . . . Rn = A
2
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VA32 ↓ A21 L (E6) ↓ A21 n
(2, 2, 1 + 0) (4, 1)2/(2, 1)2/(0, 1)2/(4, 0)2/(2, 0)2/(0, 0)2/(4, 0)/(4, 0)/(2, 0)/(2, 0)/ 5
(0, 2)/(0, 1)2/(0, 0)
(2, 2, 1 + 0) (2, 3)2/(2, 1)2/(2, 2)2/(4, 0)/(0, 4)/(2, 0)/(0, 2)/ 17
(0, 2)/(0, 1)2/(0, 0)
(2, 1 + 0, 1 + 0) (3, 1)2/(1, 1)2/(3, 0)2/(1, 0)2/(2, 1)2/(2, 0)3/(4, 0)/(2, 0)/ 6
(0, 2)/(1, 0)2/(0, 1)2/(0, 0)2
(2, 1 + 0, 1 + 0) (2, 2)2/(2, 0)2/(2, 1)2/(2, 1)2/(2, 0)3/(4, 0)/(0, 2)/ 18
(0, 2)/(0, 1)2/(0, 1)2/(0, 0)2
(1 + 0, 1 + 0, 1 + 0) (2, 1)2/(0, 1)2/(2, 0)2/(0, 0)2/(1, 1)2/(1, 0)4/(1, 1)2/(1, 0)4/ 8
(0, 1)4/(0, 0)5/(2, 0)/(2, 0)/(0, 2)
Table 5.9: A21 = A1 A1A1 ⊆ A31 ⊆ A32. Each A21 has the same composition factors as case n of
Table 9.2 on L (E6).
and BCD so they are conjugate.
Note that A21 ⊆ A¯1A5 with embedding (1, (1, 0)/(0, 1)2) (case 6 of Table 5.8) has the same
composition factors onL (E6) as A21 ⊆ A¯1A5 with embedding (0, (1, 1)/(0, 0)2) (case 14 of Table 9.2).
By Lemma 5.2, if ABC = A31 ⊆ A¯1A5 ⊆ E6 with embedding (1, (1, 1, 0)/(0, 0, 1)), then A, B and C
are conjugate in E6. The first A
2
1 is AB and the second is BC. Hence they are conjugate.
Similarly sinceAB andBC are conjugate, clearlyAB C which has embedding (1, (2, 0)/(0, 1)/(0, 0))
in A¯1A5 and A BC which has embedding (1, (1, 1)/(1, 0)) are conjugate. These are cases 3(ii) and
4(i) of Table 5.8.
Now consider cases 1(i), 1(ii), 3(ii), 4(i), 4(ii) and 8(ii). These A21 have different composition
factors as each other and all A21 we have seen previously on L (E6). They are cases 15 to 20 of
Table 9.2.
5.6.2 A21 ⊆ A32
Suppose X = A21 is in A¯2
3
with both factors restricted. Either A21 = A1A1 ⊆ A¯2A¯2 or A21 =
A1 A1A1 ⊆ A31 ⊆ A32 .
Let A21 = A1 A1A1 ⊆ A31 ⊆ A32. There are four conjugacy classes of A31 in A32 with each factor
restricted. These are listed in Table 5.2. All of them except one are in A¯1A5. If A
3
1 is in A¯1A5 then
clearly any A21 = A1 A1A1 ⊆ A31 ⊆ A32 is also in A¯1A5. In each of these cases we use the information
in Table 5.2 to find L (E6) ↓ A21. We can then easily check which of cases 1 to 20 of Table 9.2 each
of these A21 are conjugate to. These results are given in Table 5.9.
We now consider A21 in the A
3
1 ⊆ A32 that is not in A¯1A5. In this case A31 ⊆ A32 has embedding
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(2, 2, 2) and we find
L (E6) ↓ A1 A1A1 = (4, 2)2/(4, 0)2/(0, 4)/(2, 2)2/(2, 0)2/(0, 2)3.
This has the same composition factors as case 16 of Table 9.2. We check whether these are conjugate.
By Section 5.5.4, A31 ⊆ A32 with embedding (2, 2, 2) is conjugate to A31 ⊆ C4 with embedding (1, 1, 1).
Hence A21 ⊆ A32 with embedding (2, 2, 2) is conjugate to A21 ⊆ C4 with embedding (1, 1, 1). This is
A21 in C4 with embedding (1, 2)/(1, 0). Clearly it is in A¯1C3 with the embedding (1, (1, 2)). Hence
it is in A¯1A5 since A¯1C3 ⊆ A¯1A5. It is conjugate to case 16 of Table 9.2 since it is the only one of
cases 1 to 20 of Table 9.2 which has the same composition factors as this A21 on L (E6).
Next consider A21 ⊆ A22. In each A2 there are two conjugacy classes of restricted A1. By Lemma
2.27, NE6(A
3
2) = A
3
2.S3. Hence choosing the two A2 in which we pick the A1 will not change the
conjugacy class. Suppose one of the A1 has VA2(λ1) ↓ A1 = 1 + 0. This A1 is A¯1 in A¯2 so by
Lemma 2.26 it is also A¯1 in E6. Hence A
2
1 is in A¯1A5. By calculating L (E6) ↓ A21, we find that
A21 ⊆ A22 with embeddings (1 + 0, 1 + 0) and (1 + 0, 2) are respectively conjugate to cases 9 and 10
of Table 9.2.
Now consider the case where X = A21 ⊆ A¯22 with embedding (2, 2). We find
L (E6) ↓ X = (4, 0)/(0, 4)/(2, 2)6/(2, 0)/(0, 2)/(0, 0)8.
This has the same composition factors as case 12 of Table 9.2 which is Y = A21 ⊆ A5 with VA5(λ1) ↓
A21 = (2, 0)/(0, 2). Clearly Y is in A
2
2 with embedding (2, 2) so is conjugate to X.
5.6.3 A21 ⊆ G2, p 6= 7
Let X = A21 in G2. Then X is the centraliser of a semisimple element of order 2 in G2, call it s. By
Lemma 2.29, CE6(s) = A¯1A5 or T1D5. By [32, p.67], we have CE6(s) = A¯1A5. Therefore this A
2
1 is
in A¯1A5. By [32, Section 6.2.6],
L (E6) ↓ A21 = (2, 0)3/(0, 2)2/(2, 4)2/(0, 4)2/(2, 2)2/(4, 0).
This A21 is conjugate to case 16 of Table 9.2 as it is the only one of cases 1 to 20 that could have
the same composition factors as this A21 on L (E6).
5.6.4 A21 ⊆ C4
Let X = A21 ⊆ C4. By [32, Lemma 3.1.3], the maximal subgroups of C4 are C22 , A¯1C3, A31 and A1.
Hence A21 is in one of these maximal subgroups.
5.6 R1 . . . Rn = A
2
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VC3(λ1) ↓ A1 L (E6) ↓ A21 n
1 5 (2, 0)/(0, 10)/(0, 6)/(0, 2)/(1, 5)/(0, 8)/(0, 4)/(1, 9)/(1, 3) 1
2 3/02 (2, 0)/(0, 6)/(0, 2)/(0, 3)4/(0, 0)4/(1, 3)/(1, 0)2/(0, 4)/(1, 3)/(1, 4)2 4
3 3/1 (2, 0)/(0, 6)/(0, 2)4/(1, 1)/(0, 4)3/(0, 0)/(1, 5)/(1, 3)3 3
4 22 (2, 0)/(0, 4)4/(0, 0)3/(1, 2)2/(0, 2)4/(1, 4)2/(1, 0)4 5
5 13 (2, 0)/(0, 2)9/(1, 1)8/(0, 0)8/(1, 3) 7
6 12/02 (2, 0)/(0, 2)4/(1, 1)4/(1, 0)6/(0, 0)7/(0, 1)8/(1, 2)2 8
7 1/04 (2, 0)/(0, 2)/(0, 0)16/(0, 1)8/(1, 1)6/(1, 0)8 9
Table 5.10: A21 in A¯1C3 in C4. Each A
2
1 has the same composition factors as case n of Table 9.2 on
L (E6).
Suppose X = A21 ⊆ A¯1C3. Then A21 ⊆ A¯1A5 since A¯1C3 ⊆ A¯1A5. By Theorem 2.21,
L (E6) ↓ C4 = 2000/0001. (5.1)
Since VC4(λ1) ↓ A¯1C3 = (1, 000)/(0, 100), we find
L (E6) ↓ A¯1C3 = (2, 000)/(0, 200)/(1, 100)/(0, 010)/(1, 001).
There are 7 conjugacy classes of restricted A1 in C3. For each of these we calculate L (E6) ↓ A21 to
find which of cases 1 to 20 of Table 9.2 each of these is conjugate to. These results are displayed in
Table 5.10
Now suppose A21 is contained in the maximal A
3
1 subgroup in C4. The maximal A
3
1 in C4 has
VC4(λ1) ↓ A31 = (1, 1, 1). By Section 5.5, this A31 is conjugate to A31 ⊆ A32 with embedding (2, 2, 2).
By Lemma 2.27, NE6(A
3
2) = A
3
2.S3. Therefore we only need to consider A
2
1 ⊆ C4 with embeddings
(1, 1)2 or (1, 1, 1). Clearly these A21 are respectively conjugate to A
2
1 ⊆ A32 with embeddings (2, 2, 0)
and (2, 2, 2) so to cases 12 and 16 of Table 9.2.
There only remains to consider X = A21 ⊆ C2C2. In this case we either have A21 contained in one
of the C2 factors or A1A1 ⊆ C2C2 with one A1 factor in each C2 factor. Suppose A21 ⊆ C2. Both of
these A1 are A¯1 in C2 and so also in E6. Hence this A
2
1 is in A¯1A5. By (5.1), we find
L (E6) ↓ C2C2 = (10, 10)2/(01, 01)/(20, 00)/(00, 20)/(00, 00).
Hence L (E6) ↓ A21 = (1, 0)8/(0, 1)8/(2, 0)/(1, 1)6/(0, 2)/(0, 0)16. This A21 is conjugate to case 9 of
Table 9.2.
Let A1A1 ⊆ C2C2. There are three conjugacy classes of restricted A1 in C2: VC2(λ1) ↓ A1 = 3, 12
or 1/02. Since the C2 are conjugate, order does not matter. Hence there are six possible such A
2
1;
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VC2C2 ↓ A21 L (E6) ↓ A21 n
1 (1/02, 1/02) (1, 1)6/(1, 0)8/(0, 1)8/(0, 0)16/(2, 0)/(0, 2) 9
2 (1/02, 12) (2, 1)2/(1, 1)4/(1, 0)8/(2, 0)4/(0, 2)/(0, 1)6/(0, 0)7 8
3 (1/02, 3) (3, 1)2/(3, 0)4/(6, 0)/(2, 0)/(0, 2)/(0, 1)2/(0, 0)4/(4, 1)2/(4, 0) 4
4 (12, 12) (2, 2)/(2, 0)5/(0, 2)5/(1, 1)8/(0, 0)7 14
5 (12, 3) (6, 0)/(4, 2)/(4, 0)2/(3, 1)4/(2, 0)/(0, 2)3/(0, 0)2 20
6 (3, 3) (6, 0)/(0, 6)/(4, 4)/(3, 3)2/(2, 0)/(0, 2)/(0, 0) none
Table 5.11: A1A1 ⊆ C2C2 with each factor restricted. Each A21 has the same composition factors as
case n of Table 9.2 on L (E6).
these are listed in Table 5.11.
In cases 1, 2 and 3 of Table 5.11, one of the A1 has VC2(λ1) ↓ A1 = 1/02. Hence it is A¯1 in C2 so
in E6 as well. These A
2
1 are in A¯1A5. We can easily check which of cases 1 to 20 of Table 9.2 each
of these is conjugate to. These are listed in Table 5.11.
We now turn to case 5 of Table 5.11. This A21 has the same composition factors as case 20 of
Table 9.2 on L (E6). We show that these A21 are conjugate. In case 5 of Table 5.11, let A
2
1 = AB.
In case 20 of Table 9.2, we have XY ⊆ A5 such that VA5(λ1) ↓ XY = (3, 0)/(0, 1) and we take
A21 = A¯1XY . Clearly B and A¯1 Y are both A¯1 A¯1. By Lemma 2.25, there is a unique conjugacy
class of A¯1
2
in E6 and CE6(A¯1
2
)◦ = A3T1. Thus B and A¯1 Y are conjugate and X and A are in
A3T1. Clearly VA3(λ1) ↓ X = 3 and VA3(λ1) ↓ A = 3 so X and A are conjugate in A3. Hence these
two A21 are conjugate in E6.
Next consider case 4 of Table 5.11. This A21 has the same composition factors as case 14
of Table 9.2 on L (E6). We look at both of these cases to show that they are conjugate. Let
AB = A21 ⊆ A5 with VA5(λ1) ↓ AB = (1, 1)/(0, 0)2. Let CD = A21 ⊆ C2C2 with VC2(λ1) ↓ C = 12
and VC2(λ1) ↓ D = 12. For all four factors A,B,C and D, we have L (E6) ↓ A1 = 28/116/022.
Thus in all cases if we pick t to be an involution in A1 then dim(CE6(t)) = 46 so, by Lemma
2.29, CE6(t) = T1D5. Hence AB ⊆ D5 and CD ⊆ D5. We now consider all possible A21 in D5 to
show that no non-conjugate A21 ⊆ D5 have L (E6) ↓ A21 = (2, 2)/(2, 0)5/(0, 2)5/(1, 1)8/(0, 0)7. By
Theorem 2.21, L (E6) ↓ D5 = λ2/λ4/λ5/0. In Table 5.12 we find all conjugacy classes of A21 in D5
with both factors restricted and in each case we calculate VD5(λ2) ↓ A1. We note that case 10 is
the only case that can have L (E6) ↓ A21 = (2, 2)/(2, 0)5/(0, 2)5/(1, 1)8/(0, 0)7. Thus both AB and
CD must be conjugate to this A21 so AB and CD are conjugate to each other.
Finally A21 ⊆ C22 with embedding (3, 3) does not have the same composition factors as any of
the A21 we have seen previously on L (E6). It is case 21 of Table 9.2.
5.6 R1 . . . Rn = A
2
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VD5(λ1) ↓ A21 VD5(λ2) ↓ A21
1 (6, 0)/(0, 2) (10, 0)/(6, 0)/(2, 0)/(6, 2)/(0, 2)
2 (4, 0)/(0, 4) (6, 0)/(0, 6)/(2, 0)/(0, 2)/(4, 4)
3 (4, 0)/(0, 2)/(0, 0)2 (6, 0)/(2, 0)/(4, 2)/(4, 0)2/(0, 2)3/(0, 0)
4 (4, 0)/(1, 1)/(0, 0) (6, 0)/(2, 0)2/(5, 1)/(3, 1)/(4, 0)/(0, 2)/(1, 1)
5 (2, 0)2/(0, 2)/(0, 0) (2, 0)5/(4, 0)/(2, 2)2/(0, 2)2/(0, 0)
6 (2, 0)/(0, 2)/(0, 0)4 (2, 0)5/(2, 2)/(0, 2)5/(0, 0)6
7 (2, 0)2/(1, 1) (2, 0)4/(4, 0)/(0, 0)/(3, 1)2/(1, 1)2/(0, 2)
8 (2, 0)/(1, 1)/(0, 0)3 (2, 0)5/(3, 1)/(1, 1)4/(0, 2)/(0, 0)3
9 (2, 2)/(0, 0) (4, 2)/(2, 4)/(2, 0)/(0, 2)/(2, 2)
10 (1, 1)2/(0, 0)2 (2, 0)3/(0, 2)3/(2, 2)/(1, 1)4/(0, 0)2
11 (1, 0)2/(0, 1)2/(0, 0)2 (1, 1)4/(2, 0)/(0, 2)/(1, 0)4/(0, 1)4
12 (3, 1)/(0, 0)2 (4, 2)/(6, 0)/(0, 2)/(2, 0)/(3, 1)2/(0, 0)
13 (2, 0)/(0, 2)/(1, 1) (2, 0)2/(2, 2)/(3, 1)/(1, 1)2/(0, 2)3/(1, 3)
14 (2, 0)2/(0, 1)2 (2, 0)3/(4, 0)/(2, 1)4/(0, 2)/(0, 0)4
15 (1, 1)/(1, 0)2 (2, 0)2/(0, 2)/(2, 1)2/(0, 1)2/(1, 1)2/(1, 0)4/(0, 0)4
16 (1, 1)/(0, 0)6 (2, 0)/(0, 2)/(1, 1)6/(0, 0)15
17 (1, 0)2/(0, 2)/(0, 0)3 (0, 0)6/(2, 0)/(1, 2)2/(1, 0)6/(0, 2)4
18 (1, 0)2/(0, 4)/(0, 0) (0, 0)3/(2, 0)/(1, 4)2/(1, 0)2/(0, 6)/(0, 2)/(0, 4)
Table 5.12: A21 in D5 with both factors restricted.
5.6.5 A21 ⊆ A2G2
Suppose X = A21 ⊆ G2. This A21 is A¯1A1 in G2 so it is in A¯1A5. Using our calculations from Section
5.5.5 we find:
L (E6) ↓ A21 = (0, 2)8/(1, 1)8/(2, 0)/(0, 2)/(1, 3)/(0, 0)8.
This A21 is conjugate to case 7 of Table 9.2.
Now consider A21 ⊆ A2G2 with one A1 in A2 and the other in G2. There are two conjugacy classes
of restricted A1 subgroups in A2. By Lemma 2.30, there are four conjugacy classes of restricted A1
subgroups in G2. For each A
2
1, we calculate L (E6) ↓ A21. These results are displayed in Table 5.13.
By Lemma 2.30, in cases 1, 2, 3, 4, 7 and 8, the A1 in G2 is in A¯1A1 ⊆ G2. By [17, Table
8.3], the G2 factor of A2G2 is in D4 ⊆ E6. Hence by Lemma 2.26, A¯1A1 ⊆ G2 is also A¯1A1 in E6.
Therefore A2A¯1A1 ⊆ A2G2 is in A¯1A5. Thus these A21 are in A¯1A5. They are respectively conjugate
to cases 8, 5, 13, 11, 18 and 16 of Table 9.2.
Next consider cases 5 and 6 of Table 5.13. These A21 do not have the same composition factors
as each other or as any of the A21 we have seen previously on L (E6). They are cases 22 and 23 of
Table 9.2.
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VG2(λ1) ↓ A1 VA2(λ1) ↓ A1 L (E6) ↓ A21 n
1 12/03 1 + 0 (2, 1)2/(2, 0)4/(1, 1)4/(1, 0)8/(0, 2)/(0, 1)6/(0, 0)7 8
2 12/03 2 (4, 1)2/(4, 0)4/(2, 1)2/(2, 0)4/(0, 2)/(0, 1)4/(0, 0)3 5
3 2/12 1 + 0 (2, 2)/(2, 1)2/(1, 2)2/(1, 1)4/(0, 2)2/(0, 1)2/ 13
(2, 0)/(1, 0)2/(0, 3)2/(0, 0)4
4 2/12 2 (4, 2)/(4, 1)2/(2, 2)/(2, 1)2/(4, 0)/(2, 0)/(0, 3)2/ 11
(0, 2)/(0, 0)3
5 6 1 + 0 (2, 6)/(1, 6)2/(0, 6)/(2, 0)/(1, 0)2/(0, 0)/(0, 10)/(0, 2) none
6 6 2 (4, 6)/(2, 6)/(4, 0)/(2, 0)/(0, 10)/(0, 2) none
7 22/0 1 + 0 (2, 2)2/(2, 0)2/(1, 2)4/(1, 0)4/(0, 2)5/(0, 0)2/(0, 4) 18
8 22/0 2 (4, 2)2/(4, 0)2/(2, 2)2/(2, 0)2/(0, 4)/(0, 2)3 16
Table 5.13: A21 ⊆ A2G2 such that one A1 is in A2 and the other is in G2 and both are restricted.
Each A21 has the same composition factors as case n of Table 9.2 on L (E6).
5.6.6 A21 ⊆ F4
Suppose that A21 is in the maximal subgroup F4 with both factors restricted. We have already
classified all of these in Table 9.1. Cases 1 to 12 of Table 9.1 are in A¯1C3. By [17, Table 8.3], there
is a unique conjugacy class of C3 in E6 and CE6(C3)
◦ = A¯1. Therefore there is a unique conjugacy
class of A1C3 in E6. Hence the A¯1C3 we considered in C4 is conjugate to this A¯1C3. So we will not
consider these A21.
Case 13 of Table 9.1 is A21 ⊆ B4 such that VB4(λ1) ↓ A21 = (2, 2). By Theorem 2.21, L (E6) ↓
F4 = 1000/0001 hence
L (E6) ↓ A21 = (4, 2)/(2, 4)/(0, 2)/(2, 0)/(2, 2)/(3, 1)2/(1, 3)2/(0, 0).
This A21 does not have the same composition factors as any of the A
2
1 we have seen previously on
L (E6). It is case 24 in Table 9.2.
Case 14 of Table 9.1 is X = A21 ⊆ B4 such that VB4(λ1) ↓ A21 = (2, 0)/(0, 2)2. We find
L (E6) ↓ A21 = (2, 2)2/(2, 1)4/(2, 0)5/(4, 0)/(0, 2)2/(0, 1)4/(0, 0)2.
This A21 has the same composition factors as case 18 of Table 9.2. We claim that these are conjugate.
Let ABC = A31 ⊆ B4 with VB4(λ1) ↓ ABC = (2, 0, 0)/(0, 2, 0)/(0, 0, 2). Then X = A BC. By
Section 5.5, ABC is conjugate to A31 ⊆ A¯1A5 with embedding (1, (1, 1, 0)/(0, 0, 1)). Hence X is
conjugate to A21 ⊆ A¯1A5 with embedding (1, (1, 1)/(1, 0)) which is case 18 of Table 9.2.
Finally in case 15 of Table 9.1, we have A21 ⊆ A1G2 with VG2(λ1) ↓ A1 = 6. Using Theorem 2.21,
we find
L (E6) ↓ A21 = (0, 10)/(4, 6)/(2, 0)/(0, 2)/(2, 6)/(4, 0).
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This has the same composition factors as case 22 of Table 9.2. We show that these are conjugate.
The G2 factor of A1G2 is generated by long root subgroups in F4. Hence it is also generated by
long root subgroups in E6. By [16, Table 2], CE6(G¯2)
◦ = A2. Hence this A1G2 is in A2G2. So X is
conjugate to an A21 in A2G2. Therefore it is conjugate to case 22 of Table 9.2 as it is the only A
2
1
in A2G2 that has the same composition factors as this A
2
1 on L (E6).
5.6.7 A21 ⊆ D5
There are 18 conjugacy classes of A21 in D5 with each factor restricted. These are listed in Table 5.14.
In cases 2, 3, 5, 6, 7, 10, 11, 12 and 13 of Table 5.14, one of the factors is A¯1 in D5. Hence by Lemma
2.25, it is A¯1 in E6. By Theorem 2.24, CE6(A¯1)
◦ = A5. Therefore these A21 are conjugate to an A
2
1
in A¯1A5. By Theorem 2.21, L (E6) ↓ D5 = λ2/λ4/λ5/0. By Theorem 2.31, ∧2(VD5(λ1)) = (VD5(λ2).
Hence we can calculate some of the composition factors of L (E6) ↓ A21 in each of these cases. By
comparing composition factors on L (E6) ↓ A21, we find which of cases 1 to 20 of Table 9.2 each of
these A21 is conjugate to. These results are displayed in Table 5.14.
Now consider cases 1, 4, 14, 15 and 16 of Table 5.14. We define the following A31 subgroups of
D5:
• W1W2W3 = A31 ⊆ D5 with VD5(λ1) ↓ W1W2W3 = (1, 1, 0)/(0, 1, 1)/(0, 0, 0)2;
• X1X2X3 = A31 ⊆ D5 with VD5(λ1) ↓ X1X2X3 = (1, 1, 0)/(2, 0, 0)/(0, 0, 2);
• Y1Y2Y3 = A31 ⊆ D5 with VD5(λ1) ↓ Y1Y2Y3 = (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0);
• Z1Z2Z3 = A31 ⊆ D5 with VD5(λ1) ↓ Z1Z2Z3 = (1, 1, 0)/(0, 0, 4)/(0, 0, 0).
In Section 5.5.6, we proved that W1W2W3, X1X2X3, Y1Y2Y3 and Z1Z2Z3 are conjugate to an A
3
1
in A¯1A5. Note that cases 1, 4, 14, 15 and 16 of Table 5.14 are respectively W1W2W3, X1X2 X3,
Y1 Y2Y3, Y1Y2 and Z1 Z2Z3. Hence they are conjugate to an A
2
1 in A¯1A5. As before, we find which
of cases 1 to 20 of Table 9.2 each of these A21 is conjugate to by comparing composition factors on
L (E6).
Next consider case 8 of Table 5.14. It has the same composition factors on L (E6) as case 24
of Table 9.2 so we show that these are conjugate. In case 24 of Table 9.2, we have X = A21 ⊆ B4.
There is a unique conjugacy class of B4 subgroups in E6 and B4 ⊆ D5. Hence X is conjugate to
one of the A21 listed in Table 5.14. By Table 5.14, the only A
2
1 ⊆ D5 which could have the same
composition factors as X on L (E6) is case 24. Hence X is conjugate to case 24 of Table 5.14.
Similarly consider cases 9 and 18 of Table 5.14. These A21 have the same composition factors
as respectively cases 20 and 21 of Table 9.2. Hence we prove that these are conjugate. In cases
20 and 21 of Table 9.2, A21 ⊆ B22 ⊆ C4. In Section 5.1, we proved that B22 ⊆ C4 is conjugate to
Chapter 5. Products of restricted subgroups of the same type in E6 127
VD5(λ1) ↓ A21 Some composition factors of L (E6) ↓ A21 n
1 (1, 1)2/(0, 0)2 (2, 0)3/(0, 2)3/(2, 2)/(0, 0)2/(1, 1)4/ . . . 14
2 (1, 1)/(1, 0)2/(0, 0)2 (2, 0)2/(0, 2)/(2, 1)2/(0, 1)2/(1, 1)2/(0, 0)4/(1, 0)4/ . . . 8
3 (1, 1)/(2, 0)2 (2, 0)4/(0, 2)/(3, 1)2/(1, 1)2/(4, 0)/(0, 0)/ . . . 6
4 (1, 1)/(2, 0)/(0, 2) (2, 0)2/(0, 2)2/(3, 1)/(1, 1)2/(1, 3)/(2, 2)/ . . . 19
5 (1, 1)/(2, 0)/(0, 0)3 (2, 0)5/(0, 2)/(3, 1)/(1, 1)4/(0, 0)3/ . . . 7
6 (1, 1)/(4, 0)/(0, 0) (2, 0)2/(0, 2)/(5, 1)/(3, 1)/(1, 1)/(6, 0)/(4, 0)/ . . . 3
7 (1, 1)/(0, 0)6 (2, 0)/(0, 2)/(1, 1)6/(0, 0)15/ . . . 9
8 (2, 2)/(0, 0) (4, 2)/(2, 4)/(2, 0)/(0, 2)/(2, 2)/ . . . 24
9 (3, 1)/(0, 0)2 (4, 2)/(6, 0)/(2, 0)/(0, 2)/(3, 1)2/(0, 0)/ . . . 20
10 (1, 0)2/(0, 1)2/(0, 0)2 (0, 0)7/(2, 0)/(1, 1)4/(1, 0)4/(0, 2)/(0, 1)4/ . . . 9
11 (1, 0)2/(0, 2)2 (0, 0)4/(2, 0)/(1, 2)4/(0, 2)3/(0, 4)/ . . . 10
12 (1, 0)2/(0, 2)/(0, 0)3 (0, 0)6/(2, 0)/(1, 2)2/(1, 0)6/(0, 2)4/ . . . 8
13 (1, 0)2/(0, 4)/(0, 0) (0, 0)3/(2, 0)/(1, 4)2/(1, 0)2/(0, 6)/(0, 2)/(0, 4)/ . . . 4
14 (2, 0)2/(0, 2)/(0, 0) (2, 0)5/(4, 0)/(0, 0)/(2, 2)2/(0, 2)2/ . . . 18
15 (2, 0)/(0, 2)/(0, 0)4 (2, 0)5/(2, 2)/(0, 2)5/(0, 0)6/ . . . 14
16 (2, 0)/(0, 4)/(0, 0)2 (2, 0)3/(2, 4)/(0, 6)/(0, 2)/(0, 4)2/(0, 0)/ . . . 20
17 (2, 0)/(0, 6) (2, 0)/(2, 6)/(0, 10)/(0, 6)/(0, 2)/ . . . 23
18 (4, 0)/(0, 4) (6, 0)/(2, 0)/(4, 4)/(0, 6)/(0, 2)/ . . . 21
Table 5.14: A21 in D5 with each factor restricted. Each A
2
1 has the same composition factors as case
n of Table 9.2 on L (E6).
B22 ⊆ D5. Hence these A21 are conjugate to an A21 in D5. By considering the composition factors of
L (E6) ↓ X in Table 5.14, we find that cases 20 and 21 of Table 9.2 are respectively conjugate to
cases 9 and 18 of Table 5.14.
Finally consider case 17 of Table 5.14 where X = A21 ⊆ D5 with VD5(λ1) ↓ X = (6, 0)/(0, 2).
This A21 is in A1G2 ⊆ D5 with embedding (1, 6). The G2 factor is G¯2 in D5. Hence by Lemma
2.26, it is also G¯2 in E6. By [17, Table 8.3], there is a unique conjugacy class of G¯2 in E6 and
CE6(G¯2)
◦ = A2. Hence X is in A2G2 so is conjugate to one of the A21 we have seen previously. By
considering its composition factors on L (E6), we find that X is conjugate to case 23 of Table 9.2.
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Chapter 6
Products of restricted subgroups of the
same type in E7
In this chapter we find all products of simple restricted subgroups of the same type in E7 in good
characteristic thus proving Theorem 6 when G = E7. We state this here for the reader’s convenience.
Theorem 6.1. Let G = E7 of simply connected type over an algebraically closed field k of good
characteristic. Suppose X is a product of more than one simple restricted subgroup of the same type
in G. Then X is conjugate to one of the subgroups listed in Table 9.3 to 9.8.
In Lemma 2.23, we have listed up to isomorphism all possible products R1 . . . Rn of restricted
subgroups of the same type in G. We now consider each of these individually.
6.1 R1 . . . Rn = C
2
2
By Lemma 2.23, the C22 subgroups in E7 are in A7 or A¯1D6. Both factors of a subgroup C
2
2 in D6
are generated by long root subgroups. Similarly a subgroup C22 in A7 is C¯2
2
. Hence they are both
C¯2
2
in E7 by Lemma 2.26. By [17, Table 8.2], CE7(C¯2)
◦ = A1B¯3. There is a unique conjugacy class
of C¯2 in B3. Hence there is only one conjugacy class of C¯2
2
in E7. Thus a C
2
2 subgroup in A7 is
conjugate to a C22 subgroup in A¯1D6.
In A7, we have VA7(λ1) ↓ C22 = (10, 00)/(00, 10). By Theorem 2.21,
L (E7) ↓ A7 = λ4/1000001. (6.1)
Thus we find the restriction of L (E7) to C22 as in Table 9.3.
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6.2 R1 . . . Rn = A3A3
By Lemma 2.23, the A23 subgroup in E7 are in A7 or A¯1D6. Both factors of a subgroup A
2
3 in D6
are A¯3 in D6. Similarly a subgroup A
2
3 in A7 is A¯3
2
in A7. Hence by Lemma 2.26, they are both
A¯3
2
in E7. By [17, Table 8.2], CE7(A¯3)
◦ = A1A¯3. Thus there is a unique conjugacy class of A¯3
2
in
E7. Therefore the A
2
3 subgroups in A7 and D6 are conjugate.
In A7 we have VA7(λ1) ↓ A3A3 = (100, 00)/(00, 100). By (6.1), we find L (E7) ↓ A23 as in Table
9.3.
6.3 R1 . . . Rn = A
3
2
By Lemma 2.23, theA32 subgroups in E7 are in A¯2A5. We know that VA5(λ1) ↓ A2A2 = (10, 00)/(00, 10).
By Theorem 2.21,
L (E7) ↓ A¯2A5 = (10, 01000)/(01, 00010)/(11, 00000)/(00, 10001). (6.2)
Hence we find L (E7) ↓ A32 as in Table 9.3.
6.4 R1 . . . Rn = A2A2
By Lemma 2.23, the A22 in E7 are in A¯2A5, A7, A1F4, G2C3 or A¯1D6.
6.4.1 A22 ⊆ A¯2A5
Suppose A22 is in A¯2A5. We are in one of the following cases:
1. A22 = A¯2A2 ⊆ A¯2A5 with the second A2 in A5;
2. A22 = A2 A2A2 ⊆ A32 ⊆ A¯2A5;
3. A22 is in A5.
Consider the first case. Suppose X = A22 = A¯2A2 ⊆ A¯2A5 with the second A2 in A5. There are
4 conjugacy classes of restricted A2 subgroups in A5; they are listed in Table 6.1. Using (6.2), we
find L (E7) ↓ A22 in each case.
These A22 do not have the same composition factors as each other on L (E7). Hence they are
not conjugate to each other. They are cases 1 to 4 of Table 9.3 for A22. Note that by Lemma 2.26
case 3 of Table 9.3 for A22 is A¯2
2 ⊆ E7.
Next we consider the second case. Suppose X = A22 = A2 A2A2 ⊆ A32 ⊆ A¯2A5. Let A32 =
ABC ⊆ A¯2A5. The subgroups B and C are A¯2 in A5. Hence by Lemma 2.26, they are also A¯2
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VA5(λ1) ↓ A2 L (E7) ↓ A2A2
1 102 (10, 20)/(01, 02)/(11, 00)/(00, 11)4/(10, 01)3/(01, 10)3/(00, 00)3
2 10/01 (00, 20)/(00, 02)/(10, 11)/(01, 11)/(11, 00)/(00, 11)2/(10, 10)/(10, 01)/
(01, 10)/(01, 01)/(10, 00)/(01, 00)/(00, 10)/(00, 01)/(00, 00)
3 10/003 (11, 00)/(00, 11)/(10, 10)3/(10, 01)/(01, 10)/(01, 01)3/(10, 00)3/(00, 10)3/
(01, 00)3/(00, 01)3/(00, 00)9
4 20 (10, 21)/(01, 12)/(00, 22)/(11, 00)/(00, 11)
Table 6.1: A22 = A¯2A2 ⊆ A¯2A5.
in E7. So ABC = A¯2
3
in E7. Clearly ABC is contained in E6 ⊆ E7. Thus by Lemma 2.27,
NE6(A
3
2) = A
3
2.S3. Therefore A BC, ABC and AB C are conjugate. Take X = A BC.
We know that C = A¯2 in E7. By Theorem 2.24, CE7(A¯2)
◦ = A5 so AB ⊆ A5. Hence A22 = A BC
is conjugate to one of cases 1 to 4 of Table 9.3 for A22. Using our calculations from Section 6.3, we
find that if we take embedding (10, 10, 10) in A32 then
L (E7) ↓ A22 = (20, 10)/(02, 01)/(11, 00)4/(00, 11)/(10, 01)3/(01, 10)3/(00, 00)3.
If we take embedding (10, 01, 10) in A32 then
L (E7) ↓ A22 = (20, 00)/(02, 00)/(11, 10)/(11, 01)/(11, 00)2/(00, 11)/(10, 01)/(01, 10)/
(10, 10)/(01, 01)/(10, 00)/(01, 00)/(00, 10)/(00, 01)/(00, 00).
These A22 are respectively conjugate to cases 1 and 2 of Table 9.3 for A
2
2 as these are the only ones
of cases 1 to 4 that have the same composition factors as these A22 on L (E7).
Finally we consider the third case where A22 ⊆ A5. This is BC so it is A¯22 in E7. By Theorem
2.24, there is a unique conjugacy class of A¯2 in E7 and CE7(A¯2)
◦ = A5. There is a unique conjugacy
class of A¯2 in A5. Thus there is a unique conjugacy class of A¯2
2
in E7. Hence this A
2
2 is conjugate
to case 3 of Table 9.3 for A22.
6.4.2 A22 ⊆ A7
Suppose A22 is in A7. There is a unique conjugacy class of A
2
2 in A7 with both factors restricted. It
is A¯2
2
in A7. By Lemma 2.26, it is also A¯2
2
in E7. We proved in the previous section that there is
a unique conjugacy class of A¯2
2
in E7. Hence this A
2
2 is conjugate to case 3 of Table 9.3 for A
2
2.
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6.4.3 A22 ⊆ A1F4
Suppose A22 is in A1F4. By Theorem 4.1, there is a unique conjugacy class of A
2
2 in F4 with each
factor restricted. It is A¯2A˜2 in F4. The first factor of A¯2A˜2 is A¯2 in F4. Clearly A¯2 ⊆ F4 is also A¯2
in E6. Hence, by Lemma 2.26, it is also A¯2 in E7. Therefore A
2
2 ⊆ A¯2A5 since CE7(A¯2)◦ = A5. By
Theorem 2.21, L (E7) ↓ F4 = λ1/λ34/03. So using Table 9.1, we find:
L (E7) ↓ A22 = (10, 02)/(01, 20)/(11, 00)/(00, 11)/(00, 00)3/ . . .
This A22 is conjugate to case 1 of Table 9.3 for A
2
2 as it is the only one of cases 1 to 4 that could
have the same composition factors as this A22 on L (E7).
6.4.4 A22 ⊆ A¯1D6
Suppose A22 is in A¯1D6. There is a unique conjugacy class of A
2
2 in D6 with each factor restricted.
It is A¯2
2
in D6. Hence by Lemma 2.26, it is also A¯2
2
in E7. We proved in Section 6.4.1 that there is
a unique conjugacy class of A¯2
2
in E7. Therefore this A
2
2 is conjugate to case 3 of Table 9.1 for A
2
2.
6.4.5 A22 ⊆ G2C3
Finally suppose A22 is in G2C3. There is a unique restricted A2 subgroup in C3. By Lemma 2.30,
there is a unique restricted A2 subgroup in G2. It is A¯2 in G2. By [16, Theorem 2.1], the G2 factor
of G2C3 lies in a subsystem D4 in E7. Hence A¯2 ⊆ G2 is A¯2 in E7 by Lemma 2.26. Therefore
A22 ⊆ A¯2A5. By Theorem 2.21, L (E7) ↓ G2C3 = (10, 010)/(00, 200)/(01, 000). So, using Lemma
2.30, we find
L (E7) ↓ A22 = (00, 20)/(00, 02)/(10, 11)/(01, 11)/(11, 00)/(00, 11)2/(10, 10)/
(10, 01)/(01, 10)/(01, 01)/(10, 00)/(01, 00)/(00, 10)/(00, 01)/(00, 00).
Therefore this A22 is conjugate to case 2 of Table 9.3 for A
2
2.
6.5 R1 . . . Rn = A
7
1
By Lemma 2.23, the A71 subgroups in E7 are in A¯1D6. Since A
7
1 has maximal rank in E7, it is unique
up to conjugacy. By Theorem 2.21,
L (E7) ↓ A¯1D6 = (1, λ5)/(2, 0)/(0, λ2). (6.3)
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Thus we find L (E7) ↓ A71 as in Table 9.4.
6.6 R1 . . . Rn = A
6
1
By Lemma 2.23, the A61 in E7 are in A¯1D6.
Suppose A61 is in A¯1D6. We are in one of the following cases:
1. A61 = A¯1A
5
1 ⊆ A¯1D6 with A51 ⊆ D6
2. A61 = A¯1 A1A
5
1 ⊆ A¯1A61 ⊆ A¯1D6
3. A61 ⊆ D6.
6.6.1 A61 = A¯1A
5
1 ⊆ A1D6 with A51 ⊆ D6
There are two conjugacy classes of A51 in D6 with each factor restricted. They have VD6(λ1) ↓ A51 =
(1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0) and VD6(λ1) ↓ A51 = (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/
(0, 0, 0, 0, 1)2. As in the previous section, using (6.3), we find L (E7) ↓ A61 in each case:
L (E7) ↓ A61 = (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)2/(0, 1, 1, 1, 1, 0)/(0, 1, 1, 0, 0, 2)/
(0, 1, 1, 0, 0, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 1, 1, 0)/(1, 1, 0, 1, 0, 1)/
(1, 1, 0, 0, 1, 1)/(1, 0, 1, 1, 0, 1)/(1, 0, 1, 0, 1, 1)
L (E7) ↓ A61 = (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)/(0, 0, 0, 0, 0, 0)3/(0, 1, 1, 1, 1, 0)/
(0, 1, 1, 0, 0, 1)2/(0, 0, 0, 1, 1, 1)2/(1, 1, 0, 1, 0, 0)2/(1, 1, 0, 0, 1, 1)/
(1, 0, 1, 1, 0, 1)/(1, 0, 1, 0, 1, 0)2.
These two A61 are not conjugate since they do not have the same composition factors on L (E7).
They are respectively cases 1 and 2 of Table 9.4.
6.6.2 A61 = A¯1A
5
1 ⊆ A¯1D6 with A51 ⊆ D6
Let A61 = A¯1 A1A
5
1 ⊆ A¯1A61 ⊆ A¯1D6. The A61 subgroup in D6 is A¯16 in D6. Hence by Lemma 2.26
it is also A¯1
6
in E7.
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By Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). Hence all A¯1 A1A
5
1 ⊆ A¯1A61 ⊆ A¯1D6 are conjugate.
One of the factors of A61 is A¯1. Hence A
6
1 = A¯1A
5
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. Therefore these
A61 are conjugate to one of the A
6
1 we have seen previously. From L (E7) ↓ A71 we find
L (E7) ↓ A61 = (2, 0, 0, 0, 0, 0)2/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 2, 0)/
(0, 0, 0, 0, 0, 2)/(1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1)/(0, 0, 1, 1, 1, 1)/(1, 1, 1, 0, 0, 1)/
(1, 1, 0, 1, 1, 0)/(2, 0, 1, 0, 1, 0)/(0, 0, 1, 0, 1, 0)/(2, 0, 0, 1, 0, 1)/(0, 0, 0, 1, 0, 1).
Thus this A61 is conjugate to case 1 of Table 9.4.
6.6.3 A61 ⊆ D6
There is a unique conjugacy class of A61 ⊆ D6 with each factor restricted. As we saw previously
it is A¯1
6
in E7. By Lemma 2.25, there is a unique conjugacy class of A¯1
6
in E7. Hence this A
6
1 is
conjugacte to case 2 of Table 9.4.
6.7 R1 . . . Rn = A
5
1
By Lemma 2.23, the A51 in E7 are in A¯1D6, A1F4 or G2C3.
6.7.1 A51 ⊆ A¯1D6
Suppose A51 is in A¯1D6. We are in one of the following cases:
• A51 = A¯1A41 ⊆ A¯1D6 with A41 ⊆ D6
• A51 = A¯1 A1A31 ⊆ A¯1A51 ⊆ A¯1D6
• A51 ⊆ D6.
1. A51 = A¯1A
4
1 ⊆ A¯1D6
There are fourteen conjugacy classes of A41 in D6 with each factor restricted. They are all listed in
Table 6.2. For each of these we use (6.3) to find the restriction of the Lie algebra of E7 to A
5
1.
6.7 R1 . . . Rn = A
5
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Table 6.2: A51 = A¯1A
4
1 ⊆ A¯1D6 with each factor re-
stricted.
VD6(λ1) ↓ A41 L (E7) ↓ A51
1 (4, 0, 0, 0)/(0, 1, 1, 0)/ (0, 6, 0, 0, 0)/(0, 4, 0, 0, 2)/(0, 4, 1, 1, 0)/(1, 3, 1, 0, 1)/(1, 3, 0, 1, 1)/
(0, 0, 0, 2) (0, 0, 1, 1, 2)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)
2 (1, 1, 0, 0)/(0, 1, 1, 0)/ (0, 1, 2, 1, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)2/
(0, 0, 1, 1) (0, 0, 0, 0, 2)/(0, 1, 1, 1, 1)/(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 1, 0, 1, 0)
(1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 1, 2, 0)/
(1, 0, 1, 0, 0)
3 (1, 1, 0, 0)/(0, 0, 1, 1)2 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)3/(0, 0, 0, 0, 2)3/
(0, 0, 0, 2, 2)/(0, 1, 1, 1, 1)2/(0, 0, 0, 0, 0)/ . . .
(1, 1, 0, 1, 1)2/(1, 0, 1, 2, 0)/(1, 0, 1, 0, 0)/(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)
4 (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 0, 0, 1)2 (0, 1, 1, 1, 0)2/(0, 1, 1, 0, 1)2/(0, 0, 0, 1, 1)4/(0, 0, 0, 0, 0)6/
(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 1)/(1, 0, 1, 0, 0)4
5 (1, 1, 0, 0)/(0, 0, 1, 1)/ (0, 0, 0, 1, 3)/(1, 1, 0, 0, 2)/(1, 0, 1, 0, 2)/(0, 1, 1, 0, 2)/(2, 0, 0, 0, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)3/(1, 1, 0, 1, 1)/
(0, 1, 1, 1, 1)/(1, 0, 1, 1, 1)/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 1, 1, 0, 0)/
(0, 0, 0, 1, 1)2
6 (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 0, 2, 0, 1)/(0, 1, 2, 1, 0)/(0, 0, 1, 1, 2)/(0, 1, 1, 0, 2)/(2, 0, 0, 0, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/(1, 1, 1, 0, 1)/
(1, 1, 0, 1, 1)/(1, 0, 1, 1, 1)/(1, 0, 0, 0, 1)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 0)/
(0, 0, 1, 1, 0)
7 (1, 1, 0, 0)/(0, 0, 1, 0)2/ (0, 1, 1, 0, 2)/(0, 0, 0, 1, 2)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/(0, 1, 1, 1, 0)2/(1, 0, 1, 1, 1)/(1, 0, 1, 0, 1)2/
(1, 1, 0, 1, 1)/(1, 1, 0, 0, 1)2/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0)3
8 (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 0, 0, 0)4 (0, 1, 1, 1, 1)/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/(1, 0, 1, 0, 1)2/
(0, 1, 1, 0, 0)4/(0, 0, 0, 1, 1)4/(0, 0, 0, 0, 0)6
9 (1, 1, 0, 0)/(0, 0, 2, 0)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)3/(0, 0, 0, 0, 2)3/
(0, 0, 0, 2)/(0, 0, 0, 0)2 (0, 0, 0, 2, 2)/(0, 1, 1, 2, 0)/(0, 1, 1, 0, 2)/(1, 1, 0, 1, 1)2/(1, 0, 1, 1, 1)2/
(0, 1, 1, 0, 0)2/(0, 0, 0, 0, 0)
10 (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
Continued on next page
Chapter 6. Products of restricted subgroups of the same type in E7 135
Table 6.2 – continued from previous page
VD6(λ1) ↓ A41 L (E7) ↓ A51
(0, 0, 2, 0)/(0, 0, 0, 2) (0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/
(0, 0, 0, 2, 2)/(1, 1, 1, 1, 1)2
11 (3, 1, 0, 0)/(0, 0, 1, 1) (0, 6, 0, 0, 0)/(0, 4, 2, 0, 0)/(0, 3, 1, 1, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(1, 3, 1, 1, 0)/(1, 4, 0, 0, 1)/(1, 0, 2, 0, 1)
12 (1, 1, 0, 0)/(0, 1, 1, 0) (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 0, 0, 1)2 (0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 1)2/(0, 0, 1, 1, 1)2/(0, 0, 0, 0, 0)3
(1, 1, 1, 0, 0)2/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 1, 1, 0)2
13 (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/
(0, 0, 0, 1)2 (0, 1, 1, 1, 1)/(0, 1, 1, 0, 1)2/(0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0)3/
(1, 1, 0, 1, 1)/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)
14 (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 1, 0, 1) (0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)/(0, 0, 2, 1, 1)/
(0, 0, 0, 1, 1)/(1, 1, 2, 0, 0)/(1, 1, 0, 0, 0)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/
(1, 0, 2, 1, 0)/(1, 0, 0, 1, 0)/(1, 1, 0, 1, 1)
Note that cases 2 and 6, cases 4 and 8, cases 1 and 11, cases 7 and 13 and cases 3 and 9 of Table
6.2 have the same composition factors on L (E7). We show that they are conjugate to each other.
First consider cases 4 and 8 of Table 6.2. They are both A¯1
5
in D6. Hence by Lemma 2.26, they
are both A¯1
5
in E7. By Lemma 2.25, there is a unique conjugacy class of A¯1
5
in E7 so these two
A51 are conjugate. They are case 1 of Table 9.5.
Now consider cases 2, 3, 6 and 9 of Table 6.2 where A51 = A¯1
3
A¯1 A¯1 A¯1 A¯1. These A
5
1 are
in A¯1
7
. By Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28, GL3(2) has two orbits on
(3, 2, 2)-partitions of a set of 7 elements. Hence there are two conjugacy classes of (A¯1
2
)(A¯1
2
)(A¯1
3
).
Therefore there are two conjugacy classes of A¯1
3
A¯1 A¯1 A¯1 A¯1 in E7. Cases 2 and 6 and cases 3 and
9 have respectively the same composition factors on L (E7). Hence cases 2 and 6 of Table 6.2 are
conjugate to each other and cases 3 and 9 of Table 6.2 are conjugate to each other.
Next consider cases 7 and 13 of Table 6.2 which both have A51 = A¯1
4
A¯1 A¯1. These A
5
1 are in
A¯1
6
. By Lemma 2.25, CE7(A¯1
6
)◦ = A¯1. Hence these A51 are in A¯1
7
. By Lemma 2.27, NE7(A¯1
7
) =
A¯1
7
.GL3(2). By Lemma 2.28, GL3(2) has two orbits on (4, 2, 1)-partitions of a set of 7 elements.
Hence there are two conjugacy classes of (A¯1
4
)(A¯1
2
) in A¯1
7
. Thus there are two conjugacy classes
of A¯1
4
A¯1 A¯1 in E7. Cases 7, 12 and 13 of Table 6.2 are such A
5
1. Case 12 of Table 6.2 does not have
6.7 R1 . . . Rn = A
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the same composition factors on L (E7) as cases 7 and 13 of Table 6.2. Hence cases 7 and 13 of
Table 6.2 are conjugate in E7.
Now consider cases 1 and 11 of Table 6.2. In case 1 of Table 6.2, A51 = A¯1
3
AB ⊆ A¯13D4 with
VD4(λ1) ↓ AB = (4, 0)/(0, 2). In case 11 of Table 6.2, A51 = A¯13CD ⊆ A¯13D4 with VD4(λ1) ↓ CD =
(3, 1). By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order 3 in S3 induces triality on
D4 and permutes the three factos of A¯1
3
. So since AB and CD are conjugate in D4 by triality,
cases 1 and 11 of Table 6.2 are conjugate to each other in E7.
We are left with cases 5, 10, 12 and 14 of Table 6.2. These do not have the same composition
factors on L (E7) as any other cases. Hence they cannot be conjugate to any other cases. They are
respectively cases 6, 7, 8 and 9 of Table 9.5.
2. A51 ⊆ D6
Let A51 ⊆ D6. There are two conjugacy classes of A51 in D6 with each factor restricted. Either
VD6(λ1) ↓ A51 = (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)
or
VD6(λ1) ↓ A51 = (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 1)2.
In both cases the first factor of A51 is A¯1 in D6. Hence by Lemma 2.26, it is A¯1 in E7. By Theorem
2.24, CE7(A¯1)
◦ = D6. Therefore we have A51 = A¯1A
4
1 ⊆ A¯1D6 with A41 ⊆ D6. Thus these A51 are
conjugate to one of the A51 we have seen previously. In each case we use our calculations from
Section 6.6 to calculate L (E7) ↓ A51. We find that these A51 are respectively conjugate to cases 8
and 1 of Table 9.5 since these are the only ones of cases 1 to 9 that have the same composition
factors as these A51 on L (E7).
3. A51 = A¯1 A1A
3
1 ⊆ A¯1A51 ⊆ A¯1D6
Suppose X = A51 = A¯1 A1A
4
1 ⊆ A¯1A51 ⊆ A1D6. We saw in Section 6.6 that there are two con-
jugacy classes of A61 in A¯1D6 with each factor restricted. They have embeddings in A¯1D6 re-
spectively (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)) and (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/
(0, 0, 0, 0, 1)2). We will denote them by A¯1ABCDE and A¯1FGHIJ . In both cases the first four A1
are A¯1 in E7. Thus whichever A¯1 A1A
4
1 ⊆ A61 we pick, one of the last four A1 is A¯1. By Theorem
2.24, CE7(A¯1)
◦ = D6. Hence these A51 are conjugate to one of the A
5
1 we have seen previously. In
each case we use our calculations in Section 6.6 to calculate L (E7) ↓ A51. Note that A,B,C and D
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are conjugate and similarly F,G,H and I are conjugate. We find:
L (E7) ↓ A¯1 ABCDE = (2, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/
(1, 1, 0, 0, 2)/(0, 0, 1, 1, 2)/(1, 1, 1, 1, 0)/(1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/ . . .
L (E7) ↓ A¯1ABCDE = (2, 0, 0, 0, 0)3/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(2, 1, 1, 0, 0)/(2, 0, 0, 1, 1)/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/ . . .
L (E7) ↓ A¯1FGHIJ = (2, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(1, 1, 1, 1, 0)/(1, 1, 0, 0, 1)2/(0, 0, 1, 1, 1)2/(0, 0, 0, 0, 0)3 . . .
L (E7) ↓ A¯1FGHIJ = (2, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 1, 1, 1, 1)/(1, 1, 1, 0, 0)2/(1, 0, 0, 1, 1)2/(0, 0, 0, 0, 0)3 . . . .
Thus A¯1 ABCDE and A¯1ABCDE are respectively conjugate to cases 2 and 6 of Table 9.4. Both
A¯1FGHIJ and A¯1FGHIJ are conjugate to case 3 of Table 9.4.
6.7.2 A51 ⊆ A1F4
By Theorem 4.1, there are no A51 subgroups in F4 and there is a unique conjugacy class of A
4
1 in F4
with each factor restricted. Thus there is a unique conjugacy class of A51 in A1F4 with each factor
restricted. The A41 subgroup in F4 is in B4 and has VB4(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0).
The first A1 is A¯1 in B4. Hence by Lemma 2.26, it is also A¯1 in F4 so in E6. So, by Lemma 2.26, it
is A¯1 in E7. By Theorem 2.24, CE7(A¯1)
◦ = D6 so A51 ⊆ A¯1D6.
By Theorem 2.21, L (E7) ↓ A1F4 = (2, 0001)/(0, 1000)/(2, 0000). So using Table 9.1, we find
L (E7) ↓ A51 = (0, 1, 1, 1, 1)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 1, 1, 0, 0)/
(0, 1, 0, 1, 0)/(0, 1, 0, 0, 1)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/(0, 0, 0, 1, 1)/(2, 0, 0, 0, 0)/ . . . .
Hence this A51 is conjugate to case 9 of Table 9.5.
6.8 R1 . . . Rn = A
4
1 138
6.7.3 A51 ⊆ G2C3
Suppose X = A51 ⊆ G2C3. Then X = A21A31 ⊆ G2C3 with A21 ⊆ G2 and A31 ⊆ C3. There is a
unique conjugacy class of A31 in C3 with each factor restricted. By Lemma 2.30, there is a unique
A21 subgroup in G2 and it is A¯1A1 in G2. By [16, Theorem 2.1], the G2 factor of G2C3 lies in a
subsystem D4 in E7. Hence by Lemma 2.26, the A¯1A1 subgroup in G2 is also A¯1A1 in E7. Therefore
A51 = A¯1A
4
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6.
By Theorem 2.21, L (E7) ↓ G2C3 = (10, 010)/(00, 200)/(01, 000). Hence using Lemma 2.30, we
find
L (E7) ↓ A51 = (0, 2, 1, 1, 0)/(0, 2, 1, 0, 1)/(0, 2, 0, 1, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)3/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(1, 1, 0, 0, 0)2/(1, 1, 1, 1, 0)/(1, 1, 1, 0, 1)/(1, 1, 0, 1, 1)/(0, 0, 1, 1, 0)/
(0, 0, 1, 0, 1)/(0, 0, 0, 1, 1)/(1, 3, 0, 0, 0).
Therefore X is conjugate to case 6 of Table 9.5.
6.8 R1 . . . Rn = A
4
1
By Lemma 2.23, the A41 in E7 are in A¯1D6, A1F4, G2C3, A2A5 or A7.
6.8.1 A41 ⊆ A¯1D6
Suppose A41 is in A¯1D6. We are in one of the following cases:
1. A41 = A¯1A
3
1 ⊆ A¯1D6 with A31 ⊆ D6
2. A41 ⊆ D6
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ A1D6.
We will need the following lemma.
Lemma 6.2. Any A41 ⊆ A¯1D6 such that A41 = A¯13A¯1 A¯1 is conjugate to one of the following A41:
• A41 ⊆ A¯1D6 with embedding (1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) (case 5 of Table 9.6)
• A41 ⊆ A¯1D6 with embedding (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)) (case 6 of Table 9.6)
• A41 ⊆ A¯1D6 with embedding (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) (case 7 of Table 9.6).
Chapter 6. Products of restricted subgroups of the same type in E7 139
Proof. Clearly all of these A41 are in A¯1
5
. By Lemma 2.25, CE7(A¯1
5
)◦ = A¯1
2
. Hence A41 ⊆ A¯17. By
Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28, GL3(2) has three orbits on ordered (3, 2, 2)-
partitions of the set of seven elements. Hence there are three conjugacy classes of (A¯1
3
)(A¯1
2
) in
A¯1
7
. Therefore there are three conjugacy classes of A¯1
3
A¯1 A¯1 in E7.
Note that the three A41 listed in the lemma are such A
4
1. We calculate L (E7) ↓ A41 in each of
these cases (see Table 6.3) and note that they do not have the same composition factors as each
other on L (E7) ↓ A41. Hence they are not conjugate to each other. Thus any such A41 must be
conjugate to one of them.
1. A41 = A¯1A
3
1 ⊆ A¯1D6 with A31 ⊆ D6
Suppose A41 = A¯1A
3
1 ⊆ A¯1D6 with A31 ⊆ D6. There are 37 conjugacy classes of A31 in D6 with each
factor restricted. They are listed in Table 6.3. In each case we calculate L (E7) ↓ A41.
Table 6.3: A41 = A¯1A
3
1 ⊆ A¯1D6 with each factor re-
stricted.
VD6(λ1) ↓ A31 L (E7) ↓ A41
1 (2, 1, 1) (0, 4, 2, 0)/(0, 4, 0, 2)/(0, 2, 2, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(1, 2, 1, 2)/(1, 4, 1, 0)/(1, 0, 3, 0)
2 (2, 2, 0)/(0, 0, 2) (0, 4, 2, 0)/(0, 2, 4, 0)/(1, 3, 1, 1)/(1, 1, 3, 1)/(0, 2, 2, 2)/(2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)
3 (3, 1, 0)/(0, 1, 1) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 2, 1)/(0, 3, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)2/(0, 0, 0, 2)/(1, 3, 2, 0)/(1, 4, 0, 1)/(1, 0, 2, 1)/(1, 3, 0, 0)
4 (3, 1, 0)/(1, 0, 1) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 4, 1, 1)/(0, 2, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)2/
(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 4, 1, 0)/(1, 2, 1, 0)/(1, 4, 0, 1)/(1, 0, 2, 1)
5 (3, 1, 0)/(0, 0, 1)2 (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 1, 1)2/(1, 3, 1, 0)2/(1, 4, 0, 1)/(1, 0, 2, 1)/
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)3
6 (3, 1, 0)/(0, 0, 2)/ (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 1, 2)/(1, 3, 1, 1)/(1, 4, 0, 1)/(0, 3, 1, 0)/
(0, 0, 0) (1, 0, 2, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2
7 (3, 0, 0)2/(0, 1, 1) (0, 6, 0, 0)/(0, 4, 0, 0)3/(0, 3, 1, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(1, 4, 0, 1)/(1, 3, 1, 0)2/(1, 0, 0, 1)3/(0, 0, 0, 0)3
8 (6, 0, 0)/(0, 1, 1)/ (0, 10, 0, 0)/(1, 6, 1, 0)/(0, 6, 1, 1)/(1, 6, 0, 1)/(0, 6, 0, 0)2/(2, 0, 0, 0)/
(0, 0, 0) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 1, 1)/(1, 0, 0, 1)/(1, 0, 1, 0)
Continued on next page
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Table 6.3 – continued from previous page
VD6(λ1) ↓ A31 L (E7) ↓ A41
9 (4, 0, 0)/(1, 1, 0)/ (0, 6, 0, 0)/(0, 4, 0, 2)/(1, 4, 0, 1)/(0, 5, 1, 0)/(1, 3, 1, 1)/(0, 3, 1, 0)/
(0, 0, 2) (0, 1, 1, 2)/(1, 2, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)
10 (4, 0, 0)/(0, 1, 1)/ (0, 6, 0, 0)2/(1, 4, 1, 0)/(1, 4, 0, 1)/(0, 4, 1, 1)/(0, 4, 0, 0)/(1, 2, 1, 0)/
(2, 0, 0) (1, 2, 0, 1)/(0, 2, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)
11 (4, 0, 0)/(0, 1, 1)/ (0, 6, 0, 0)/(0, 4, 1, 1)/(0, 4, 0, 2)/(1, 3, 0, 2)/(1, 3, 1, 1)/(1, 3, 0, 0)/
(0, 0, 2) (0, 0, 1, 3)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/(0, 0, 1, 1)
12 (4, 0, 0)/(0, 1, 0)2/ (0, 6, 0, 0)/(0, 4, 0, 2)/(0, 4, 1, 0)2/(1, 3, 1, 1)/(1, 3, 0, 1)2/(0, 0, 1, 2)2/
(0, 0, 2) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)3
13 (4, 0, 0)/(0, 1, 1)/ (0, 6, 0, 0)/(0, 4, 0, 0)3/(1, 3, 0, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0)3 (0, 0, 0, 2)/(0, 4, 1, 1)/(1, 3, 1, 0)2/(0, 0, 1, 1)3/(0, 0, 0, 0)3
14 (4, 0, 0)/(0, 2, 0)/ (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 4, 0, 2)/(1, 3, 1, 1)2/(0, 4, 0, 0)/(0, 0, 2, 2)/
(0, 0, 2)/(0, 0, 0) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)2
15 (1, 1, 0)2/(0, 1, 1) (0, 2, 2, 0)/(0, 1, 2, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)4/(0, 0, 0, 2)/
(0, 1, 0, 1)2/(0, 0, 0, 0)/(1, 0, 3, 0)/(1, 1, 2, 0)/(1, 1, 0, 0)/(1, 2, 0, 1)/
(1, 0, 0, 1)2/(1, 0, 2, 1)/(1, 0, 1, 0)2
16 (1, 1, 0)/(1, 0, 1)/ (0, 2, 1, 1)/(0, 1, 2, 1)/(0, 1, 1, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)2/
(0, 1, 1) (0, 0, 0, 2)2/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1)/(1, 2, 1, 0)/(1, 0, 2, 1)/
(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(1, 1, 1, 1)
17 (1, 1, 0)2/(0, 0, 1)2 (0, 2, 2, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)3/(0, 0, 0, 2)/(0, 1, 1, 1)4/
(0, 0, 0, 0)4/(1, 2, 0, 1)/(1, 0, 2, 1)/(1, 1, 1, 0)4/(1, 0, 0, 1)2
18 (1, 1, 0)/(0, 1, 1)/ (0, 1, 2, 1)/(0, 0, 1, 2)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)2/
(0, 0, 1)2 (0, 1, 1, 1)2/(0, 1, 0, 1)/(0, 0, 1, 0)2/(0, 0, 0, 0)3
(1, 1, 1, 0)2/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 2, 1)/(1, 0, 0, 1)/(1, 0, 1, 1)2
19 (1, 1, 0)/(0, 1, 0)2/ (0, 1, 2, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)/(0, 0, 1, 1)4/
(0, 0, 1)2 (0, 1, 1, 1)2/(0, 1, 0, 0)2/(0, 0, 0, 0)6/
(1, 1, 1, 1)/(1, 0, 2, 0)2/(1, 1, 0, 0)4/(1, 0, 1, 1)2/(1, 0, 0, 0)2
20 (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 0)4/(0, 1, 0, 1)4/
(0, 0, 1)2 (0, 0, 1, 1)4/(0, 0, 0, 0)9/(1, 1, 1, 1)/(1, 1, 0, 0)4/(1, 0, 1, 0)4/(1, 0, 0, 1)4
21 (1, 1, 0)2/(0, 0, 2)/ (0, 2, 2, 0)/(1, 2, 0, 1)/(1, 0, 2, 1)/(0, 1, 1, 2)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/
(0, 0, 0) (0, 0, 2, 0)3/(0, 0, 0, 2)2/(1, 1, 1, 1)2/(1, 0, 0, 1)2/(0, 1, 1, 0)2/(0, 0, 0, 0)
22 (1, 1, 0)/(0, 1, 1)/ (0, 0, 1, 3)/(0, 1, 2, 1)/(0, 1, 1, 2)/(1, 1, 0, 2)/(1, 0, 1, 2)2/
(0, 0, 2)/(0, 0, 0) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)3/(1, 1, 1, 1)/(1, 1, 0, 0)/
(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1)2
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23 (1, 1, 0)/(1, 0, 0)2/ (0, 1, 1, 2)/(0, 2, 1, 0)2/(0, 1, 0, 2)2/(2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)/
(0, 0, 2)/(0, 0, 0) (0, 0, 0, 2)2/(0, 1, 1, 0)/(0, 0, 1, 0)2/(0, 1, 0, 0)2/(1, 2, 0, 1)/(1, 0, 0, 1)/
(1, 1, 0, 1)2/(1, 0, 1, 1)2/(1, 1, 1, 1)/(0, 0, 0, 0)3
24 (0, 1, 1)/(1, 0, 0)2/ (3, 0, 0, 0)2/(2, 1, 1, 0)/(2, 1, 0, 1)/(2, 0, 1, 1)/(2, 0, 0, 0)3/(0, 2, 0, 0)/
(2, 0, 0)/(0, 0, 0) (0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 1, 1)2/(0, 1, 1, 0)/
(0, 1, 0, 1)/(0, 0, 1, 1)/(1, 0, 0, 0)4/(0, 0, 0, 0)3
25 (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/(0, 1, 0, 2)2/(0, 0, 1, 2)2/
(0, 0, 2)/(0, 0, 0) (0, 1, 1, 0)4/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(1, 1, 1, 1)/(1, 1, 0, 1)2/(1, 0, 1, 1)2/
(1, 0, 0, 1)4/(0, 0, 0, 0)6
26 (1, 1, 0)/(0, 1, 1)/ (0, 1, 2, 1)/(1, 0, 2, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)/
(0, 0, 0) (1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 1, 1)2/(0, 1, 1, 0)4/(0, 1, 0, 1)/(0, 0, 1, 1)4/
(1, 0, 0, 0)2/(0, 0, 0, 0)6
27 (1, 1, 0)/(0, 0, 1)2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/
(0, 0, 0)4 (1, 0, 1, 1)2/(0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 0, 1, 1)4/(1, 0, 0, 0)8/(0, 0, 0, 0)9
28 (1, 1, 0)/(0, 2, 0)/ (0, 0, 2, 2)/(0, 1, 3, 0)/(1, 0, 2, 1)2/(0, 1, 1, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2)/(0, 0, 0)2 (0, 0, 2, 0)4/(0, 0, 0, 2)3/(1, 1, 1, 1)2/(1, 0, 0, 1)2/(0, 1, 1, 0)3/(0, 0, 0, 0)
29 (1, 0, 0)2/(0, 2, 0)/ (0, 2, 2, 0)/(1, 2, 0, 0)2/(1, 0, 2, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)3/
(0, 0, 2)/(0, 0, 0)2 (0, 0, 0, 2)/(1, 1, 1, 1)2/(0, 1, 1, 1)4/(1, 0, 0, 0)4/(0, 0, 0, 0)4
30 (1, 1, 0)/(0, 0, 2)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)6/(0, 1, 1, 2)/(0, 1, 1, 0)5/
(0, 0, 0)5 (1, 1, 0, 1)4/(1, 0, 1, 1)4/(0, 0, 0, 0)10
31 (2, 0, 0)/(0, 2, 0)/ (0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)4/(0, 0, 2, 0)4/
(0, 0, 2)/(0, 0, 0)3 (0, 0, 0, 2)4/(1, 1, 1, 1)4/(0, 0, 0, 0)3
32 (1, 1, 0)/(0, 0, 1)4 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)6/(0, 1, 1, 2)/(0, 1, 1, 0)5/
(1, 1, 0, 1)4/(1, 0, 1, 1)4/(0, 0, 0, 0)10
33 (2, 0, 0)2/(0, 2, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 4, 0, 0)/(0, 2, 2, 0)2/
(0, 0, 2) (0, 2, 0, 2)2/(0, 0, 2, 2)/(0, 0, 0, 0)/ . . .
34 (1, 1, 0)/(0, 0, 2)2 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)7/(0, 0, 0, 4)/(0, 1, 1, 2)2/
(0, 0, 0)2 (1, 1, 0, 2)2/(1, 0, 1, 2)2/(0, 1, 1, 0)2/(1, 1, 0, 0)2/(1, 0, 1, 0)2/(0, 0, 0, 0)2
35 (1, 1, 0)/(0, 1, 1) (0, 1, 3, 0)/(0, 0, 3, 1)/(0, 1, 2, 1)/(1, 1, 2, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 2, 0)/(0, 0, 0) (0, 0, 2, 0)4/(0, 0, 0, 2)/(1, 1, 1, 1)/(1, 1, 0, 0)/(0, 1, 1, 0)2/(0, 0, 1, 1)2/
(0, 1, 0, 1)/(1, 0, 3, 0)2/(1, 0, 1, 0)4
36 (1, 0, 0)2/(0, 1, 1) (0, 0, 1, 3)/(0, 1, 0, 2)2/(1, 0, 0, 2)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 2)/(0, 0, 0) (0, 0, 0, 2)3/(1, 0, 1, 1)2/(0, 1, 1, 1)2/(0, 0, 1, 1)2/(0, 1, 0, 0)2/
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(1, 0, 0, 0)2/(0, 0, 0, 0)3/(1, 1, 1, 1)/(1, 1, 0, 2)/(1, 1, 0, 0)
37 (1, 1, 0)/(1, 0, 1) (2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 2, 1, 1)/(0, 0, 1, 1)/
(1, 0, 0)2 (0, 2, 1, 0)2/(0, 0, 1, 0)2/(0, 2, 0, 1)2/(0, 0, 0, 1)2/(0, 0, 0, 0)3/(1, 2, 0, 0)2/
(1, 0, 0, 0)2/(1, 2, 0, 1)/(1, 0, 0, 1)/(1, 2, 1, 0)/(1, 0, 1, 0)/(1, 0, 1, 1)2
First consider cases 7 and 13 of Table 6.3. These two A41 have the same composition factors on
L (E7). We show that they are conjugate. In case 7 we have VD6(λ1) ↓ A31 = (3, 0, 0)2/(0, 1, 1) and
in case 13 we have VD6(λ1) ↓ A31 = (4, 0, 0)/(0, 1, 1)/(0, 0, 0)3. Hence in case 7, A41 = A¯13A ⊆ A¯13D4
with VD4(λ1) ↓ A = 32. Similarly in case 13, A41 = A¯13B ⊆ A¯13D4 with VD4(λ1) ↓ B = 4/03. By
Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order 3 in S3 induces triality on D4 and
permutes the three factors of A¯1
3
. Hence it acts on A¯1
3
A and A¯1
3
B by permuting the three A¯1 and
sending A to B. Therefore these two A41 are conjugate. They are case 1 in Table 9.6.
Next consider cases 19 and 32 of Table 6.3. These A41 are both A¯1
3
A¯1 A¯1. By Lemma 6.2, they
are conjugate to A41 ⊆ A¯1D6 with embedding (1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)), (1, (1, 1, 0)/
(0, 1, 1)/(0, 0, 0)) or (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) which are cases 25, 26 or 30 of Table 6.3. They
are respectively conjugate to cases 25 and 30 of Table 6.3 since these are the only ones of cases 25,
26 and 30 which have the same composition factors as these A41 on L (E7).
Finally all other A41 = A¯1A
3
1 ⊆ A¯1D6 have distinct composition factors to each other on L (E7).
They are cases 2 to 34 of Table 9.6
2. A41 ⊆ D6
Suppose X = A41 ⊆ D6. All A41 in D6 with each factor restricted are listed in Table 6.4. Note that
case 14 of Table 6.4 is the only case where none of the factors of A41 are A¯1.
In all other cases A41 = A¯1A
3
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6 by Theorem 2.24. Thus these A41 are
conjugate to one of the A41 we have seen previously so to one of cases 1 to 34 of Table 9.6. In each
case, using our calculations from Section 6.7.1, we find L (E7) ↓ A41. These are given in Table 6.4.
For each of these A41, there is an n ∈ {1, 2, . . . , 34} such that A41 has the same composition factors
as case n of Table 9.6 on L (E7). This n is given in Table 6.4. Hence X is conjugate to case n of
Table 9.6.
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Table 6.4: A41 in D6. Each A
4
1 has the same composition
factors as case n of Table 9.6 on L (E7).
VD6(λ1) ↓ A41 L (E7) ↓ A41 n
1b (4, 0, 0, 0)/(0, 1, 1, 0)/ (6, 0, 0, 0)/(4, 0, 0, 2)/(4, 1, 1, 0)/(3, 1, 0, 1)2/(3, 0, 1, 1)2/ 13
(0, 0, 0, 2) (0, 1, 1, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(0, 0, 0, 0)3
2b (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 2, 1, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)2/(0, 0, 0, 2)/ 25
(0, 0, 1, 1) (1, 1, 1, 1)/(0, 1, 2, 1)/(0, 1, 0, 1)/(1, 0, 1, 0)/(0, 0, 0, 0)3
(1, 1, 1, 0)2/(1, 0, 1, 1)2/(0, 2, 0, 1)2/(0, 0, 0, 1)2/(0, 1, 2, 0)2/
(0, 1, 0, 0)2
3b (1, 1, 0, 0)/(0, 0, 1, 1)2 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)3/ 8
(0, 0, 2, 2)/(1, 1, 1, 1)2/(0, 0, 0, 0)4/
(1, 0, 1, 1)4/(0, 1, 2, 0)2/(0, 1, 0, 0)2/(0, 1, 0, 2)2/(0, 1, 0, 0)2
4b (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 3
(0, 0, 0, 1)2 (1, 1, 1, 0)2/(1, 1, 0, 1)2/(0, 0, 1, 1)4/(0, 0, 0, 0)9/
(1, 0, 1, 0)4/(1, 0, 0, 1)4/(0, 1, 1, 1)2/(0, 1, 0, 0)8
5b (1, 1, 0, 0)/(0, 0, 1, 1)/ (0, 0, 1, 3)/(1, 0, 0, 2)2/(0, 1, 0, 2)2/(1, 1, 0, 2)/(1, 1, 1, 1)/ 31
(0, 0, 0, 2)/(0, 0, 0, 0) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)3/(1, 0, 1, 1)2/
(0, 1, 1, 1)2/(1, 0, 0, 0)2/(0, 1, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1)2/
(0, 0, 0, 0)3
6b (1, 1, 0, 0)/(0, 1, 1, 0)/ (0, 2, 0, 1)2/(1, 2, 1, 0)/(0, 1, 1, 2)/(1, 1, 0, 2)/(0, 1, 1, 0)/ 22
(0, 0, 0, 2)/(0, 0, 0, 0) (2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)2/(1, 1, 0, 1)2/
(1, 0, 1, 1)2/(0, 1, 1, 1)2/(0, 0, 0, 1)2/(1, 0, 1, 0)/(1, 1, 0, 0)/
(0, 0, 0, 0)3
7b (1, 1, 0, 0)/(0, 0, 1, 0)2/ (1, 1, 0, 2)/(0, 0, 1, 2)2/(2, 0, 0, 0)/(0, 2, 0, 0)/ 6
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 0, 2, 0)/(0, 0, 0, 2)2/(1, 1, 1, 0)2/(0, 1, 1, 1)2/(0, 1, 0, 1)4/
(1, 0, 1, 1)2/(1, 0, 0, 1)4/(1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 0)6
8b (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 2
(0, 0, 0, 0)4 (1, 1, 1, 1)/(1, 0, 1, 0)4/(1, 1, 0, 0, 1)2/(0, 1, 1, 0)4/(0, 1, 0, 1)4/
(1, 1, 0, 0)4/(0, 0, 1, 1)4/(0, 0, 0, 0)9
9b (1, 1, 0, 0)/(0, 0, 2, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)3/ 32
(0, 0, 0, 2)/(0, 0, 0, 0)2 (0, 0, 2, 2)/(1, 1, 2, 0)/(1, 1, 0, 2)/(1, 0, 1, 1)4/(0, 1, 1, 1)4/
(1, 1, 0, 0)2/(0, 0, 0, 0)4
10b (3, 1, 0, 0)/(0, 0, 1, 1) (6, 0, 0, 0)/(4, 2, 0, 0)/(3, 1, 1, 1)/(0, 0, 0, 0)3/(2, 0, 0, 0)/ 19
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(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(3, 1, 1, 0)2/(4, 0, 0, 1)2/
(0, 2, 0, 1)2
11b (1, 1, 0, 0)/(0, 1, 1, 0) (2, 0, 0, 0)/(0, 2, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)/ 6
(0, 0, 0, 1)2 (1, 2, 1, 0)/(1, 0, 1, 0)/(1, 1, 0, 1)2/(0, 1, 1, 1)2/(0, 0, 0, 0)6
(1, 1, 0, 0)4/(1, 0, 1, 1)2/(0, 2, 0, 1)2/(0, 0, 0, 1)2/(0, 1, 1, 0)4
12b (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/ 5
(0, 0, 0, 1)2 (1, 1, 1, 1)/(1, 1, 0, 1)2/(0, 0, 1, 2)2/(0, 0, 1, 0)2/(0, 0, 0, 0)6/
(1, 0, 1, 1)2/(1, 0, 0, 1)4/(0, 1, 1, 0)4/(0, 1, 0, 2)2/(0, 1, 0, 0)2
13b (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)/ 33
(0, 1, 0, 1) (1, 2, 1, 0)/(1, 0, 1, 0)/(1, 2, 0, 1)/(1, 0, 0, 1)/(0, 2, 1, 1)/
(0, 0, 1, 1)/(1, 2, 0, 0)2/(1, 0, 0, 0)2/(0, 2, 0, 1)2/(0, 0, 0, 1)2/
(0, 2, 1, 0)2/(0, 0, 1, 0)2/(1, 0, 1, 1)2/(0, 0, 0, 0)3
14b (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ none
(0, 0, 2, 0)/(0, 0, 0, 2) (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/
(0, 2, 0, 2)/(0, 0, 2, 2)/(1, 1, 1, 1)4/(0, 0, 0, 0)3
We are left with case 14 of Table 6.4. This A41 does not have the same composition factors on
L (E7) as any of the A41 we have seen previously. Hence it is not conjugate to any of the A
4
1 we
have seen previously. It is case 35 of Table 9.6.
3. A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A1D6
Let A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A¯1D6. By Section 6.7.1, there are 14 conjugacy classes of A¯1A41 in
A¯1D6 with each factor restricted. We consider all possible A¯1 A1A
3
1 in each of these A¯1A
4
1. These
are listed in Table 6.5.
Note that case 10 of Table 6.5 is the only case where A41 ⊆ D6 that has no more than one A¯1
factor. In all other cases, however we pick A41 = A¯1 A1A
3
1 ⊆ A¯1A41, one of the factors of A¯1 A1A31
is A¯1. Hence the other three factors of A
4
1 are in D6 since CE7(A¯1)
◦ = D6. Therefore these A41
are conjugate to one of the A41 we have already considered. In each case we calculate L (E7) ↓ A41
to find which of cases 1 to 34 of Table 9.6 each of these A41 is conjugate to. The results of these
calculations are given in Table 6.5.
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Table 6.5: A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A¯1D6. Each A41 has
the same composition factors as case n of Table 9.6 on
L (E7).
VA¯1D6 ↓ A41 L (E7) ↓ A41 n
1 (i) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/ (6, 0, 0, 0)/(4, 0, 0, 2)/(4, 1, 1, 0)/(4, 1, 0, 1)/(2, 1, 0, 1)/ 12
(0, 0, 0, 2)) (4, 0, 1, 1)/(2, 0, 1, 1)/(0, 1, 1, 2)/(2, 0, 0, 0)2/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)
(ii) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/ (0, 6, 0, 0)/(0, 4, 0, 2)/(1, 4, 1, 0)/(2, 3, 0, 1)/(0, 3, 0, 1)/ 14
(0, 0, 0, 2)) (1, 3, 1, 1)/(1, 0, 1, 2)/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)
(iii) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/ (0, 6, 0, 0)/(2, 4, 0, 0)/(0, 4, 1, 1)/(2, 3, 1, 0)/(0, 3, 1, 0)/ 11
(0, 0, 0, 2)) (2, 3, 0, 1)/(0, 3, 0, 1)/(2, 0, 1, 1)/(2, 0, 0, 0)2/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)
2 (i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 2, 1, 0)/(2, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 2, 0)2/(0, 0, 0, 2)/(1, 1, 1, 1)/ 21
(0, 0, 1, 1) (0, 1, 2, 1)/(0, 1, 0, 1)/(1, 0, 1, 0)
(2, 1, 1, 0)/(0, 1, 1, 0)/(2, 0, 1, 1)/(0, 0, 1, 1)/(1, 2, 0, 1)/(1, 0, 0, 1)/(1, 1, 2, 0)/
(1, 1, 0, 0)
(ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 1, 1, 0)/(2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)/(1, 1, 1, 1)/ 4
(0, 0, 1, 1) (1, 0, 2, 1)/(1, 0, 0, 1)/(2, 1, 1, 0)/(0, 1, 1, 0)2/(1, 1, 1, 1)/(3, 0, 0, 1)/
(1, 0, 0, 1)2/(2, 0, 2, 0)/(0, 0, 2, 0)/(2, 0, 0, 0)/(0, 0, 0, 0)
3 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)2) (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)3/(0, 0, 2, 2)/(1, 1, 1, 1)2/(0, 0, 0, 0)/ 23
(2, 0, 1, 1)2/(0, 0, 1, 1)2/(1, 1, 2, 0)/(1, 1, 0, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)
(ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)2) (2, 0, 0, 0)4/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)3/(2, 0, 0, 2)/(1, 1, 1, 1)2/(0, 0, 0, 0)/ 4
(2, 1, 0, 1)2/(0, 1, 0, 1)2/(1, 0, 1, 2)/(1, 0, 1, 0)/(3, 0, 1, 0)/(1, 0, 1, 0)/(1, 0, 1, 0)
4 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/ 5
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Table 6.5 – continued from previous page
VA¯1D6 ↓ A41 L (E7) ↓ A41 n
(0, 0, 0, 1)2) ((0, 0, 1, 1)4/(0, 0, 0, 0)6/
(2, 0, 1, 0)2/(2, 0, 0, 1)2/(1, 1, 1, 1)/(1, 1, 0, 0)4/(0, 0, 1, 0)2/(0, 0, 0, 1)2
(ii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)2/(1, 1, 1, 0)2/ 6
(0, 0, 0, 1)2) (1, 0, 0, 1)4/(0, 0, 0, 0)6/
(1, 1, 0, 1)2/(2, 1, 0, 0)2/(0, 1, 0, 0)2/(2, 0, 1, 1)/(0, 0, 1, 1)/(1, 0, 1, 0)4
5 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (0, 0, 1, 3)/(2, 0, 0, 2)/(1, 1, 0, 2)2/(2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 0, 2)/ 4
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 0, 2, 0)/(0, 0, 0, 2)4/(2, 0, 1, 1)/(0, 0, 1, 1)/3(1, 1, 1, 1)2/(1, 1, 0, 0)2/(0, 0, 0, 0)
(ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (1, 0, 0, 3)/(1, 1, 0, 2)/(1, 0, 1, 2)/(0, 1, 1, 2)/(2, 0, 0, 0)2/(0, 2, 0, 0)/ 24
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 0, 2, 0)/(0, 0, 0, 2)3/(2, 1, 0, 1)/(0, 1, 0, 1)/(1, 1, 1, 1)/(2, 0, 1, 1)/
(0, 0, 1, 1)/(1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 1, 0)/(1, 0, 0, 1)2
(iii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (3, 0, 0, 1)/(3, 1, 0, 0)/(1, 1, 0, 0)/(3, 0, 1, 0)/(1, 0, 1, 0)/(2, 1, 1, 0)/(2, 0, 0, 0)4/ 30
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 1, 0, 1)/(0, 1, 0, 1)/(1, 1, 1, 1)/
(2, 0, 1, 1)/(0, 0, 1, 1)/(1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 1, 0)/(1, 0, 0, 1)2
6 (i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 2, 0, 1)/(1, 2, 1, 0)/(0, 1, 1, 2)/(1, 1, 0, 2)/(2, 0, 0, 0)2/(0, 2, 0, 0)2/ 21
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 0, 2, 0)/(0, 0, 0, 2)2/(2, 1, 0, 1)/(0, 1, 0, 1)/(2, 0, 1, 1)/(0, 0, 1, 1)/(1, 1, 1, 1)/
(1, 0, 0, 1)/(1, 0, 1, 0)/(1, 1, 0, 0)/(0, 1, 1, 0)
(ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (3, 0, 0, 1)/(2, 1, 1, 0)/(1, 0, 1, 2)/(2, 1, 0, 1)/(1, 1, 0, 2)/(2, 0, 1, 1)/(2, 0, 0, 0)3/ 24
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/(1, 1, 1, 1)/(0, 1, 0, 1)/(0, 0, 1, 1)/
(1, 0, 0, 1)2/(0, 1, 1, 0)/(1, 1, 0, 0)/(1, 0, 1, 0)
(iii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 2, 0)/(0, 1, 2, 1)/(2, 0, 1, 1)2/(2, 1, 1, 0)2/(2, 1, 0, 1)//(2, 0, 0, 0)4/ 34
(0, 0, 0, 2)/(0, 0, 0, 0) (0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)/(0, 1, 0, 1)2/(0, 0, 1, 1)2/(0, 1, 1, 0)2/(0, 0, 0, 0)
7 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 0, 1, 1)/(2, 0, 0, 1)2/(1, 1, 0, 2)/(0, 0, 1, 2)2/(2, 0, 0, 0)2/(0, 2, 0, 0)/ 25
(0, 0, 0, 2)/(0, 0, 0, 0)) (0, 0, 2, 0)/(0, 0, 0, 2)2/(1, 1, 1, 0)2/(1, 1, 1, 1)/(1, 1, 0, 1)2/(0, 0, 1, 1)/
(0, 0, 0, 1)2/(1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 0)3
(ii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 1, 0, 1)/(0, 1, 1, 2)/(2, 0, 1, 1)/(1, 0, 0, 2)2/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/ 22
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Table 6.5 – continued from previous page
VA¯1D6 ↓ A41 L (E7) ↓ A41 n
(0, 0, 0, 2)/(0, 0, 0, 0)) (0, 0, 0, 2)2/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 1, 1)2/(0, 0, 1, 1)/(0, 1, 0, 1)/
(0, 1, 1, 0)/(1, 0, 0, 0)2/(0, 0, 0, 0)3
(iii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (2, 1, 1, 0)/(2, 1, 0, 1)/(2, 0, 1, 1)/(2, 1, 0, 0)2/(2, 0, 0, 1)2/(2, 0, 1, 0)2/(2, 0, 0, 0)3/ 33
(0, 0, 0, 2)/(0, 0, 0, 0)) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)2/(0, 0, 1, 1)/(0, 1, 0, 1)/
(0, 1, 1, 0)/(0, 1, 0, 0)2/(0, 0, 0, 1)2/(0, 0, 1, 0)2/(0, 0, 0, 0)3
8 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)/(2, 0, 1, 0)2/(0, 0, 1, 0)2/ 5
(0, 0, 0, 0)4) (2, 0, 0, 1)2/(0, 0, 0, 1)2/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)4/(0, 0, 1, 1)4/
(0, 0, 0, 0)6
9 (i) (1, (1, 1, 0, 0)/(0, 0, 2, 0)/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)3/(0, 0, 2, 2)/(1, 1, 2, 0)/ 23
(0, 0, 0, 2)/(0, 0, 0, 0)2) (1, 1, 0, 2)/(2, 0, 1, 1)2/(0, 0, 1, 1)2/(1, 1, 1, 1)2/(1, 1, 0, 0)2/(0, 0, 0, 0)
(ii) (1, (1, 1, 0, 0)/(0, 0, 2, 0)/ (2, 0, 0, 0)4/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)3/(2, 0, 0, 2)/(0, 1, 1, 2)/(2, 1, 1, 0)/ 34
(0, 0, 0, 2)/(0, 0, 0, 0)2) (2, 1, 0, 1)2/(2, 0, 1, 1)2/(0, 1, 0, 1)2/(0, 0, 1, 1)2/(0, 1, 1, 0)2/(0, 0, 0, 0)
10 (i) (1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 2, 0, 0)/(2, 0, 2, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2) (2, 0, 0, 2)/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(2, 1, 1, 1)2/(0, 1, 1, 1)2
11 (i) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (6, 0, 0, 0)/(4, 2, 0, 0)/(3, 1, 1, 1)/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 16
(4, 1, 1, 0)/(2, 1, 1, 0)/(5, 0, 0, 1)/(3, 0, 0, 1)/(1, 2, 0, 1)
(ii) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (0, 6, 0, 0)/(2, 4, 0, 0)/(1, 3, 1, 1)/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 18
(2, 3, 1, 0)/(0, 3, 1, 0)/(1, 4, 0, 1)/(3, 0, 0, 1)/(1, 0, 0, 1)
(iii) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (0, 6, 0, 0)/(0, 4, 2, 0)/(1, 3, 1, 1)/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 20
(1, 3, 1, 1)/(2, 4, 0, 0)/(0, 4, 0, 0)/(2, 0, 2, 0)/(0, 0, 2, 0)
12 (i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)) (2, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 2, 1, 0)/(1, 0, 1, 0)/(1, 1, 0, 1)2 22
(0, 0, 0, 1)2 (2, 1, 0, 0)2/(0, 1, 0, 0)2/(2, 0, 1, 1)/(0, 0, 1, 1)/(1, 2, 0, 1)/(1, 0, 0, 1)/(1, 1, 1, 0)2/
(0, 1, 1, 1)2/(0, 0, 0, 0)3
(ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)) (2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 1, 1, 0)/(0, 1, 1, 0)/(1, 1, 0, 1)2 31
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Table 6.5 – continued from previous page
VA¯1D6 ↓ A41 L (E7) ↓ A41 n
/(1, 0, 1, 1)2/(0, 0, 0, 0)3
(3, 0, 0, 1)/(2, 0, 1, 0)2/(2, 1, 0, 0)2/(1, 1, 1, 1)/(1, 0, 0, 1)2/(0, 0, 1, 0)2/(0, 1, 0, 0)2
(iii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)) (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)/(0, 1, 2, 1)/(0, 1, 0, 1)/(1, 1, 1, 0)2 32
/(1, 0, 1, 1)2/(0, 0, 0, 0)3(2, 1, 0, 1)/(2, 0, 2, 0)/(0, 0, 2, 0)/(2, 0, 0, 0)/
(1, 1, 1, 0)2/(0, 1, 0, 1)/(1, 0, 1, 1)2/(0, 0, 0, 0)
13 (i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/(0, 0, 1, 2)2/(1, 1, 1, 1)/ 25
(0, 0, 0, 1)2) (1, 1, 0, 1)2/(0, 0, 1, 0)2/(0, 0, 0, 0)3/
(2, 0, 1, 1)/(2, 0, 0, 1)2/(1, 1, 1, 0)2/(1, 1, 0, 2)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)2
(ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/(1, 1, 1, 1)/(0, 1, 1, 1)2/(1, 0, 0, 2)2/ 25
(0, 0, 0, 1)2) (1, 0, 0, 0)2/(0, 0, 0, 0)3/
(2, 1, 0, 1)/(1, 1, 0, 1)2/(2, 0, 1, 0)2/(1, 0, 1, 2)/(1, 0, 1, 0)2/(0, 1, 0, 1)/(0, 0, 1, 0)2
(iii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 0, 0, 1)2/ 31
(0, 0, 0, 1)2) (1, 1, 1, 1)/(1, 1, 1, 0)2/(0, 0, 0, 1)2/(0, 0, 0, 0)3/
(3, 0, 1, 0)/(2, 1, 0, 1)/(2, 1, 0, 0)2/(0, 1, 0, 1)/(0, 1, 0, 0)2/(1, 0, 1, 1)2/(1, 0, 1, 0)2
14 (i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 0, 0)3/(0, 2, 0, 0)4/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 2, 0, 0)/(1, 2, 0, 1)/(1, 2, 1, 0)/ 34
(0, 1, 0, 1)) (0, 2, 1, 1)/(1, 2, 1, 0)/(2, 0, 1, 1)/(1, 2, 0, 1)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 0, 1, 1)/
(1, 0, 0, 1)/(1, 0, 1, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)
(ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (3, 1, 0, 0)/(3, 0, 1, 0)/(3, 0, 0, 1)/(2, 1, 1, 0)/(2, 1, 0, 1)/(2, 0, 1, 1)/(2, 0, 0, 0)4/ 30
(0, 1, 0, 1)) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)/(0, 0, 1, 1)/(1, 1, 0, 0)2/(1, 0, 0, 1)2/
(0, 1, 1, 0)/(0, 1, 0, 1)/(1, 0, 1, 0)2
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It only remains to consider case 10 of Table 6.5. In this case VD6(λ1) ↓ A41 = (2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2). Note that the four factors of A41 ⊆ D6 are conjugate. Hence all
A¯1 A1A
3
1 are conjugate.
L (E7) ↓ A¯1 A1A31 = (2, 1, 1, 1)2/(0, 1, 1, 1)2/(2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)
This A41 does not have the same composition factors on L (E7) as any of the A
4
1 we have seen
previously. It is case 36 of Table 9.6.
6.8.2 A41 ⊆ A2A5
Suppose X = A41 ⊆ A2A5. Then A41 = A1A31 ⊆ A2A5 with A1 ⊆ A2 and A31 ⊆ A5. There are two
restricted A1 subgroups in A2. The first one has A = A1 and VA2(λ1) ↓ A = 1 + 0. The second one
has B = A1 and VA2(λ1) ↓ B = 2.
Similarly there are two conjugacy classes of A31 in A5 with each factor restricted. Either VA5(λ1) ↓
A31 = (1, 0, 0)/(0, 1, 0)/(0, 0, 1) or VA5(λ1) ↓ A31 = (1, 1, 0)/(0, 0, 1). In both cases the third A1 factor
is A¯1 in A5. Hence by Lemma 2.26 it is A¯1 in E7. So A
4
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6.
By Theorem 2.21, L (E7) ↓ A2A5 = (10, 01000)/(01, 00010)/(11, 00000)/(00, 10001). In each
case we calculate L (E7) ↓ A41 to find which of cases 1 to 36 of Table 9.6 it is conjugate to.
First consider the case where VA5(λ1) ↓ A31 = (1, 0, 0)/(0, 1, 0)/(0, 0, 1). We find that A31A and
A31B are respectively conjugate to cases 3 and 29 of Table 9.6.
Similarly if VA5(λ1) ↓ A31 = (1, 1, 0)/(0, 0, 1) then A31A and A31B are respectively conjugate to
cases 8 and 28 of Table 9.6.
6.8.3 A41 ⊆ A7
There are three conjugacy classes of A41 in A7 with each factor restricted.
1. VA7(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1) ;
2. VA7(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1);
3. VA7(λ1) ↓ A41 = (1, 0, 0, 0)/(0, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1).
In case 1, clearly A41 is in A
2
3. By Section 6.2, the A
2
3 in A7 is conjugate to A
2
3 in D6. Hence this
A41 is conjugate to an A
4
1 in D6. In cases 2 and 3, one of the factors of A
4
1 is A¯1 in A7. Hence by
Lemma 2.26, it is A¯1 in E7. Thus A
4
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. So all three of these A41 are
conjugate to one of the A41 we have seen previously.
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By Theorem 2.21, L (E7) ↓ A7 = 1000001/0001000. We calculate L (E7) ↓ A41 in each case to
find which of cases 1 to 36 of Table 9.6 each of these A41 is conjugate to:
(1) L (E7) ↓ A41 = (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)4/(0, 0, 0, 0)3;
(2) L (E7) ↓ A41 = (2, 2, 0, 0)/(2, 0, 1, 1)/(0, 2, 1, 1)/(2, 0, 0, 0)3/(0, 2, 0, 0)3/(0, 0, 2, 0)/
(0, 0, 0, 2)/(1, 1, 1, 0)4/(1, 1, 0, 1)4/(0, 0, 1, 1)2/(0, 0, 0, 0)4;
(3) L (E7) ↓ A41 = (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 0, 0)4/(1, 0, 1, 0)4/
(1, 0, 0, 1)4/(0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 0, 1, 1)4/(1, 1, 1, 1)/(0, 0, 0, 0)9.
We find that these A41 are respectively conjugate to cases 35, 32 and 2 of Table 9.6.
6.8.4 A41 ⊆ A1F4
If A41 ⊆ A1F4 then we are in one of the following cases:
1. A41 ⊆ F4
2. A41 = A1A
3
1 with A
3
1 ⊆ F4
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ A1F4
1. A41 ⊆ F4
Suppose A41 ⊆ F4. By Theorem 4.1, there is only one conjugacy class of A41 in F4 with each factor
restricted. It is in B4 and has VB4(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0).
Clearly the first A1 is A¯1 in B4. By Lemma 2.26, it is A¯1 in F4. Hence it is A¯1 in E6. Therefore
by Lemma 2.26, it is also A¯1 in E7. Thus A
4
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. So this A41 is conjugate
to one of the A41 we have seen previously. By Theorem 2.21,
L (E7) ↓ A1F4 = (2, 0001)/(0, 1000)/(2, 0000). (6.4)
Hence we find
L (E7) ↓ A41 = (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)/(1, 1, 0, 0)4/
(1, 0, 1, 0)4/(1, 0, 0, 1)4/(0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 0, 1, 1)4/(0, 0, 0, 0)9.
Therefore this A41 is conjugate to case 2 of Table 9.6.
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M VM(λ1) ↓ A31 L (E7) ↓ A41 n
1 A1C3 (1, (1, 0)/(0, 1)/(0, 0)
2) (2, 0, 0, 0)/(0, 1, 1, 1)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ 33
(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(0, 0, 0, 1)2/
(0, 0, 0, 0)3/ . . .
2 A1C3 (1, (1, 0)
2/(0, 1)) (2, 0, 0, 0)/(0, 1, 2, 1)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)/ 29
(0, 1, 1, 0)2/(0, 1, 0, 1)2/(0, 0, 1, 1)2/(0, 0, 0, 0)/ . . .
3 A1C3 (1, (2, 1)) (2, 0, 0, 0)/(0, 1, 4, 1)/(0, 0, 4, 2)/(0, 1, 0, 3)/(0, 2, 0, 0)/ 9
(0, 0, 2, 0)/(0, 0, 0, 2)/ . . .
4 A1C3 (1, (3, 0)/(0, 1)) (2, 0, 0, 0)/(0, 0, 6, 0)/(0, 1, 4, 1)/(0, 1, 3, 0)/(0, 0, 3, 1)/ 11
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ . . .
5 B4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2) (2, 0, 0, 0)/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(0, 2, 0, 0)/ 35
(0, 0, 2, 0)/(0, 0, 0, 2)/ . . .
Table 6.6: A41 = A1A
3
1 with A
3
1 ⊆ F4.
2. A41 = A1A
3
1 with A
3
1 ⊆ F4.
Let X = A1A
3
1 ⊆ A1F4 with A31 ⊆ F4. By Theorem 4.1, there are 5 conjugacy classes of A31 in
F4 with each factor restricted. Hence there are 5 conjugacy classes of A1A
3
1 ⊆ A1F4 with A31 in
F4 and each factor restricted. These are listed in Table 6.6. The first four A
4
1 in Table 6.6 are
A1A¯1A
2
1 ⊆ A1A¯1C3 with A21 ⊆ C3. In these four cases the first factor of A31 ⊆ F4 is A¯1 in F4 so in
E6. Hence by Lemma 2.26, it is also A¯1 in E7. Thus X = A1A¯1A
2
1 ⊆ A¯1D6 since CE7(A¯1)◦ = D6.
There only remains to consider case 5 of Table 6.6 where A1A
3
1 ⊆ A1B4 ⊆ A1F4. We know
that B4 has non-trivial centre. Furthermore the full centraliser of the centre is A¯1D6. Hence
A1B4 ⊆ A¯1D6 so X ⊆ A¯1D6.
Therefore all X = A1A
3
1 ⊆ A1F4 are conjugate to an A41 in A¯1D6. In Chapter 4, we calculated
1000 ↓ A31 for each A31 in F4. Thus by (6.4), in each case we have some composition factors of
L (E7) ↓ A41. Hence we find which of cases 1 to 36 each of these A41 is conjugate to. All of these
calculations are in Table 6.6.
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ A1F4
We saw in Section 6.7.2 that there is a unique conjugacy class A51 in A1F4 with each factor restricted
and that it is contained in A¯1D6. Thus if X = A
4
1 = A1 A1A
3
1 ⊆ A51 ⊆ A1F4 then X is in A¯1D6.
By Lemma 2.27, NF4(A
4
1) = S4.A
4
1. Thus all A1 A1A
3
1 ⊆ A1A41 ⊆ A1F4 are conjugate. Using our
calculations from Section 6.7.2 we find L (E7) ↓ A41. Hence we find that X is conjugate to case 30
of Table 9.6 as it is the only one of cases 1 to 36 which has the same composition factors as X on
L (E7).
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6.8.5 A41 ⊆ G2C3
If A41 ⊆ G2C3 then we are in one of the following cases:
1. A41 = A1A
3
1 ⊆ G2C3 with A31 ⊆ C3 and A1 ⊆ G2
2. A41 = A
2
1A
2
1 ⊆ G2C3 with A21 ⊆ C3 and A21 ⊆ G2
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ G2C3.
1. A41 = A1A
3
1 ⊆ G2C3 with A31 ⊆ C3 and A1 ⊆ G2
Suppose X = A1A
3
1 ⊆ G2C3 with A31 ⊆ C3 and A1 ⊆ G2. There is a unique conjugacy class of A31
in C3 with each factors restricted. It is A¯1
3
in C3. By [17, Table 8.2], this C3 is in A5 in E7. Hence
by Theorem 2.26, A31 ⊆ C3 is A¯13 in E7. Thus whichever A1 we pick in G2, we have X ⊆ A¯1D6
since CE7(A¯1)
◦ = D6 by Theorem 2.24.
By Theorem 2.21, L (E7) ↓ G2C3 = (10, 010)/(00, 200)/(01, 000). By Lemma 2.30, there are
four conjugacy classes of restricted A1 subgroups in G2. The restriction of VG2(λ1) to each of these
A1 is respectively 1
2/03, 2/12, 6 and 22/0. For each of these we calculate L (E7) ↓ A41 to see which of
the A41 ⊆ A¯1D6 each of these A41 are conjugate to. We find that these A41 are respectively conjugate
to cases 3, 26, 15 and 29 of Table 9.6.
2. A41 = A
2
1A
2
1 ⊆ G2C3 with A21 ⊆ C3 and A21 ⊆ G2
Suppose X = A41 ⊆ G2C3 with A21 ⊆ C3 and A21 ⊆ G2. The A21 in G2 is A¯1A1. By [16, Theorem
2.1], the G2 factor of G2C3 is in a subsystem D4 in E7. Hence by Lemma 2.26, the A¯1A1 subgroup
in G2 is also A¯1A1 in E7. Hence X ⊆ A¯1D6 since CE7(A¯1)◦ = D6.
There are four conjugacy classes of A21 in C3 with each factor restricted. They are listed in Table
6.7. We calculate L (E7) ↓ A41 in each of these cases. Thus we find which of cases 1 to 36 of Table
9.6 each these A41 are conjugate to. All of these results are in Table 6.7.
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ G2C3
Finally suppose A41 = A1 A1A
3
1 ⊆ A51 ⊆ G2C3. In Section 6.7.3, we saw that A51 ⊆ G2C3 is in A¯1D6.
Hence these A41 are in A¯1D6.
Let AB = A21 ⊆ G2 and CDE = A31 ⊆ C3. If we take A BCDE then A41 = A1A31 ⊆ G2C3 with
A1 ⊆ G2 and A31 ⊆ C3. Thus we have already considered this A41. Similarly if A41 = ABC DE or
A41 = ABCDE or A
4
1 = ABCD E then A
4
1 = A
2
1A
2
1 ⊆ G2C3 with A21 ⊆ G2 and A21 ⊆ C3. So these
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VC3(λ1) ↓ A21 L (E7) ↓ A41 n
1 (2, 1) (0, 4, 2, 0)/(0, 4, 0, 2)/(0, 2, 2, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/ 9
(0, 0, 0, 2)/(1, 2, 1, 2)/(1, 4, 1, 0)/(1, 0, 3, 0)
2 (3, 0)/(0, 1) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 2, 1)/(0, 3, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/ 18
(0, 0, 2, 0)2/(0, 0, 0, 2)/(1, 4, 1, 0)/(1, 3, 1, 1)/(1, 0, 3, 0)/(1, 0, 1, 0)
3 (1, 0)/(0, 1)/(0, 0)2 (1, 3, 0, 0)/(0, 2, 1, 1)/(0, 2, 1, 0)2/(0, 2, 0, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/ 31
(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)2/
(0, 0, 1, 1)/(0, 0, 1, 0)2/(0, 0, 0, 1)2/(0, 0, 0, 0)3
4 (1, 0)/(0, 1)2 (0, 0, 2, 2)/(0, 1, 3, 0)/(1, 0, 2, 1)2/(0, 1, 1, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/ 4
(0, 0, 2, 0)4/(0, 0, 0, 2)3/(1, 1, 1, 1)2/(1, 0, 0, 1)2/(0, 1, 1, 0)3/(0, 0, 0, 0)
Table 6.7: A41 in G2C3 with A
2
1 ⊆ C3 and A21 ⊆ G2. Each A41 has the same composition factors as
case n of Table 9.6 on L (E7).
are three A41 we have already considered. We also note that C,D and E are conjugate. Hence we
only need to consider ABCDE and AB CDE. We find
L (E7) ↓ ABCDE = (1, 3, 0, 0)/(1, 2, 1, 0)/(1, 2, 0, 1)/(0, 2, 1, 1)/(2, 1, 1, 0)/(2, 1, 0, 1)/
(2, 0, 0, 0)2/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 0, 0)2/(0, 1, 1, 0)/(1, 1, 1, 1)/
(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 0, 1)/(0, 0, 1, 1);
L (E7) ↓ AB CDE = (0, 3, 1, 0)/(0, 3, 0, 1)/(1, 3, 0, 0)/(0, 2, 1, 1)/(1, 2, 1, 0)/(1, 2, 0, 1)/
(2, 0, 0, 0)/(0, 2, 0, 0)4/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 1)/(1, 1, 0, 0)2/(1, 0, 1, 0)/
(1, 0, 0, 1)/(0, 1, 1, 0)2/(0, 1, 0, 1)2/(0, 0, 1, 1).
Hence ABCDE and AB CDE are respectively conjugate to cases 24 and 30 of Table 9.6.
6.9 R1 . . . Rn = A
3
1
By Lemma 2.23, the A31 in E7 are in A¯1D6, A1F4, G2C3, A2A5, A1G2 or A7. In this section we will
need a few lemmas.
Lemma 6.3. Any A31 ⊆ A¯1D6 such that A31 = A¯1 A¯1 A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A31:
• A31 ⊆ A¯1D6 with embedding (1, (3, 1, 0)/(1, 0, 1)) (case 74 of Table 9.7);
• A31 ⊆ A¯1D6 with embedding (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (case 75 of Table 9.7).
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Proof. Clearly these A1
3 are in A¯1
3
D4. By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element
of order 3 in S3 induces triality on D4 and permutes the factors of A¯1
3
. All XY ⊆ D4 with
VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are conjugate by triality. We use triality to pick one, call it
CD. When we consider A¯1
3
D4 ⊆ A¯1D6 the three A¯1 are not conjugate anymore since we have fixed
CD. However we can still use an element of order 2 in S3 wich acts as an involution in D4 and
swaps two of the A¯1. Thus A¯1
3
= AB1B2 with B1 and B2 conjugate.
Hence A¯1 A¯1 A¯1 XY is in at most two distinct conjugacy classes: A B1 B2 XY and B1 B2 A XY .
Cases 74 and 75 of Table 9.7 are such A31. Note that they do not have the same composition
factors on L (E7). Hence they are not conjugate to each other. Thus any such A31 is conjugate to
one of them.
Lemma 6.4. Any A31 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following
A31:
• A31 ⊆ A¯1D6 with (1, (1, 1, 0)2/(0, 1, 1)) (case 79 of Table 9.7);
• A31 ⊆ A¯1D6 with (1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) (case 80 of 9.7).
Proof. These A31 are in A¯1
7
. By Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28, GL3(2) has
two orbits on (3, 2, 2)-partitions of the set of seven elements. Hence there are two conjugacy classes of
(A¯1
3
)(A¯1
2
)(A¯1
2
) in A¯1
7
. Therefore there are two distinct conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1
in E7.
Cases 79 and 80 of Table 9.7 are such A31. By Table 9.7, they do not have the same composition
factors as each other on L (E7). Hence they are not conjugate to each other. Thus any such A31 is
conjugate to one of them.
6.9.1 A31 ⊆ A¯1D6
Suppose A31 ⊆ A¯1D6. We are in one of the following cases:
1. A31 = A¯1A
2
1 ⊆ A¯1D6 with A21 ⊆ D6
2. A31 ⊆ D6
3. A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A1D6.
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1. A31 = A¯1A
2
1 ⊆ A¯1D6
Suppose A31 = A¯1A
2
1 ⊆ A¯1D6 with A21 ⊆ D6. There are 58 conjugacy classes of A21 in D6 with each
factor restricted; they are listed in Table 6.8. Note that since the graph automorphism in D6 is
not a graph automorphism in E7 in a few cases we have A
2
1 subgroups which are not conjugate in
E7 but that have the same composition factors on VD6(λ1) ↓ A21 (for example cases (3) and (3’) of
Table 6.8). In each case we calculate L (E7) ↓ A31. The results are given in Table 6.8. None of these
A31 have the same composition factors as each other on L (E7). Hence none of these are conjugate
to each other. They are cases 1 to 58 of Table 9.7.
Table 6.8: A31 in A¯1D6 with A¯1 and A
2
1 ⊆ D6.
VD6(λ1) ↓ A21 L (E7) ↓ A31
1 (2, 2)/(2, 0) (0, 4, 2)2/(0, 2, 4)/(1, 4, 1)/(1, 2, 1)/(1, 2, 3)/(1, 0, 3)/(0, 2, 2)/(2, 0, 0)/
(0, 2, 0)2/(0, 0, 2)2
2 (8, 0)/(0, 2) (0, 14, 0)/(0, 10, 0)/(0, 8, 2)/(1, 10, 1)/(0, 6, 0)/(1, 4, 1)/(2, 0, 0)/(0, 2, 0)/
(0, 0, 2)
3 (3, 1)/(1, 1) (0, 6, 0)/(0, 4, 2)2/(0, 4, 0)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)2/
(1, 5, 0)(1, 3, 0)2/(1, 3, 2)/(1, 1, 2)
3’ (3, 1)/(1, 1) (0, 6, 0)/(0, 4, 2)2/(0, 4, 0)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)2/
(1, 4, 1)2/(1, 0, 3)/(1, 2, 1)/(1, 0, 1)
4 (3, 1)/(1, 0)2 (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 0, 0)3/
(1, 5, 0)/(1, 3, 1)2/(1, 3, 0)/(1, 1, 2)
4’ (3, 1)/(1, 0)2 (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 0, 0)3/
(1, 4, 1)/(1, 4, 0)2/(1, 2, 1)/(1, 0, 2)2
5 (3, 1)/(0, 1)2 (0, 6, 0)/(0, 4, 2)/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 0, 0)3/
(1, 4, 1)/(1, 3, 1)2/(1, 0, 3)/(1, 0, 1)
5’ (3, 1)/(0, 1)2 (0, 6, 0)/(0, 4, 2)/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 0, 0)3/
(1, 4, 0)2/(1, 3, 2)/(1, 3, 0)/(1, 0, 2)2
6 (3, 0)2/(1, 1) (0, 6, 0)/(0, 4, 0)3/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 0, 0)3/
(1, 4, 1)/(1, 4, 0)2/(1, 2, 0)2/(1, 0, 1)3
7 (3, 0)2/(0, 1)2 (0, 6, 0)/(0, 4, 0)3/(0, 3, 1)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 4, 1)/(1, 3, 0)4/
(1, 0, 1)3/(0, 0, 0)6
8 (3, 1)/(2, 0)/ (0, 6, 0)/(0, 5, 1)/(0, 4, 2)/(0, 3, 1)2/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(0, 1, 1)/
(0, 0) (1, 4, 1)/(1, 2, 1)/(1, 5, 0)/(1, 3, 0)/(1, 1, 2)
9 (3, 1)/(0, 2)/ (0, 6, 0)/(1, 4, 1)/(0, 3, 3)/(1, 3, 2)/(0, 3, 1)2/(1, 0, 3)/(0, 4, 2)/(1, 3, 0)/
Continued on next page
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VD6(λ1) ↓ A21 L (E7) ↓ A31
(0, 0) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)3/(1, 0, 1)
10 (3, 0)2/(0, 2)/ (0, 6, 0)/(0, 4, 0)3/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 0, 0)3/
(0, 0) (1, 4, 1)/(1, 3, 1)2/(1, 0, 1)3
11 (3, 1)/(0, 0)4 (0, 6, 0)/(0, 4, 2)/(1, 3, 1)2/(0, 3, 1)4/(1, 4, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0)6
12 (6, 0)/(0, 4) (0, 6, 4)/(1, 6, 3)/(0, 6, 0)/(0, 0, 6)/(0, 10, 0)/(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/
(0, 0, 2)
13 (6, 0)/(1, 1)/ (0, 10, 0)/(1, 7, 0)/(0, 7, 1)/(1, 6, 1)/(0, 6, 0)2/(1, 5, 0)/(0, 5, 1)/(2, 0, 0)/
(0, 0) (0, 2, 0)2/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)
14 (6, 0)/(0, 1)2/ (0, 10, 0)/(1, 6, 1)/(1, 6, 0)2/(0, 6, 0)2/(0, 6, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0) (0, 0, 1)2/(1, 0, 1)/(1, 0, 0)2/(0, 0, 0)3
15 (6, 0)/(0, 2)/ (0, 10, 0)/(1, 6, 1)2/(0, 6, 0)3/(0, 6, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)3/(1, 0, 1)2/
(0, 0)2 (0, 0, 0)
16 (4, 0)/(0, 4)/ (0, 6, 0)/(0, 0, 6)/(0, 4, 4)/(0, 0, 4)2/(0, 4, 0)2/(1, 3, 3)2/(2, 0, 0)/(0, 2, 0)/
(0, 0)2 (0, 0, 2)/(0, 0, 0)
17 (4, 0)/(1, 1)/ (0, 6, 0)2/(1, 5, 0)/(0, 5, 1)/(1, 4, 1)/(0, 4, 0)/(0, 3, 1)2/(1, 3, 0)2/(1, 2, 1)/
(2, 0) (2, 0, 0)/(0, 2, 0)4/(0, 0, 2)/(1, 1, 0)/(0, 1, 1)
18 (4, 0)/(1, 1)/ (0, 6, 0)/(0, 5, 1)/(0, 4, 2)/(1, 4, 1)/(1, 3, 2)/(1, 3, 0)/(0, 1, 3)/(0, 3, 1)/(2, 0, 0)/
(0, 2) (0, 2, 0)2/(0, 0, 2)2/(1, 2, 1)/(0, 1, 1)
19 (4, 0)/(0, 1)2/ (0, 6, 0)2/(0, 4, 1)2/(0, 4, 0)/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(0, 0, 0)3/ . . .
(2, 0)
20 (4, 0)/(0, 1)2 (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 0, 3)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 0, 1)2/
(0, 2) (0, 0, 0)3/ . . .
21 (4, 0)/(1, 0)2/ (0, 6, 0)/(0, 5, 0)2/(0, 4, 2)/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 1, 2)2/
(0, 2) (1, 4, 1)/(1, 2, 1)/(1, 3, 1)2/(0, 0, 0)3
22 (4, 0)/(1, 1)/ (0, 6, 0)/(0, 5, 1)/(1, 4, 0)2/(0, 4, 0)3/(1, 3, 1)2/(0, 3, 1)/(1, 2, 0)2/(2, 0, 0)/
(0, 0)3 (0, 2, 0)2/(0, 0, 2)/(0, 1, 1)3/(0, 0, 0)3
23 (4, 0)/(0, 1)2/ (0, 6, 0)/(0, 4, 1)2/(0, 4, 0)3/(1, 3, 1)2/(1, 3, 0)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0)3 (0, 0, 1)6/(0, 0, 0)6
24 (4, 0)/(0, 2)2/ (0, 6, 0)/(0, 4, 2)2/(0, 4, 0)/(0, 0, 4)/(1, 3, 2)2/(1, 3, 0)2/(2, 0, 0)/(0, 2, 0)/
(0, 0) (0, 0, 2)5/(0, 0, 0)
25 (4, 0)/(0, 2)/ (0, 6, 0)2/(0, 4, 2)/(1, 4, 1)2/(0, 4, 0)2/(0, 2, 2)/(1, 2, 1)2/(2, 0, 0)/(0, 2, 0)4/
(2, 0)/(0, 0) (0, 0, 2)2
Continued on next page
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26 (4, 0)/(0, 2)/ (0, 6, 0)/(0, 4, 2)/(0, 4, 0)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)5/(1, 3, 1)4/(0, 0, 0)6
(0, 0)4
27 (1, 1)3 (2, 0, 0)/(0, 2, 0)6/(0, 0, 2)6/(0, 2, 2)3/(1, 3, 0)/(1, 1, 0)5/(1, 1, 2)3/(0, 0, 0)3
28 (1, 1)2/(0, 1)2 (0, 2, 2)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)4/(0, 1, 0)4/(0, 0, 0)4/
(1, 2, 0)2/(1, 0, 2)2/(1, 1, 2)2/(1, 1, 0)2/(1, 0, 0)4
28’ (1, 1)2/(0, 1)2 (0, 2, 2)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)4/(0, 1, 0)4/(0, 0, 0)4/
(1, 0, 3)/(1, 2, 1)/(1, 1, 1)4/(1, 0, 1)3
29 (1, 1)/(0, 1)4 (0, 1, 2)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 1, 0)4/(0, 0, 0)10/
(1, 0, 3)/(1, 1, 1)4/(1, 0, 1)6
30 (1, 1)/(0, 1)2/ (0, 1, 2)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2/(0, 1, 1)4/(0, 1, 0)2/(0, 0, 1)2/
(1, 0)2 (1, 1, 2)/(1, 2, 0)2/(1, 1, 1)2/(1, 1, 0)/(1, 0, 1)4/(1, 0, 0)2/(0, 0, 0)6
31 (1, 0)4/(0, 1)2 (2, 0, 0)/(0, 2, 0)6/(0, 0, 2)/(0, 1, 1)8/(0, 0, 0)13/
(1, 1, 0)8/(1, 0, 1)5/(1, 2, 1)
32 (1, 1)2/(0, 0)4 (0, 2, 2)/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/(1, 1, 1)4/(0, 1, 1)8/
(1, 0, 0)4/(0, 0, 0)7
33 (1, 1)/(1, 0)2/ (0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 1, 1)4/(0, 0, 1)2/(0, 1, 0)8/(1, 2, 0)2/
(0, 0)4 (1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(1, 0, 0)2/(0, 0, 0)9
34 (1, 0)2/(0, 1)2/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)4/(0, 1, 0)8/(0, 0, 1)8/(1, 1, 1)2/(1, 1, 0)4/
(0, 0)4 (1, 0, 1)4/(1, 0, 0)8/(0, 0, 0)12
35 (1, 1)/(0, 0)8 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)8/(1, 1, 0)8/(1, 0, 1)8/(0, 0, 0)28
36 (1, 1)/(0, 2)2/ (0, 0, 4)/(0, 1, 3)2/(1, 0, 3)2/(1, 1, 2)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)8/(1, 1, 0)2/
(0, 0)2 (1, 0, 1)4/(0, 1, 1)4/(0, 0, 0)2
37 (1, 1)/(2, 0)/ (0, 3, 1)/(0, 1, 3)/(0, 2, 2)/(1, 2, 1)2/(1, 1, 2)2/(2, 0, 0)/(0, 2, 0)4/(0, 0, 2)4/
(0, 2)/(0, 0)2 (1, 1, 0)2/(1, 0, 1)2/(0, 1, 1)4/(0, 0, 0)
38 (1, 0)2/(2, 0)/ (0, 3, 0)2/(0, 2, 2)/(0, 1, 2)2/(2, 0, 0)/(0, 2, 0)4/(0, 0, 2)3/(0, 1, 0)6/(1, 2, 1)2/
(0, 2)/(0, 0)2 (1, 0, 1)2/(1, 1, 1)4/(0, 0, 0)4
39 (1, 0)2/(0, 2)2/ (0, 0, 4)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 1, 0)4/(1, 1, 2)2/(1, 0, 2)4/
(0, 0)2 (1, 1, 0)2/(1, 0, 0)4/(0, 0, 0)5
40 (1, 1)/(2, 0)/ (0, 3, 1)/(2, 0, 0)/(0, 2, 0)7/(0, 0, 2)/(0, 1, 1)6/(1, 2, 0)4/(1, 1, 1)4/(1, 0, 0)4/
(0, 0)5 (0, 0, 0)10
41 (1, 0)2/(0, 2)/ (0, 1, 2)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)6/(0, 1, 0)10/(1, 1, 1)4/(1, 0, 1)8/(0, 0, 0)13
(0, 0)5
42 (2, 0)3/(0, 2) (0, 4, 0)3/(1, 3, 1)2/(0, 2, 2)3/(2, 0, 0)/(0, 2, 0)6/(0, 0, 2)/(1, 1, 1)4/(0, 0, 0)3
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Table 6.8 – continued from previous page
VD6(λ1) ↓ A21 L (E7) ↓ A31
43 (2, 0)2/(0, 2)2 (0, 4, 0)/(0, 0, 4)/(1, 2, 2)2/(0, 2, 2)4/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)3/
(0, 0, 2)3/(1, 0, 0)2/(0, 0, 0)2
44 (2, 0)2/(0, 2)/ (0, 4, 0)/(0, 2, 2)2/(2, 0, 0)/(0, 2, 0)9/(0, 0, 2)4/(1, 2, 1)4/(1, 0, 1)4/(0, 0, 0)4
(0, 0)3
45 (2, 0)/(0, 2)/ (0, 2, 2)/(2, 0, 0)/(0, 2, 0)7/(0, 0, 2)7/(1, 1, 1)8/(0, 0, 0)15
(0, 0)6
46 (1, 1)/(2, 0)/ (0, 3, 1)/(1, 1, 2)/(0, 2, 1)2/(0, 1, 2)2/(1, 2, 0)2/(1, 2, 1)/(2, 0, 0)/(0, 2, 0)3/
(0, 1)2/(0, 0) (0, 0, 2)2/(1, 1, 1)2/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)2/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/
(0, 0, 0)3
47 (0, 2)/(1, 0)2/ (0, 0, 3)2/(1, 1, 2)/(1, 0, 2)2/(0, 1, 2)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)3/(1, 1, 1)2/
(0, 1)2/(0, 0) (1, 1, 0)/(1, 0, 1)4/(0, 1, 1)4/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)4/(0, 0, 0)6
48 (1, 1)/(2, 0) (0, 3, 1)/(1, 3, 0)/(0, 3, 0)2/(1, 2, 1)/(1, 2, 0)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)4/
(1, 0)2/(0, 0) (0, 0, 2)/(1, 1, 1)2/(1, 1, 0)2/(1, 0, 1)/(0, 1, 1)2/(1, 0, 0)2/(0, 1, 0)4/(0, 0, 1)2/
(0, 0, 0)3
49 (1, 1)2/(2, 0) (0, 3, 1)2/(1, 3, 0)/(1, 2, 1)2/(1, 1, 2)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)5/
(0, 0) (0, 0, 2)3/(1, 1, 0)3/(1, 0, 1)2/(0, 1, 1)4/(0, 0, 0)
50 (1, 0)4/(0, 2)/ (1, 2, 1)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)6/(0, 0, 2)2/(1, 1, 1)4/(1, 0, 1)5/
(0, 0) (0, 1, 0)4/(0, 0, 0)9/(0, 0, 0)
51 (2, 1)2 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)3/(0, 4, 0)3/(0, 4, 2)/(0, 0, 0)3/
(1, 2, 2)2/(1, 4, 0)2/(1, 0, 0)4
51’ (2, 1)2 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)3/(0, 4, 0)3/(0, 4, 2)/(0, 0, 0)3/
(1, 2, 1)3/(1, 4, 1)/(1, 0, 3)
52 (5, 1) (0, 10, 0)/(0, 8, 2)/(0, 4, 2)/(0, 6, 0)/(1, 8, 1)/(1, 4, 1)/(1, 0, 3)/(2, 0, 0)/
(0, 2, 0)/(0, 0, 2)
52’ (5, 1) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 8)/(0, 2, 4)/(0, 0, 10)/
(0, 0, 6)/(1, 0, 9)/(1, 0, 3)/(1, 2, 5)
53 (2, 2)/(0, 0)3 (1, 3, 1)2/(1, 1, 3)2/(2, 0, 0)/(0, 4, 2)/(0, 2, 4)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)3/
(0, 0, 0)3
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2. A31 ⊆ D6
Suppose A31 ⊆ D6. There are 37 conjugacy classes of A31 in D6 with each factor restricted; they are
listed in Table 6.9. In each of these cases we use Table 6.3 to calculate L (E7) ↓ A31. These results
are listed in Table 6.9.
Table 6.9: A31 in D6 with each factor restricted. Each A
3
1
has the same composition factors as case n of Table 9.7
on L (E7).
VD6(λ1) ↓ A31 L (E7) ↓ A31 n
1b (3, 1, 0)/(0, 1, 1) (6, 0, 0)/(4, 2, 0)/(3, 2, 1)/(3, 0, 1)/(0, 0, 0)3/(2, 0, 0)/ 8
(0, 2, 0)2/(0, 0, 2)/(3, 2, 0)2/(4, 0, 1)2/(0, 2, 1)2/(3, 0, 0)2
2b (3, 1, 0)/(1, 0, 1) (6, 0, 0)/(4, 2, 0)/(4, 1, 1)/(2, 1, 1)/(0, 0, 0)3/(2, 0, 0)2/ 6
(0, 2, 0)/(0, 0, 2)/(4, 1, 0)2/(2, 1, 0)2/(4, 0, 1)2/(0, 2, 1)2
3b (3, 1, 0)/(0, 0, 1)2 (6, 0, 0)/(4, 2, 0)/(3, 1, 1)2/(3, 1, 0)4/(4, 0, 1)2/(0, 2, 1)2/ 14
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)6
4b (3, 0, 0)2/(0, 1, 1) (6, 0, 0)/(4, 0, 0)3/(3, 1, 1)2/(0, 0, 0)3/(2, 0, 0)/(0, 2, 0)/ 26
(0, 0, 2)/(4, 0, 1)2/(3, 1, 0)4/(0, 0, 1)6/(0, 0, 0)3
5b (6, 0, 0)/(0, 1, 1)/ (10, 0, 0)/(6, 1, 0)2/(6, 1, 1)/(6, 0, 1)2/(6, 0, 0)2/(0, 0, 0)3/ 17
(0, 0, 0) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)/(0, 0, 1)2/(0, 1, 0)2
6b (4, 0, 0)/(1, 1, 0)/ (6, 0, 0)/(4, 0, 2)/(4, 0, 1)2/(5, 1, 0)/(3, 1, 1)2/(3, 1, 0)/ 5
(0, 0, 2) (1, 1, 2)/(2, 0, 1)2/(0, 0, 0)3/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
7b (4, 0, 0)/(0, 1, 1)/ (6, 0, 0)2/(4, 1, 0)2/(4, 0, 1)2/(4, 1, 1)/(4, 0, 0)/(2, 1, 0)2/ 22
(2, 0, 0) (2, 0, 1)2/(2, 1, 1)/(0, 0, 0)3/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)
8b (4, 0, 0)/(0, 1, 1)/ (6, 0, 0)/(4, 1, 1)/(4, 0, 2)/(3, 0, 2)2/(3, 1, 1)2/(3, 0, 0)2/ 7
(0, 0, 2) (0, 1, 3)/(0, 0, 0)3/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 1, 1)
9b (4, 0, 0)/(0, 1, 0)2/ (6, 0, 0)/(4, 0, 2)/(4, 1, 0)2/(3, 1, 1)2/(3, 0, 1)4/(0, 1, 2)2/ 14
(0, 0, 2) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)6
10b (4, 0, 0)/(0, 1, 1)/ (6, 0, 0)/(4, 0, 0)3/(3, 0, 1)4/(2, 0, 0)/(0, 2, 0)/ 10
(0, 0, 0)3 (0, 0, 2)/(4, 1, 1)/(3, 1, 0)4/(0, 1, 1)3/(0, 0, 0)6
11b (1, 1, 0)2/(0, 1, 1) (2, 2, 0)/(1, 2, 1)2/(0, 0, 0)4/(2, 0, 0)3/(0, 2, 0)4/(0, 0, 2)/ 42
(1, 0, 1)2/(0, 3, 0)2/(2, 1, 0)2/(1, 1, 1)4/(0, 1, 0)6
12b (1, 1, 0)2/(0, 0, 1)2 (2, 2, 0)/(2, 0, 0)4/(0, 2, 0)4/(0, 0, 0)3/(2, 0, 0)3/(0, 2, 0)3/ 49
(0, 0, 2)/(1, 1, 1)8/(0, 0, 0)8/(0, 0, 0)4
13b (1, 1, 0)/(0, 1, 1)/ (1, 2, 1)/(0, 1, 2)2/(2, 0, 0)/(0, 2, 0)2/ 34
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Table 6.9 – continued from previous page
VD6(λ1) ↓ A31 L (E7) ↓ A31 n
(0, 0, 1)2 (0, 0, 2)2/(1, 1, 1)2/(1, 0, 1)/(0, 1, 0)2/(0, 0, 0)6
(1, 1, 0)4/(1, 0, 2)2/(1, 0, 0)2/(0, 2, 1)2/(0, 0, 1)2/(0, 1, 1)4
14b (1, 1, 0)/(0, 1, 0)2/ (1, 2, 0)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/ 45
(0, 0, 1)2 (0, 1, 1)4/(1, 1, 1)2/(1, 0, 0)2/(0, 0, 0)9/
(1, 1, 1)2/(0, 2, 0)4/(1, 0, 0)8/(0, 1, 1)4/(0, 0, 0)4
15b (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)4/ 38
(0, 0, 1)2 (1, 0, 1)4/(0, 1, 1)4/(0, 0, 0)12/
(1, 1, 1)2/(1, 0, 0)8/(0, 1, 0)8/(0, 0, 1)8
16b (1, 1, 0)/(0, 1, 1)/ (0, 1, 3)/(1, 2, 1)/(1, 1, 2)/(1, 0, 2)2/(0, 1, 2)4/ 50
(0, 0, 2)/(0, 0, 0) (0, 0, 0)3/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)3/(1, 1, 1)2/(1, 0, 0)2/
(0, 1, 0)2/(0, 0, 1)2/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)2
17b (1, 1, 0)/(1, 0, 0)2/ (1, 1, 2)/(2, 1, 0)2/(1, 0, 2)2/(0, 0, 0)3/(2, 0, 0)2/(0, 2, 0)/ 34
(0, 0, 2)/(0, 0, 0) (0, 0, 2)2/(1, 1, 0)/(0, 1, 0)2/(1, 0, 0)2/(2, 0, 1)2/(0, 0, 1)2/
(1, 0, 1)4/(0, 1, 1)4/(1, 1, 1)2/(0, 0, 0)3
18b (0, 1, 1)/(1, 0, 0)2/ (3, 0, 0)2/(2, 1, 1)/(2, 0, 1)2/(2, 1, 0)2/(2, 0, 0)3/ 51
(2, 0, 0)/(0, 0, 0) (0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/
(0, 1, 1)/(0, 1, 0)2/(0, 0, 1)2/(1, 0, 0)4/(0, 0, 0)6
19b (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(1, 0, 2)2/(0, 1, 2)2/ 37
(0, 0, 2)/(0, 0, 0) (1, 1, 0)4/(1, 0, 0)2/(0, 1, 0)2/(1, 1, 1)2/(1, 0, 1)4/(0, 1, 1)4/
(0, 0, 1)8/(0, 0, 0)9
20b (1, 1, 0)/(0, 1, 1)/ (1, 2, 1)/(0, 2, 0)4/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/ 35
(0, 0, 0)4 (1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/(1, 1, 0)4/(1, 0, 1)/(0, 1, 1)4/
(0, 0, 0)13
21b (1, 1, 0)/(0, 0, 1)2/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)4/(1, 0, 1)4/ 39
(0, 0, 0)4 (0, 1, 1)4/(1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/(0, 0, 0)28
22b (1, 1, 0)/(0, 2, 0)/ (0, 2, 2)/(1, 3, 0)/(0, 2, 1)4/(1, 1, 2)/(2, 0, 0)/ 32
(0, 0, 2)/(0, 0, 0)2 (0, 2, 0)4/(0, 0, 2)3/(1, 1, 1)4/(0, 0, 1)4/(1, 1, 0)3/(0, 0, 0)4
23b (1, 0, 0)2/(0, 2, 0)/ (2, 2, 0)/(2, 0, 0)4/(0, 2, 0)4/(2, 0, 0)3/(0, 2, 0)3/ 49
(0, 0, 2)/(0, 0, 0)2 (0, 0, 2)/(1, 1, 1)4/(1, 1, 1)4/(0, 0, 0, 0)15
24b (1, 1, 0)/(0, 0, 2)/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)6/(1, 1, 2)/(1, 1, 0)5/ 35
(0, 0, 0)5 (1, 0, 1)8/(0, 1, 1)8/(0, 0, 0)13
25b (1, 1, 0)/(0, 0, 1)4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)6/(1, 1, 2)/(1, 1, 0)5/ 35
(1, 0, 1)8/(0, 1, 1)8/(0, 0, 0)13
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VD6(λ1) ↓ A31 L (E7) ↓ A31 n
26b (1, 1, 0)/(0, 0, 2)2/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 0, 4)/(1, 1, 2)2/ 43
(0, 0, 0)2 (1, 0, 2)4/(0, 1, 2)4/(1, 1, 0)2/(1, 0, 0)4/(0, 1, 0)4/(0, 0, 0)5
27b (1, 1, 0)/(0, 1, 1)/ (1, 3, 0)/(0, 3, 1)/(1, 2, 1)/(1, 2, 0)2/(0, 0, 0)3/(2, 0, 0)/ 52
(0, 2, 0)/(0, 0, 0) (0, 2, 0)4/(0, 0, 2)/(1, 1, 1)2/(1, 0, 0)2/(1, 1, 0)2/(0, 1, 1)2/
(1, 0, 1)/(0, 3, 0)2/(0, 2, 1)2/(0, 1, 0)4/(0, 0, 1)2
28b (1, 0, 0)2/(0, 1, 1)/ (0, 1, 3)/(1, 0, 2)2/(0, 0, 2)4/(0, 0, 0)10/(2, 0, 0)/(0, 2, 0)/ 44
(0, 0, 2)/(0, 0, 0) (0, 0, 2)3/(0, 1, 1)4/(1, 1, 1)2/(0, 1, 1)2/(1, 0, 0)2/
(1, 1, 1)2/(1, 0, 2)2/(1, 0, 0)2
29b (1, 1, 0)/(1, 0, 1) (2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(2, 1, 1)/(0, 1, 1)/ 33
(1, 0, 0)2 (2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/(0, 0, 0)10/(2, 0, 0)4/
(2, 0, 1)2/(0, 0, 1)2/(2, 1, 0)2/(0, 1, 0)2/(0, 1, 1)4
30b (2, 1, 1) (4, 2, 0)/(4, 0, 2)/(2, 2, 2)/(2, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0)3/(2, 1, 2)2/(4, 1, 0)2/(0, 3, 0)2
31b (2, 2, 0)/(0, 0, 2) (4, 2, 0)/(2, 4, 0)/(3, 1, 1)2/(1, 3, 1)2/(2, 2, 2)/
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
32b (3, 1, 0)/(0, 0, 2)/ (6, 0, 0)/(4, 2, 0)/(3, 1, 2)/(3, 1, 1)2/(4, 0, 1)2/
(0, 0, 0) (3, 1, 0)/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/
(0, 0, 0)3
33b (4, 0, 0)/(0, 2, 0)/ (6, 0, 0)/(4, 2, 0)/(4, 0, 2)/(3, 1, 1)4/(4, 0, 0)/
(0, 0, 2)/(0, 0, 0) (0, 2, 2)/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2/(0, 0, 0)3
34b (1, 1, 0)/(1, 0, 1)/ (2, 1, 1)/(1, 2, 1)/(1, 1, 2)/(2, 0, 0)2/(0, 2, 0)2/
(0, 1, 1) (0, 0, 2)2/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(0, 0, 0)3/
(2, 0, 1)2/(1, 2, 0)2/(0, 1, 2)2/(1, 1, 1)2/(1, 0, 0)2/
(0, 1, 0)2/(0, 0, 1)2
35b (1, 1, 0)2/(0, 0, 2)/ (2, 2, 0)/(2, 0, 1)2/(0, 2, 1)2/(1, 1, 2)2/(2, 0, 0)3/
(0, 0, 0) (0, 2, 0)3/(0, 0, 2)2/(1, 1, 1)4/(0, 0, 1)4/
(1, 1, 0)2/(0, 0, 0)4
36b (2, 0, 0)/(0, 2, 0)/ (2, 0, 0)4/(0, 2, 0)4/(0, 0, 2)4/(2, 2, 0)/(2, 0, 2)/
(0, 0, 2)/(0, 0, 0)3 (0, 2, 2)/(1, 1, 1)8/(0, 0, 0)6
37b (2, 0, 0)2/(0, 2, 0)/ (4, 0, 0)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(2, 2, 0)2/
(0, 0, 2) (2, 0, 2)2/(0, 2, 2)/(0, 0, 0)4/ . . .
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In the first 29 cases of Table 6.9, one of the factors of A31 is A¯1. Since CE7(A¯1)
◦ = D′6, another
D6 in E7, the other two A1 are in D
′
6. Thus these A
3
1 are conjugate to one of cases 1 to 59 of Table
9.7. In each of these cases we use the composition factors in Table 6.9 to determine the conjugacy
class of each one.
We are left with the cases where none of the factors of A31 are A¯1. These are cases 30 to 37 of
Table 6.9. None of these have the same composition factors as each other or as any of the A31 we
saw previously on L (E7). Hence they are not conjugate to each other or to any of the A31 we have
seen previously. These A31 are respectively cases 60 to 67 of Table 9.7.
3. A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A1D6
Let A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A1D6. We saw in Section 6.8 that there are 34 conjugacy classes of
A¯1A
3
1 in A¯1D6 with each factor restricted. They are cases 1 to 34 of Table 9.6. In Table 6.10, we
use Table 9.6 to calculate all possible L (E7) ↓ A1 A1A21 in each of these cases.
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Table 6.10: A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A¯1D6. Each A31
has the same composition factors as case n of Table 9.7
on L (E7).
VA¯1D6 ↓ A31 L (E7) ↓ A31 n
1 (i) (1, (3, 0, 0)2/(0, 1, 1)) (6, 0, 0)/(4, 0, 0)3/(3, 1, 1)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/ 25
(5, 0, 1)/(3, 0, 1)/(4, 1, 0)2/(2, 1, 0)2/(1, 0, 1)3/(0, 0, 0)3
(ii) (1, (3, 0, 0)2/(0, 1, 1) (0, 6, 0)/(0, 4, 0)3/(1, 3, 1)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/ 13
(1, 4, 1)/(2, 3, 0)2/(0, 3, 0)2/(1, 0, 1)3/(0, 0, 0)3
2 (i) (1, (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/ 37
(0, 0, 1)2) (1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/(1, 0, 0)8/(0, 0, 0)9
3 (i) (1, (1, 1, 0)/(0, 0, 1)2/ (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(2, 1, 0)2/(2, 0, 1)2/(0, 1, 0)2/(0, 0, 1)2/ 37
(0, 0, 0)4) (1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/(1, 0, 0)8/(0, 0, 0)9
(ii) (1, (1, 1, 0)/(0, 0, 1)2/ (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(2, 1, 0)2/(0, 1, 0)2/ 37
(0, 0, 0)4) (2, 0, 1)2/(0, 0, 1)2/(0, 1, 1)4/(1, 1, 0)4/(1, 0, 1)4/(1, 0, 0)8/(0, 0, 0)9
4 (i) (1, (1, 1, 0)2/(0, 1, 1)) (0, 2, 2)/(0, 1, 3)/(1, 1, 2)2/(0, 3, 1)/(0, 1, 1)/(2, 0, 0)/(0, 2, 0)4/ 41
(0, 0, 2)4/(1, 2, 1)2/(1, 0, 1)2/(1, 1, 0)2/(0, 1, 1)3/(0, 0, 0)
(ii) (1, (1, 1, 0)2/(0, 1, 1)) (0, 2, 2)/(0, 4, 0)/(0, 2, 0)/(1, 2, 1)2/(0, 2, 2)/(0, 0, 2)/(2, 0, 0)/(0, 2, 0)/ 48
(0, 2, 0)4/(0, 0, 2)3/(1, 2, 1)2/(1, 0, 1)2/(1, 0, 1)2/(0, 2, 0)3/(0, 0, 0)4
(iii) (1, (1, 1, 0)2/(0, 1, 1)) (0, 2, 2)/(1, 3, 0)/(1, 2, 1)2/(1, 1, 2)/(2, 0, 0)2/(0, 2, 0)4/(0, 0, 2)3/ 79
(2, 1, 1)2/(0, 1, 1)2/(1, 0, 1)2/(1, 1, 0)3/(0, 0, 0)
5 (i) (1, (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)2/(1, 0, 2)2/(0, 1, 2)2/(1, 1, 0)4/(1, 0, 0)2/ 34
(0, 0, 2)/(0, 0, 0)) (0, 1, 0)2/(2, 1, 1)/(0, 1, 1)/(2, 0, 1)2/(0, 0, 1)2/(1, 1, 1)2/(1, 0, 1)4/
(0, 0, 0)6
(ii) (1, (1, 0, 0)2/(0, 1, 0)2/ (2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(2, 1, 0)2/(2, 0, 1)2/(0, 1, 1)4/(0, 1, 0)2/t 33
(0, 0, 2)/(0, 0, 0)) (0, 0, 1)2/(2, 1, 1)/(0, 1, 1)/(2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/
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(2, 0, 0)4/(0, 0, 0, 0)10
6 (i) (1, (1, 1, 0)/(0, 1, 1)/ (1, 2, 1)/(1, 2, 0)2/(2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)/(2, 1, 0)2/(0, 1, 0)2 34
(0, 0, 0)4) /(2, 0, 1)2/(0, 1, 0)2/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)/(0, 1, 1)4/(1, 0, 0)2/
(0, 0, 0)6
(ii) (1, (1, 1, 0)/(0, 1, 1)/ (2, 1, 1)/(3, 0, 0)2/(1, 0, 0)2/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/ 51
(0, 0, 0)4) (2, 1, 0)2/(0, 1, 0)2/(1, 1, 1)2/(2, 0, 1)2/(0, 0, 1)2/(1, 1, 0)4/
(0, 1, 1)/(1, 0, 1)4/(1, 0, 0)2/(0, 0, 0)6
7 (i) (1, (1, 1, 0)/(0, 0, 2)/ (2, 0, 0)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)6/(1, 1, 2)/(1, 1, 0)5/ 54
(0, 0, 0)5) (2, 0, 1)4/(0, 0, 1)4/(1, 1, 1)4/(0, 0, 0)10
(ii) (1, (1, 1, 0)/(0, 0, 2)/ (2, 0, 0)7/(0, 2, 0)/(0, 0, 2)/(2, 1, 1)/(0, 1, 1)5/ 33
(0, 0, 0)5) (2, 1, 0)4/(2, 0, 1)4/(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)10
8 (i) (1, (1, 0, 0)2/(0, 2, 0)/ (0, 2, 2)/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)2/(0, 2, 0)3/(0, 0, 2)3/ 65
(0, 0, 2)/(0, 0, 0)2) (2, 1, 1)2/(0, 1, 1)2/(1, 1, 1)4/(1, 0, 0)4/(0, 0, 0)4
(ii) (1, (1, 0, 0)2/(0, 2, 0)/ (2, 0, 0)/(0, 2, 0)/(0, 0, 0)4/(0, 1, 2)2/(2, 1, 0)2/(0, 1, 0)4/(0, 0, 2)3/ 31
(0, 0, 2)/(0, 0, 0)2) (2, 0, 2)/(2, 0, 0)3/(2, 1, 1)2/(0, 1, 1)2/(2, 0, 1)4/(0, 0, 1)4
9 (i) (1, (2, 1, 1)) (4, 2, 0)/(4, 0, 2)/(2, 2, 2)/(2, 0, 0)2/(0, 2, 0)/ 68
(0, 0, 2)/(3, 2, 1)/(5, 0, 1)/(1, 2, 1)/(3, 0, 1)/(1, 0, 3)
(ii) (1, (2, 1, 1)) (0, 4, 2)/(2, 4, 0)/(2, 2, 2)/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/ 69
(3, 2, 1)/(1, 2, 1)/(1, 4, 1)/(1, 0, 3)
(iii) (1, (2, 1, 1)) (0, 4, 2)/(2, 4, 0)2/(2, 2, 2)2/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/ 70
(0, 2, 2)/(0, 4, 0)/(4, 0, 0)
10 (i) (1, (2, 2, 0)/(0, 0, 2)) (4, 2, 0)/(2, 4, 0)/(4, 1, 1)/(2, 1, 1)/(2, 3, 1)/(0, 3, 1)/(2, 2, 2)/ 71
(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
(ii) (1, (2, 2, 0)/(0, 0, 2)) (0, 4, 2)/(0, 2, 4)/(2, 3, 1)/(0, 3, 1)/(2, 1, 3)/(0, 1, 3)/(2, 2, 2)/ 72
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(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
11 (i) (1, (3, 1, 0)/(0, 1, 1)) (6, 0, 0)/(4, 2, 0)/(3, 2, 1)/(3, 0, 1)/(2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)/ 3
(4, 2, 0)/(5, 0, 1)/(1, 2, 1)/(4, 0, 0)/(2, 2, 0)/(3, 0, 1)/(2, 0, 0)
(ii) (1, (3, 1, 0)/(0, 1, 1)) (0, 6, 0)/(2, 4, 0)/(2, 3, 1)/(0, 3, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/ 12
(3, 3, 0)/(1, 3, 0)/(1, 4, 1)/(3, 0, 1)/(1, 0, 1)/(1, 3, 0)
(iii) (1, (3, 1, 0)/(0, 1, 1)) (0, 6, 0)/(0, 4, 2)/(1, 3, 2)/(1, 3, 0)/(2, 0, 0)2/(0, 2, 0)/ 73
(0, 0, 2)2/(1, 3, 2)/(2, 4, 0)/(2, 0, 2)/(0, 4, 0)/(0, 0, 2)/(1, 3, 0)
12 (i) (1, (3, 1, 0)/(1, 0, 1)) (6, 0, 0)/(4, 2, 0)/(4, 1, 1)/(2, 1, 1)/(2, 0, 0)3/(0, 0, 2)/(0, 2, 0)/ 11
(5, 1, 0)/(3, 1, 0)/(5, 0, 1)/(3, 1, 0)/(1, 1, 0)/(3, 0, 1)/(1, 2, 1)
(ii) (1, (3, 1, 0)/(1, 0, 1)) (0, 6, 0)/(2, 4, 0)/(1, 4, 1)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)2/ 4
(0, 0, 2)/(2, 4, 0)/(2, 2, 0)/(1, 4, 1)/(3, 0, 1)/(0, 4, 0)/(0, 2, 0)/(1, 0, 1)
(iii) (1, (3, 1, 0)/(1, 0, 1)) (0, 6, 0)/(0, 4, 2)/(1, 4, 1)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)2/ 74
(1, 4, 1)/(1, 2, 1)/(2, 4, 0)/(0, 4, 0)/(2, 0, 2)/(0, 0, 2)2
13 (i) (1, (3, 1, 0)/(0, 0, 1)2) (6, 0, 0)/(4, 2, 0)/(3, 1, 1)2/(4, 1, 0)2/(5, 0, 1)/(2, 1, 0)2/(3, 0, 1)/(1, 2, 1)/ 5
(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
(ii) (1, (3, 1, 0)/(0, 0, 1)2) (0, 6, 0)/(2, 4, 0)/(1, 3, 1)2/(2, 3, 0)2/(0, 3, 0)2/(1, 4, 1)/(3, 0, 1)/(1, 0, 1)/ 7
(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
(iii) (1, (3, 1, 0)/(0, 0, 1)2) (0, 6, 0)/(0, 4, 2)/(1, 3, 1)2/(1, 3, 1)2/(2, 4, 0)/(2, 0, 2)/(0, 4, 0)/(0, 0, 2)/ 63
(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
14 (i) (1, (3, 1, 0)/(0, 0, 2)/ (6, 0, 0)/(4, 2, 0)/(3, 1, 2)/(4, 1, 1)/(5, 0, 1)/(2, 1, 1)/(3, 0, 1)/(3, 1, 0)/ 75
(0, 0, 0)) (1, 2, 1)/(2, 0, 0, 0)2/(0, 2, 0)/(0, 2, 0)/(0, 0, 2)2
(ii) (1, (3, 1, 0)/(0, 0, 2)/ (0, 6, 0)/(2, 4, 0)/(1, 3, 2)/(2, 3, 1)/(0, 3, 1)/(1, 4, 1)/(1, 3, 0)/ 76
(0, 0, 0)) (3, 0, 1)/(1, 0, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)2
(iii) (1, (3, 1, 0)/(0, 0, 2)/ (0, 6, 0)/(0, 4, 2)/(2, 3, 1)/(2, 3, 1)/(0, 3, 1)/(5, 0, 1)/(3, 0, 1)/(0, 3, 1)/ 77
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(0, 0, 0)) (2, 0, 2)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)2/(0, 0, 2)
15 (i) (1, (6, 0, 0)/(0, 1, 1)/ (10, 0, 0)/(7, 1, 0)/(5, 1, 0)/(6, 1, 1)/(7, 0, 1)/(5, 0, 1)/(6, 0, 0)2/(2, 0, 0)2/ 16
(0, 0, 0)) (0, 2, 0)/(0, 0, 2)/(0, 1, 1)/(1, 0, 1)/(1, 1, 0)
(ii) (1, (6, 0, 0)/(0, 1, 1)/ (0, 10, 0)/(1, 6, 1)/(1, 6, 1)/(2, 6, 0)/(0, 6, 0)/(0, 6, 0)2/(2, 0, 0)2/ 18
(0, 0, 0)) (0, 2, 0)/(0, 0, 2)/(1, 0, 1)/(2, 0, 0)/(0, 0, 0)/(1, 0, 1)
16 (i) (1, (4, 0, 0)/(1, 1, 0)/ (6, 0, 0)/(4, 0, 2)/(5, 0, 1)/(3, 0, 1)/(5, 1, 0)/(4, 1, 1)/(2, 1, 1)/(3, 1, 0)/ 11
(0, 0, 2)) (1, 1, 2)/(3, 0, 1)/(1, 0, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)
(ii) (1, (4, 0, 0)/(1, 1, 0)/ (0, 6, 0)/(0, 4, 2)/(1, 4, 1)/(1, 5, 0)/(2, 3, 1)/(0, 3, 1)/(1, 3, 0)/ 74
(0, 0, 2)) (1, 1, 2)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)
(iii) (1, (4, 0, 0)/(1, 1, 0)/ (0, 6, 0)/(2, 4, 0)/(2, 4, 0)/(0, 4, 0)/(0, 5, 1)/(2, 3, 1)/(0, 3, 1)/(0, 3, 1)/ 3
(0, 0, 2)) (2, 1, 1)/(2, 2, 0)/(2, 0, 0)2/(0, 2, 0)3/(0, 0, 2)
17 (i) (1, (4, 0, 0)/(0, 1, 1)/ (6, 0, 0)2/(5, 1, 0)/(3, 1, 0)/(5, 0, 1)/(3, 0, 1)/(4, 1, 1)/(4, 0, 0)/(3, 1, 0)/ 20
(2, 0, 0)) (1, 1, 0)/(3, 0, 1)/(1, 0, 1)/(2, 1, 1)/(2, 0, 0)4/(0, 2, 0)/(0, 0, 2)
(ii) (1, (4, 0, 0)/(0, 1, 1)/ (0, 6, 0)2/(1, 4, 1)/(2, 4, 0)/(0, 4, 0)/(1, 4, 1)/(0, 4, 0)/(1, 2, 1)/ 28
(2, 0, 0)) (2, 2, 0)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)4/(0, 0, 2)
18 (i) (1, (4, 0, 0)/(0, 1, 1)/ (6, 0, 0)/(4, 1, 1)/(4, 0, 2)/(4, 0, 2)/(2, 0, 2)/(4, 1, 1)/(2, 1, 1)/(4, 0, 0)/ 4
(0, 0, 2)) (2, 0, 0)/(0, 1, 3)/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)2/(0, 1, 1)
(ii) (1, (4, 0, 0)/(0, 1, 1)/ (0, 6, 0)/(1, 4, 1)/(0, 4, 2)/(1, 3, 2)/(2, 3, 1)/(0, 3, 1)/(1, 3, 0)/ 76
(0, 0, 2)) (1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(2, 0, 0)/(0, 0, 2)2/(1, 0, 1)
(iii) (1, (4, 0, 0)/(0, 1, 1)/ (0, 6, 0)/(1, 4, 1)/(2, 4, 0)/(3, 3, 0)/(1, 3, 0)/(2, 3, 1)/(0, 3, 1)/(1, 3, 0)/ 12
(0, 0, 2)) (3, 0, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(1, 0, 1)
19 (i) (1, (4, 0, 0)/(0, 1, 0)2/ (6, 0, 0)/(4, 0, 2)/(4, 1, 0)2/(4, 1, 1)/(2, 1, 1)/(4, 0, 1)2/(2, 0, 1)2/ 6
(0, 0, 2)) (0, 1, 2)2/(2, 0, 0)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
(ii) (1, (4, 0, 0)/(0, 1, 0)2/ (0, 6, 0)/(0, 4, 2)/(1, 4, 0)2/(2, 3, 1)/(0, 3, 1)/(1, 3, 1)2/(1, 0, 2)2/ 62
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Table 6.10 – continued from previous page
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(0, 0, 2)) (2, 0, 0)/(0, 2, 0)/(2, 0, 0)/(0, 0, 2)/(0, 0, 0)3
(iii) (1, (4, 0, 0)/(0, 1, 0)2/ (0, 6, 0)/(2, 4, 0)/(0, 4, 1)2/(2, 3, 1)/(2, 3, 0)2/(0, 3, 1)/(0, 3, 0)2/ 8
(0, 0, 2)) (2, 0, 1)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
20 (i) (1, (4, 0, 0)/(0, 2, 0)/ (6, 0, 0)/(4, 2, 0)/(4, 0, 2)/(4, 1, 1)2/(2, 1, 1)2/(4, 0, 0)/(0, 2, 2)/ 74
(0, 0, 2)/(0, 0, 0)) (2, 0, 0)/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2
(ii) (1, (4, 0, 0)/(0, 2, 0)/ (0, 6, 0)/(0, 4, 2)/(2, 4, 0)/(2, 3, 1)2/(0, 3, 1)2/(0, 4, 0)/(2, 0, 2)/ 78
(0, 0, 2)/(0, 0, 0)) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(2, 0, 0)2
21 (i) (1, (1, 1, 0)/(1, 0, 1)/ (2, 1, 1)/(1, 2, 1)/(1, 1, 2)/(2, 0, 0)3/(0, 2, 0)2/ 79
(0, 1, 1)) (0, 0, 2)3/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(3, 1, 0)/(1, 1, 0)/(1, 2, 1)/
(2, 0, 2)/(2, 0, 0)/(0, 0, 0)/(1, 1, 0)/(1, 0, 1)/(2, 1, 1)/(0, 1, 1)
22 (i) (1, (1, 1, 0)/(0, 1, 1)/ (1, 2, 1)/(0, 1, 2)2/(2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)2/ 65
(0, 0, 1)2) (1, 1, 1)2/(1, 0, 1)/(0, 1, 0)2/(0, 0, 0)3
(2, 1, 0)2/(2, 0, 2)/(2, 0, 0)/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)/
(1, 2, 1)/(1, 0, 1)/(1, 1, 1)2
(ii) (1, (1, 1, 0)/(0, 1, 1)/ (2, 1, 1)/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)/(2, 0, 0)2/(0, 0, 2)2/(1, 1, 1)2/(0, 1, 1)/ 50
(0, 0, 1)2) (1, 0, 0)2/(0, 0, 0)3/(2, 1, 0)2/(0, 1, 0)2/(1, 1, 2)/(1, 1, 0)/
(1, 0, 1)/(3, 0, 1)/(1, 0, 1)/(2, 0, 1)2/(0, 0, 1)2
(iii) (1, (1, 1, 0)/(0, 1, 1)/ (1, 1, 2)/(2, 0, 1)2/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)2/(1, 1, 1)2/(1, 0, 1)/ 32
(0, 0, 1)2) (0, 1, 0)2/(0, 0, 0)3/(1, 1, 1)2/(3, 1, 0)/(1, 1, 0)/(1, 1, 0)/
(2, 0, 2)/(0, 0, 2)/(2, 0, 0)/(2, 0, 1)2/(0, 0, 1)2/(0, 0, 0)
23 (i) (1, (1, 1, 0)2/(0, 0, 2)/ (2, 2, 0)/(3, 0, 1)/(1, 0, 1)/(1, 2, 1)/(1, 1, 2)2/(2, 0, 0)4/ 79
(0, 0, 0)) (0, 2, 0)3/(0, 0, 2)2/(2, 1, 1)2/(0, 1, 1)2/(1, 0, 1)2/(1, 1, 0)2/(0, 0, 0)
(ii) (1, (1, 1, 0)2/(0, 0, 2)/ (0, 2, 2)/(2, 2, 0)/(2, 0, 2)/(0, 0, 2)/(2, 1, 1)2/(2, 0, 0)3/(0, 2, 0)4/ 80
(0, 0, 0)) (0, 0, 2)3/(2, 1, 1)2/(0, 1, 1)2/(2, 0, 0)2/(0, 1, 1)2/(0, 0, 0)3
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24 (i) (1, (1, 1, 0)/(0, 1, 1)/ (0, 1, 3)/(1, 2, 1)/(1, 1, 2)/(2, 0, 2)/(1, 2, 1)/(1, 1, 2)/ 79
(0, 0, 2)/(0, 0, 0)) (2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)4/(2, 1, 1)/(0, 1, 1)/(2, 0, 0)/(0, 0, 0)
(1, 1, 0)/(1, 0, 1)/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)2
(ii) (1, (1, 1, 0)/(0, 1, 1)/ (0, 1, 3)/(2, 1, 1)/(1, 1, 2)/(1, 1, 2)/(3, 0, 1)/(1, 0, 1)/(2, 0, 2)/(0, 0, 2)/ 41
(0, 0, 2)/(0, 0, 0)) (2, 0, 0)3/(0, 2, 0)/(0, 0, 2)3/(2, 1, 1)/(0, 1, 1)/(1, 1, 0)/
(2, 0, 0)/(0, 0, 0)/(1, 0, 1)/(1, 1, 0)/(0, 1, 1)/(1, 0, 1)2
(iii) (1, (1, 1, 0)/(0, 1, 1)/ (3, 0, 1)/(1, 2, 1)/(2, 1, 1)/(3, 1, 0)/(1, 1, 0)/(2, 0, 2)/(0, 0, 2)/(1, 0, 1)/ 53
(0, 0, 2)/(0, 0, 0)) (3, 0, 1)/(2, 0, 0)4/(0, 2, 0)/(0, 0, 2)2/(2, 1, 1)/(0, 1, 1)/(1, 1, 0)/
(1, 0, 1)/(2, 0, 0)/(0, 0, 0)/(0, 1, 1)/(1, 1, 0)/(1, 0, 1)2
25 (i) (1, (1, 1, 0)/(1, 0, 0)2/ (1, 1, 2)/(2, 1, 0)2/(1, 0, 2)2/(2, 0, 0)3/(0, 2, 0)/ 50
(0, 0, 2)/(0, 0, 0)) (0, 0, 2)2/(1, 1, 0)/(0, 1, 0)2/(1, 0, 0)2/(3, 0, 1)/(1, 0, 1)2/
(2, 0, 1)2/(0, 0, 1)2/(1, 1, 1)2/(2, 1, 1)/(0, 1, 1)/(0, 0, 0)3
(ii) (1, (1, 1, 0)/(1, 0, 0)2/ (1, 1, 2)/(1, 2, 0)2/(0, 1, 2)2/(2, 0, 0)2/(0, 2, 0)2/ 64
(0, 0, 2)/(0, 0, 0)) (0, 0, 2)2/(1, 1, 0)/(1, 0, 0)2/(0, 1, 0)2/(1, 2, 1)/(1, 0, 1)/
(1, 1, 1)2/(2, 0, 1)2/(0, 0, 1)2/(2, 1, 1)/(0, 1, 1)/(0, 0, 0)3
(iii) (1, (1, 1, 0)/(1, 0, 0)2/ (2, 1, 1)/(0, 2, 1)2/(2, 1, 0)2/(2, 0, 0)3/(0, 2, 0)3/(0, 0, 2)/ 31
(0, 0, 2)/(0, 0, 0)) (0, 1, 1)/(0, 0, 1)2/(0, 1, 0)2/(2, 2, 0)/(2, 0, 0)/(0, 0, 0)
(2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/(2, 1, 1)/(0, 1, 1)/(0, 0, 0)3
26 (i) (1, (0, 1, 1)/(1, 0, 0)2/ (3, 0, 0)2/(3, 0, 1)/(1, 0, 1)/(3, 1, 0)/(1, 1, 0)/(2, 1, 1)/(2, 0, 0)4/ 52
(2, 0, 0)/(0, 0, 0)) (0, 2, 0)/(0, 0, 2)/(2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/(1, 1, 1)2/
(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(1, 0, 0)4/(0, 0, 0)3
(ii) (1, (0, 1, 1)/(1, 0, 0)2/ (0, 3, 0)2/(2, 2, 0)/(0, 2, 0)/(1, 2, 1)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)3/ 42
(2, 0, 0)/(0, 0, 0)) (0, 0, 2)/(1, 1, 1)2/(2, 1, 0)2/(0, 1, 0)2/(1, 1, 1)2/(1, 0, 1)/
(2, 0, 0)/(1, 0, 1)/(0, 1, 0)4/(0, 0, 0)4
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27 (i) (1, (2, 0, 0)/(0, 2, 0)/ (2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(2, 0, 0)/(2, 0, 0)4/(0, 2, 0)4/ 80
(0, 0, 2)/(0, 0, 0)3) (0, 0, 2)4/(2, 1, 1)4/(0, 1, 1)4/(0, 0, 0)3
28 (i) (1, (2, 0, 0)2/(0, 2, 0)/ (2, 0, 0)4/(0, 2, 0)/(0, 0, 2)/(4, 0, 0)/(2, 2, 0)2/ 81
(0, 0, 2)) (2, 0, 2)2/(0, 2, 2)/(0, 0, 0)/ . . .
(ii) (1, (2, 0, 0)2/(0, 2, 0)/ (2, 0, 0)2/(0, 2, 0)3/(0, 0, 2)/(0, 4, 0)/(0, 2, 2)2/ 82
(0, 0, 2)) (2, 2, 0)2/(2, 0, 2)/(0, 0, 0)/ . . .
29 (i) (1, (1, 1, 0)/(0, 0, 2)2/ (2, 0, 0)4/(0, 2, 0)/(0, 0, 2)9/(0, 0, 4)/(1, 1, 2)2/ 48
(0, 0, 0)2) (2, 0, 2)2/(1, 1, 2)2/(1, 1, 0)2/(1, 1, 0)2/(0, 0, 0)4
(ii) (1, (1, 1, 0)/(0, 0, 2)2/ (2, 0, 0)8/(0, 2, 0)/(0, 0, 2)/(4, 0, 0)/(2, 1, 1)2/(3, 1, 0)2/(3, 0, 1)2/ 40
(0, 0, 0)2) (1, 1, 0)2/(1, 0, 1)2/(0, 1, 1)2/(1, 1, 0)2/(1, 0, 1)2/(0, 0, 0)2
30 (i) (1, (1, 1, 0)/(0, 1, 1) (1, 3, 0)/(0, 3, 1)/(1, 2, 1)/(2, 2, 0)/(2, 0, 0)3/(0, 2, 0)5/(0, 0, 2)/ 53
(0, 2, 0)/(0, 0, 0)) (2, 1, 1)/(0, 1, 1)/(0, 0, 0)/(1, 1, 0)2/(0, 1, 1)2/
(1, 3, 0)/(1, 2, 1)/(1, 1, 0)2/(1, 0, 1)
(ii) (1, (1, 1, 0)/(0, 1, 1) (3, 1, 0)/(3, 0, 1)/(2, 1, 1)/(3, 1, 0)/(0, 1, 0)/(2, 0, 0)5/(0, 2, 0)/ 40
(0, 2, 0)/(0, 0, 0)) (0, 0, 2)/(2, 1, 1)/(0, 1, 1)/(1, 1, 0)/(1, 1, 0)2/(1, 0, 1)2/
(1, 1, 0)/(4, 0, 0)2/(2, 0, 0)6/(0, 0, 0)4
31 (i) (1, (1, 0, 0)2/(0, 1, 1) (0, 1, 3)/(1, 0, 2)2/(1, 0, 2)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)3/ 32
(0, 0, 2)/(0, 0, 0)) (1, 1, 1)2/(1, 1, 1)2/(0, 1, 1)2/(1, 0, 0)2/(1, 0, 0)2/(0, 0, 0)3
(2, 1, 1)/(0, 1, 1)/(2, 0, 2)/(0, 0, 2)/(2, 0, 0)/(0, 0, 0)
(ii) (1, (1, 0, 0)2/(0, 1, 1) (1, 0, 3)/(0, 1, 2)2/(1, 0, 2)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)3/ 50
(0, 0, 2)/(0, 0, 0)) (2, 0, 1)2/(0, 0, 1)2/(1, 1, 1)2/(1, 0, 1)2/(0, 1, 0)2/(1, 0, 0)2/
(0, 0, 0)3/(2, 1, 1)/(0, 1, 1)/(1, 1, 2)/(1, 1, 0)
(iii) (1, (1, 0, 0)2/(0, 1, 1) (3, 0, 1)/(2, 1, 0)2/(3, 0, 0)2/(1, 0, 0)2/(2, 0, 0)4/(0, 2, 0)/(0, 0, 2)/ 52
(0, 0, 2)/(0, 0, 0)) (2, 0, 1)2/(0, 0, 1)2/(1, 1, 1)2/(1, 0, 1)2/(0, 1, 0)2/(1, 0, 0)2/(0, 0, 0)3
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Table 6.10 – continued from previous page
VA¯1D6 ↓ A31 L (E7) ↓ A31 n
(2, 1, 1)/(0, 1, 1)/(3, 1, 0)/(1, 1, 0)/(1, 1, 0)
32 (i) (1, (1, 1, 0)2/(0, 0, 1)2) (2, 2, 0)/(2, 0, 0)/(2, 0, 0)3/(0, 2, 0)3/(0, 0, 2)/(1, 1, 1)4/ 32
(0, 0, 0)4/(3, 0, 1)/(1, 0, 1)/(1, 2, 1)/(2, 1, 0)4/(0, 1, 0)4/(1, 0, 1)2
(ii) (1, (1, 1, 0)2/(0, 0, 1)2) (0, 2, 2)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/(2, 0, 0)/(1, 1, 1)4/ 66
(0, 0, 0)4/(2, 2, 0)/(0, 2, 0)/(2, 0, 2)/(0, 0, 2)/(1, 1, 1)4/(2, 0, 0)2/(0, 0, 0)2
33 (i) (1, (1, 1, 0)/(1, 0, 1) (2, 0, 0)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(2, 1, 1)/(0, 1, 1)/ 52
(1, 0, 0)2) (2, 1, 0)2/(0, 1, 0)2/(2, 0, 1)2/(0, 0, 1)2/(0, 0, 0)3/(3, 0, 0)2/(1, 0, 0)2
(1, 0, 0)2/(3, 0, 1)/(1, 0, 1)/(1, 0, 1)/(3, 1, 0)/(1, 1, 0)/(1, 1, 0)/(1, 1, 1)2
(ii) (1, (1, 1, 0)/(1, 0, 1) (2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(2, 0, 0)/(1, 2, 1)/(1, 0, 1)/ 31
(1, 0, 0)2) (0, 2, 1)2/(0, 0, 1)2/(1, 2, 0)2/(1, 0, 0)2/(0, 0, 0)3/(1, 2, 0)2/
(1, 0, 0)2/(2, 2, 0)/(0, 2, 0)/(2, 0, 0)/(0, 0, 0)/(1, 2, 1)/(1, 0, 1)/(2, 0, 1)2/(0, 0, 1)2
34 (i) (1, (1, 1, 0)2/(0, 1, 1)) (2, 2, 0)/(1, 2, 1)2/(2, 0, 0)/(2, 0, 0)3/(0, 2, 0)4/(0, 0, 2)/ 30
(1, 0, 1)2/(0, 0, 0)/(2, 2, 0)2/(0, 2, 0)2/(2, 0, 0)2/(0, 0, 0)2/(3, 0, 1)/(1, 0, 1)/
(1, 0, 1)2/(1, 2, 1)
(ii) (1, (1, 1, 0)2/(0, 1, 1)) (2, 2, 0)/(2, 1, 1)2/(2, 0, 0)/(0, 2, 0)3/(2, 0, 0)4/(0, 0, 2)/ 53
(0, 1, 1)2/(0, 0, 0)/(3, 1, 0)2/(1, 1, 0)4/(1, 2, 1)/
(1, 0, 1)2/(3, 0, 1)/(1, 0, 1)
(iii) (1, (1, 1, 0)2/(0, 1, 1)) (0, 2, 2)/(1, 1, 2)2/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)5/(2, 0, 0)/ 80
(1, 1, 0)2/(0, 0, 0)/(1, 1, 2)2/(1, 1, 0)2/(2, 2, 0)/(0, 2, 0)
(2, 0, 0)2/(0, 0, 0)2/(2, 0, 2)
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By Table 9.6, in cases 2, 3, 5, 6, 8, 13, 19, 22, 25, 31 and 32, A41 is in D6. Hence in these cases
A31 ⊆ A41 ⊆ D6. Therefore these A31 are conjugate to one of the A31 we have seen previously.
Similarly suppose one of the factors of A31 ⊆ D6 is A¯1. Then clearly A31 = A¯1A¯1A1A1 is conjugate
to one of the A31 we have seen previously since CE7(A¯1)
◦ = D6.
In each of these cases, we use the composition factors of L (E7) ↓ A31 to find which of cases 1 to
67 of Table 9.7 each these A31 are conjugate to. These results are given in Table 6.10.
We are left with cases which do not have A41 ⊆ D6 and where none of the factors of A13 are A¯1.
Now consider cases 4(iii), 9(i), 9(ii), 9(iii), 10(i), 10(ii), 11(iii), 12(iii), 14(i), 14(ii), 14(iii), 20(ii),
23(ii), 28(i) and 28(ii) of Table 6.10. These A31 do not have the same composition factors as each
other or as any of the A31 we have seen previously on L (E7). Hence they are not conjugate to each
other or to any of the A31 we have seen previously. They are cases 68 to 82 of Table 9.7.
It remains to consider cases 16(ii), 18(ii), 20(i), 21(i), 23(i), 24(i), 27(i) and 34(iii) of Table 6.10.
First consider case 16(ii) of Table 6.10, where A31 ⊆ A¯1D6 with embedding (1, (4, 0, 0)/(1, 1, 0)/
(0, 0, 2)). Clearly A31 = A¯1 A A¯1 A¯1B with AB ⊆ D4 such that VD4(λ1) ↓ AB = (4, 0)/(0, 2).
Hence by Lemma 6.3, this A31 is conjugate to case 74 or case 75 of Table 9.7. By considering the
composition factors of L (E7) ↓ A31, we find that it is conjugate to case 75 of Table 9.7.
Similarly in case 20(i) of Table 6.10, we have A31 = A¯1 A¯1 A¯1 AB with AB ⊆ D4 such that
VD4(λ1) ↓ AB = (4, 0)/(0, 2). Hence by Lemma 6.3, this A31 is conjugate to case 74 or case 75 of
Table 9.7. We find that it is conjugate to case 74 of Table 9.7.
Next consider cases 21(i), 23(i), 24(i), 27(i) and 34(iii). In these cases we have A31 = A¯1 A¯1 A¯1 A¯1
A¯1 A¯1 A¯1. Hence by Lemma 6.4, these A
3
1 are conjugate to case 79 or case 80 of Table 9.7. By
considering L (E7) ↓ A31, we find that cases 21(i), 23(i) and 24(i) are conjugate to cases 79 of Table
9.7 and cases 27(i) and 34(iii) are conjugate to case 80 of Table 9.7.
Finally we consider case 18(ii) of Table 6.10. This A31 has the same composition factors as case 76
of Table 9.7 on L (E7). We show that these A31 are conjugate. In case 18(ii) of Table 6.10, we have
A31 = A¯1 A¯1VW A¯1 with VW ⊆ D4 such that VD4(λ1) ↓ VW = (4, 0)/(0, 2). Similarly in case 76 of
Table 9.7, we have A31 = A¯1 A¯1Y Z A¯1 with Y Z ⊆ D4 such that VD4(λ1) ↓ Y Z = (3, 1). Therefore
these A31 are in A¯1
3
D4. By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order three in
S3 induces triality on D4 and permutes the factors of A¯1
3
. Clearly VW and Y Z are conjugate by
trialiy in D4. Hence A¯1
3
VW and A¯1
3
Y Z are conjugate. Therefore these two A31 are conjugate.
6.9.2 A31 ⊆ A¯2A5
Suppose A31 is in A¯2A5. We are in one of the following cases:
1. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A¯2A5
2. A31 ⊆ A5
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3. A31 = A1A
2
1 ⊆ A¯2A5 with A1 ⊆ A¯2 and A21 ⊆ A5.
1. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A¯2A5.
We proved in Section 6.8.2 that all A41 in A¯2A5 are in A¯1D6. Hence we have already considered all
possible A31 = A1 A1A
2
1 ⊆ A41 ⊆ A2A5 in the Section 6.9.1.
2. A31 ⊆ A5
There are two conjugacy classes A31 in A5 with each factor restricted. Either VA5(λ1) ↓ A31 =
(1, 0, 0)/(0, 1, 0)/(0, 0, 1) or VA5(λ1) ↓ A31 = (1, 0, 0)/(0, 1, 1). Either way the first factor of A31 is A¯1
in A5. Hence by Lemma 2.26, it is also A¯1 in E7. So these A
3
1 are in A¯1D6 since CE7(A¯1)
◦ = D6.
Therefore they are conjugate to one of cases 1 to 82 of Table 9.7. By Theorem 2.21, we have
L (E7) ↓ A2A5 = (10, 01000)/(01, 00010)/(11, 00000)/(00, 10001) (6.5)
We calculate L (E7) ↓ A31 in both cases and find that these A31 are respectively conjugate to cases
39 and 49 of Table 9.7.
3. A31 = A1A
2
1 with A1 ⊆ A¯2 and A21 ⊆ A5
Suppose A31 = A1A
2
1 with A1 ⊆ A¯2 and A21 ⊆ A5. There are two conjugacy classes of restricted A1
subgroups in A2. Either VA2(λ1) ↓ A1 = 2 or VA2(λ1) ↓ A1 = 1 + 0. There are eight conjugacy
classes of A21 in A5 with each factor restricted. Thus we need to consider 16 cases. These are listed
in Table 6.11. Furthermore in Table 6.11, we use (6.5) to calculate L (E7) ↓ A31 in each case.
We start by considering all even cases of Table 6.11. We have VA2(λ1) ↓ A1 = 1 + 0. This A1 is
generated by long root subgroups in A2. Hence by Lemma 2.26, it is A¯1 in E7. Therefore these A
3
1
are in A¯1D6 since CE7(A¯1)
◦ = D6.
Next consider cases 1, 5, 7 and 9 of Table 6.11. One of the factors of A21 ⊆ A5 is A¯1 in A5.
Hence by Lemma 2.26 it is A¯1 in E7. Therefore A
3
1 ⊆ A¯1D6.
Now consider cases 11 and 13 of Table 6.11. Let A41 = ABCD ⊆ A2A5 with embedding
(2, (1, 1, 0)/(0, 0, 1)). In Section 6.8.2, we proved that ABCD is conjugate to an A41 in A¯1D6. Cases
11 and 13 of Table 6.11 are respectively ABC and ABCD. Hence they are in A¯1D6.
In all of these cases, since we have calculated L (E7) ↓ A31, it is easy to find which of cases 1 to
82 of Table 9.7 each of these A31 is conjugate to. This is given in Table 6.11.
Now consider case 3 of Table 6.11. It does not have the same composition factors on L (E7) as
any of the A31 we have seen previously. Hence it is not conjugate to any of the A
3
1 we have seen
previously. It is case 83 of Table 9.7.
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VA¯2(λ1) ↓ A1 VA5(λ1) ↓ A21 L (E7) ↓ A31 n
1 2 (3, 0)/(0, 1) (0, 6, 0)/(2, 4, 0)2/(4, 0, 0)/(0, 4, 0)/(2, 3, 1)2/(0, 3, 1)2/ 27
(2, 0, 0)5/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
2 1 + 0 (3, 0)/(0, 1) (0, 6, 0)/(0, 4, 0)3/(1, 4, 0)2/(1, 3, 1)2/(0, 3, 1)4/ 26
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 0, 0)6/(0, 0, 0)6
3 2 (2, 0)/(0, 2) (2, 2, 0)2/(2, 0, 2)2/(0, 2, 2)2/(2, 2, 2)2/(4, 0, 0)/(0, 4, 0)/ none
(0, 0, 4)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
4 1 + 0 (2, 0)/(0, 2) (1, 2, 0)2/(1, 2, 2)2/(1, 0, 2)2/(0, 2, 2)4/(0, 4, 0)/(0, 0, 4)/ 47
(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/(1, 0, 0)2/(0, 0, 0)2
5 2 (2, 0)/(0, 1)/ (2, 2, 0)4/(2, 2, 1)2/(2, 0, 0)3/(2, 0, 1)2/(4, 0, 0)/(0, 4, 0)/ 47
(0, 0) (0, 2, 1)2/(0, 2, 0)3/(0, 0, 2)/(0, 0, 1)2/(0, 0, 0)2
6 1 + 0 (2, 0)/(0, 1)/ (1, 2, 0)4/(1, 2, 1)2/(1, 0, 0)2/(1, 0, 1)2/(2, 0, 0)/(1, 0, 0)2/ 43
(0, 0) (0, 4, 0)/(0, 2, 1)4/(0, 2, 0)7/(0, 0, 2)/(0, 0, 1)4/(0, 0, 0)5
7 2 (1, 0)/(0, 1)/ (2, 1, 1)2/(2, 1, 0)4/(2, 0, 1)4/(2, 0, 0)7/(0, 2, 0)/(0, 0, 2)/ 43
(0, 0)2 (4, 0, 0)/(0, 1, 1)2/(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)5
8 1 + 0 (1, 0)/(0, 1)/ (1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/(1, 0, 0)8/(0, 1, 0)8/ 38
(0, 0)2 (0, 0, 1)8/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)12
9 2 (1, 0)2/(0, 1) (2, 2, 0)2/(2, 1, 1)4/(2, 0, 0)9/(4, 0, 0)/(0, 1, 1)4/(0, 2, 0)4/ 48
(0, 0, 2)/(0, 0, 0)4
10 1 + 0 (1, 0)2/(0, 1) (1, 2, 0)2/(1, 1, 1)4/(1, 0, 0)8/(0, 2, 0)6/(0, 1, 1)4/(2, 0, 0)/ 45
(1, 0, 0)2/(0, 1, 1)4/(0, 0, 2)/(0, 0, 0)13
11 2 (1, 1)/(0, 0)2 (2, 2, 0)2/(2, 0, 2)2/(2, 1, 1)4/(2, 0, 0)3/(4, 0, 0)/(0, 2, 2)/ 67
(0, 2, 0)/(0, 0, 2)/(0, 1, 1)4/(0, 0, 0)4
12 1 + 0 (1, 1)/(0, 0)2 (1, 2, 0)2/(1, 0, 2)2/(1, 1, 1)4/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/ 36
(1, 0, 0)4/(0, 1, 1)8/(0, 2, 2)/(0, 0, 0)7
13 2 (1, 1)/(1, 0) (2, 2, 0)2/(2, 0, 2)2/(2, 2, 1)2/(2, 0, 1)2/(2, 0, 0)3/(4, 0, 0)/ 82
(0, 2, 2)/(0, 2, 0)2/(0, 0, 2)/(0, 2, 1)2/(0, 0, 1)2/(0, 0, 0)
14 1 + 0 (1, 1)/(1, 0) (1, 2, 0)2/(1, 0, 2)2/(1, 2, 1)2/(1, 0, 1)2/(1, 0, 0)4/(0, 2, 0)4/ 31
(0, 0, 2)3/(0, 2, 1)4/(0, 0, 1)4/(2, 0, 0)/(0, 2, 2)/(0, 0, 0)4
15 2 (2, 1) (2, 2, 2)2/(2, 4, 0)2/(2, 0, 0)3/(4, 0, 0)/(0, 4, 2)/(0, 4, 0)/ 70
(0, 2, 2)/(0, 2, 0)/(0, 0, 2)
16 1 + 0 (2, 1) (1, 2, 2)2/(1, 4, 0)2/(1, 0, 0)4/(0, 2, 2)3/(0, 4, 0)2/(2, 0, 0)/ 55
(0, 4, 2)/(0, 4, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
Table 6.11: A31 in A2A5 with A1 ⊆ A2 and A21 ⊆ A5. Each A31 has the same composition factors as
case n of Table 9.7 on L (E7).
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Finally consider case 15 of Table 6.11. This A31 has the same composition factors as case 70 of
Table 9.7 on L (E7). We claim that these are conjugate. In case 70 we have A31 = A¯1ABC with
ABC ⊆ D6 such that VD6(λ1) ↓ ABC = (2, 1, 1). Clearly AC ⊆ D6 with VD6(λ1) ↓ AC = (2, 1)2.
Thus VD6(λ1) ↓ AC = V6+V6 where both of these are totally singular spaces. Hence AC ⊆ A5 ⊆ D6.
Furthermore by Lemma 2.29, there is an order 3 element t in Z(A5) such that CE7(t) = A2A5. Hence
A¯1ABC ⊆ CG(t) = A2A5. So this A31 is conjugate to an A31 in A2A5. Thus it is conjugate to case
70 of Table 9.7 as it is the only A31 ⊆ A2A5 which has the same composition factors as this A31 on
L (E7).
6.9.3 A31 ⊆ A7
Suppose X = A31 ⊆ A7. There are 13 conjugacy classes of A31 in A7 with each factor restricted. In
Table 6.12, using Theorem 2.21, we calculate L (E7) ↓ A31 for each of these A31.
First consider cases 1, 5, 8, 9, 10, 11, 12 and 13 of Table 6.12. One of the factors of A31 is A¯1 in
A7. Hence by Lemma 2.26, it is also A¯1 in E7. Therefore X ⊆ A¯1D6 since CE7(A¯1)◦ = D6.
Next consider cases 3, 4 and 6 of Table 6.12. Let A41 = WXY Z ⊆ A7 with embedding
(1, 1, 0, 0)/(0, 0, 1, 1). In Section 6.8.3, we proved that WXY Z is conjugate to an A41 in A¯1D6.
Cases 3, 4 and 6 of Table 6.12 are respectively WX Y Z, WXY and WXY Z. Hence they are
contained in A¯1D6.
Now consider case 7 of Table 6.12 where VA7(λ1) ↓ A31 = (1, 1, 0)/(0, 0, 3). Clearly this A31 is in
A23. By Section 6.2, the A
2
3 subgroup in A7 is conjugate to the A
2
3 subgroup in D6. Hence X is
conjugate to an A31 in D6.
By considering the composition factors of L (E7) ↓ A31, we find which of cases 1 to 82 of Table
9.7 each of these A31 is conjugate to. These are given in Table 6.12
Finally consider case 2 of Table 6.12 where VA7(λ1) ↓ X = (1, 1, 1). It has the same composition
factors as case 83 of Table 9.7 on L (E7). We show that these are conjugate. In case 83, we
have A31 = DEF ⊆ A2A5 with D ⊆ A2 such that VA2(λ1) ↓ D = 2 and EF ⊆ A5 such that
VA5(λ1) ↓ EF = (2, 0)/(0, 2). Clearly DEF ⊆ A32 ⊆ A2A5. We have seen previously that there is a
unique conjugacy class of A32 in E7 and that the three factors of A
3
2 are conjugate. Thus D,E and
F are conjugate. We will need the following lemma.
Lemma 6.5. If A1 ⊆ A2A5 with L (E7) ↓ A1 = 4/231/035 then A1 is conjugate to D.
Proof. Suppose A1 ⊆ A2A5. Then either A1 is in A2 or A1 is in A5 or A1 = A1 A1 ⊆ A2A5.
In A2 there are two conjugacy classes of restricted A1 subgroups. Either VA2(λ1) ↓ A1 = 1 + 0
or VA2(λ1) ↓ A1 = 2. If VA2(λ1) ↓ A1 = 2 then A1 = D by definition of D. If VA2(λ1) ↓ A1 = 1 + 0
then by (6.5), L (E7) ↓ A1 = 2/132/066.
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VA7(λ1) ↓ A31 L (E7) ↓ A31 n
1 (2, 1, 0)/(0, 0, 1) (2, 2, 0)2/(4, 0, 0)2/(0, 0, 0)3/(4, 1, 1)/(2, 1, 1)/(0, 3, 1)/(4, 2, 0)/ 56
(4, 0, 0)/(2, 2, 0)/(2, 0, 0)/(0, 2, 0)/(2, 1, 1)2/(0, 0, 2)
2 (1, 1, 1) (4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(2, 2, 2)2/(2, 2, 0)2/(2, 0, 2)2/(0, 2, 2)2/ 83
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3 (1, 1, 0)/(0, 1, 1) (1, 2, 1)4/(1, 0, 1)4/(2, 2, 0)2/(2, 0, 2)/(0, 4, 0)/(0, 2, 0)3/(0, 2, 2)2/ 67
(2, 0, 0)/(0, 0, 2)/(0, 0, 0)4
4 (1, 1, 0)/(0, 0, 1)2 (2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(2, 0, 0)4/(0, 2, 0)4/(0, 0, 2)4/(1, 1, 1)8/ 66
(0, 0, 0)6
5 (1, 1, 0)/(0, 1, 0)/ (0, 3, 1)/(2, 2, 0)/(1, 2, 0)4/(2, 1, 1)/(2, 0, 0)3/(0, 2, 0)4/(0, 0, 2)/ 32
(0, 0, 1) (1, 1, 1)4/(1, 0, 0)4/(0, 1, 1)3/(0, 0, 0)4
6 (1, 1, 0)/(0, 0, 2)/ (0, 0, 4)/(2, 2, 0)/(2, 0, 2)2/(1, 1, 2)4/(1, 1, 0)4/(2, 0, 0)/(0, 2, 2)2/ 67
(0, 0, 0) (0, 2, 0)/(0, 0, 2)3/(0, 0, 0)4
7 (1, 1, 0)/(0, 0, 3) (0, 0, 6)/(2, 0, 4)/(0, 2, 4)/(1, 1, 3)4/(0, 0, 4)/(2, 2, 0)/(2, 0, 0)2/ 63
(0, 2, 0)2/(0, 0, 2)/(0, 0, 0)3
8 (3, 0, 0)/(0, 1, 0)/ (6, 0, 0)/(4, 1, 1)/(4, 0, 0)3/(3, 1, 0)4/(3, 0, 1)4/(2, 0, 0)/(0, 2, 0)/ 10
(0, 0, 1) (0, 0, 2)/(0, 1, 1)3/(0, 0, 0)6
9 (2, 0, 0)/(0, 2, 0)/ (4, 0, 0)/(0, 4, 0)/(2, 2, 1)2/(2, 2, 0)4/(2, 0, 1)2/(0, 2, 1)2/(2, 0, 0)3/ 47
(0, 0, 1) (0, 2, 0)3/(0, 0, 2)/(0, 0, 1)2/(0, 0, 0)2
10 (2, 0, 0)/(0, 1, 0)/ (4, 0, 0)/(2, 1, 1)2/(2, 1, 0)4/(2, 0, 1)4/(2, 0, 0)7/(0, 2, 0)/(0, 0, 2)/ 43
(0, 0, 1)/(0, 0, 0) (0, 1, 1)2/(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)5
11 (1, 0, 0)/(0, 1, 0)/ (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(0, 1, 1)4/ 38
(0, 0, 1)/(0, 0, 0)2 (1, 0, 0)8/(0, 1, 0)7/(0, 0, 1)8/(0, 0, 0)12
12 (1, 0, 0)2/(0, 1, 0)/ (2, 1, 1)/(2, 0, 0)6/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)8/(1, 0, 1)8/(0, 1, 1)5/ 35
(0, 0, 1) (0, 0, 0)13
13 (1, 1, 0)/(0, 0, 1)/ (2, 2, 0)/(2, 0, 1)2/(0, 2, 1)2/(1, 1, 1)4/(1, 1, 0)8/(2, 0, 0)3/(0, 2, 0)3/ 36
(0, 0, 0)2 (0, 0, 2)/(0, 0, 1)4/(0, 0, 0)7
Table 6.12: A31 in A7. Each A
3
1 has the same composition factors as case n of Table 9.7 on L (E7).
6.9 R1 . . . Rn = A
3
1 176
VA5(λ1) ↓ A1 L (E7) ↓ A1
1 5 10 + 87 + 6 + 47 + 2 + 014
2 4 + 0 8 + 67 + 49 + 27 + 09
3 3 + 1 6 + 415 + 210 + 021
4 3 + 02 6 + 47 + 316 + 2 + 024
5 22 410 + 222 + 017
6 2 + 1 + 0 44 + 38 + 216 + 116 + 016
7 2 + 03 4 + 231 + 035
8 13 227 + 052
9 12 + 02 210 + 131 + 039
10 1 + 04 2 + 132 + 066
Table 6.13: A1 in A5.
VA2(λ1) ↓ A VA5(λ1) ↓ B L (E7) ↓ A B
1 + 0 13 36 + 216 + 120 + 021
2 13 47 + 228 + 014
1 + 0 12 + 02 32 + 215 + 128 + 024
2 12 + 02 43 + 38 + 215 + 116 + 09
1 + 0 1 + 04 210 + 132 + 039
2 1 + 04 4 + 38 + 216 + 116 + 016
Table 6.14: A1 A1 in A2A5.
In A5 there are 10 conjugacy classes of restricted A1 subgroups. In Table 6.13, we use (6.5)
to calculate L (E7) ↓ A31 for each of these A31. Note that there is a unique case where L (E7) ↓
A31 = 4/2
31/035. In this case we have A1 ⊆ A5 with VA5(λ1) ↓ A1 = 2/03 so A1 = E which we saw
previously is conjugate to D.
Let A1 = A B ⊆ A2A5 with A = A1 ⊆ A2 and B = A1 ⊆ A5. Note that there are only 6 possible
AB such that all composition factors of L (E7) ↓ A B are smaller than or equal to 4. In Table 6.14,
we calculate L (E7) ↓ A B in each of these cases. None of these have L (E7) ↓ A B = 4/231/035.
Hence all A1 ⊆ A2A5 with L (E7) ↓ A1 = 4 + 231 + 035 are conjugate to D.
Consider ABC = A31 ⊆ A7 with embedding (1, 1, 1). Clearly A is an SL2 such that A =
SL2 ⊗ 1 ⊆ SL2 ⊗ SL4 ⊆ A7. Take t in SL4 of order 3. We can pick t = (w,w,w−1, w−1). Then
A ⊆ CG(t) = A2A5. Thus A ⊆ A2A5 and L (E7) ↓ A = 4/231/035. Hence A is conjugate to D by
Lemma 6.5. Now CE7(A)
◦ = CE7(A2)
◦ = A5 by [17, Table 8.2]. Hence BC ⊆ A5 so ABC ⊆ A2A5.
Therefore ABC must be conjugate to an A31 in A2A5. We have seen that all A
3
1 in A2A5 are conjugate
to one of cases 1 to 83 of Table 9.7. Hence ABC is conjugate to one of cases 1 to 83 of Table 9.7.
It is conjugate to case 83 of Table 9.7 as it is the only case that has the same composition factors
as ABC on L (E7).
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6.9.4 A31 ⊆ G2C3
Suppose A31 is in G2C3. We are in one of the following cases
1. A31 ⊆ C3
2. A31 = A
2
1A1 with A
2
1 ⊆ G2 and A1 ⊆ C3
3. A31 = A1 A1A
2
1 ⊆ A41 ⊆ G2C3
4. A31 = A1A
2
1 with A1 ⊆ G2 and A21 ⊆ C3.
1. A31 ⊆ C3
Suppose X = A31 ⊆ C3. There is a unique conjugacy class of A31 in C3 with each factor restricted.
It is A¯1
3
in C3. By [17, Table 8.2], the C3 factor of G2C3 is in A5 ⊆ E7. Hence by Lemma 2.26, A¯13
in C3 is A¯1
3
in E7. Thus X is in A¯1D6 since CE7(A¯1)
◦ = D6. Using our calculations from Section
6.8.5 we find
L (E7) ↓ A31 = (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)8/(1, 0, 1)8/(0, 1, 1)8/(0, 0, 0)9/
(0, 0, 0)28.
Hence this A31 is conjugate to case 39 of Table 9.7 as it is the only one of cases 1 to 82 of Table 9.7
that has the same composition factors as this A31 on L (E7).
2. A31 = A
2
1A1 with A
2
1 ⊆ G2 and A1 ⊆ C3
Suppose A31 = A
2
1A1 with A
2
1 ⊆ G2 and A1 ⊆ C3. The A21 in G2 is A¯1A1. By [17, Table 8.2], the G2
factor of G2C3 is in a subsystem D4 in E7. Hence by Lemma 2.26, A¯1A1 ⊆ G2 is A¯1A1 in E7.
Therefore these A31 are in A¯1D6 since CE7(A¯1)
◦ = D6. There are seven conjugacy classes of
restricted A1 subgroups in C3. In Table 6.15, we use Theorem 2.21 to calculate L (E7) ↓ A31 for
each of these. Thus we can easily find which of cases 1 to 82 of Table 9.7 each of these A31 is
conjugate to. These results are given in Table 6.15
3. A31 = A1 A1A
2
1 ⊆ A41 ⊆ G2C3
Suppose A31 = A1 A1A
2
1 ⊆ A41 ⊆ G2C3. In Section 6.8, we proved that all A41 in G2C3 are in A¯1D6.
Hence we have already seen all possible A31 = A1 A1A
2
1 ⊆ A41 in Section 6.9.1.
6.9 R1 . . . Rn = A
3
1 178
VC3(λ1) ↓ A1 L (E7) ↓ A31 n
1 5 (0, 2, 8)/(0, 2, 4)/(0, 0, 10)/(0, 0, 6)/(0, 0, 2)/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)/ 57
(1, 1, 8)/(1, 1, 4)
2 3/02 (0, 2, 4)/(0, 2, 0)/(0, 2, 3)2/(1, 1, 4)/(1, 1, 0)/(1, 1, 3)2/(0, 0, 6)/(0, 0, 2)/ 7
(0, 0, 3)2/(0, 0, 0)3/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)
3 3/1 (0, 2, 4)2/(0, 2, 2)/(0, 2, 0)/(1, 1, 4)2/(1, 1, 2)/(1, 1, 0)/(0, 0, 6)/(0, 0, 4)/ 4
(0, 0, 2)3/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)
4 22 (0, 2, 4)/(0, 2, 2)3/(1, 1, 4)/(1, 1, 2)3/(0, 0, 4)3/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)/ 56
(0, 0, 2)/(0, 0, 0)3
5 13 (0, 2, 2)3/(0, 2, 0)5/(1, 1, 2)3/(1, 1, 0)5/(0, 0, 2)6/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)/ 30
(0, 0, 0)3
6 12/02 (0, 2, 2)/(0, 2, 1)4/(0, 2, 0)3/(1, 1, 2)/(1, 1, 1)4/(1, 1, 0)3/(0, 0, 2)3/(0, 0, 1)4/ 32
(0, 0, 0)4/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)
7 1/04 (0, 2, 1)4/(0, 2, 0)6/(1, 1, 1)4/(1, 1, 0)6/(0, 0, 2)/(2, 0, 0)/(0, 2, 0)/(1, 3, 0)/ 44
(0, 0, 1)4/(0, 0, 0)10
Table 6.15: A31 in G2C3 with A
2
1 ⊆ G2 and A1 ⊆ C3.
4. A31 = A1A
2
1 with A1 ⊆ G2 and A21 ⊆ C3
Let A31 = A1A
2
1 with A1 ⊆ G2 and A21 ⊆ C3. By Lemma 2.30, there are four conjugacy classes
of restricited A1 subgroups in G2. There are four conjugacy classes of A
2
1 in C3 with both factors
restricted. In Table 6.16, we calculate L (E7) ↓ A31 in each of these cases.
In all cases of Table 6.16 except cases 5, 6, 7 and 8, one of the factors of A21 ⊆ C3 is A¯1 in C3. By
[17, Table 8.2], C3 ⊆ A5. Therefore by Lemma 2.26, A¯1 ⊆ C3 is also A¯1 in E7. Hence A31 ⊆ A¯1D6
since CE7(A¯1)
◦ = D6
Next consider cases 5, 6 and 8 of Table 6.16. In these cases, by Lemma 2.30, the A1 in G2 is
in A21 ⊆ G2. The subgroup A21 in G2 is A¯1A˜1 in G2. By [16, Theorem 2.1], G2 ⊆ D4. Therefore
by Lemma 2.26, A¯1A1 ⊆ G2 is also A¯1A1 in E7. Hence in both cases A31 ⊆ A¯1A˜1C3 ⊆ A¯1D6 since
CE7(A¯1)
◦ = D6.
In all of these cases, since we have L (E7) ↓ A31, we can easily find which of cases 1 to 82 of
Table 9.7 each of these A31 is conjugate to. These are listed in Table 6.16.
Finally consider case 7 of Table 6.16. This A31 does not have the same composition factors as
any of the A31 we have seen previously on L (E7). It is case 84 of Table 9.7.
6.9.5 A31 ⊆ A1F4
Suppose A31 ⊆ A1F4. We are in one of the following cases:
1. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A1F4
2. A31 ⊆ F4
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VC3(λ1) ↓ A21 VG2(λ1) ↓ A1 L (E7) ↓ A31 n
1 (3, 0)/(0, 1) 12/03 (0, 6, 0)/(0, 2, 0)/(0, 3, 1)/(1, 4, 0)2/(1, 0, 0)2/(1, 3, 1)2/ 26
(0, 4, 0)3/(0, 3, 1)3/(0, 0, 2)/(2, 0, 0)/(1, 0, 0)4/(0, 0, 0)6
2 (3, 0)/(0, 1) 2/12 (0, 6, 0)/(0, 2, 0)/(0, 3, 1)/(2, 4, 0)/(2, 0, 0)2/(2, 3, 1)/ 23
(1, 4, 0)2/(1, 0, 0)2/(1, 3, 1)2/(0, 0, 2)/(3, 0, 0)2/(0, 0, 0)3
3 (3, 0)/(0, 1) 6 (0, 6, 0)/(0, 2, 0)/(0, 3, 1)/(6, 4, 0)/(6, 0, 0)/(6, 3, 1)/ 15
(0, 0, 2)/(10, 0, 0)/(2, 0, 0)
4 (3, 0)/(0, 1) 22/0 (0, 6, 0)/(0, 2, 0)/(0, 3, 1)/(2, 4, 0)2/(2, 0, 0)2/(2, 3, 1)2/ 27
(0, 4, 0)/(0, 0, 0)/(0, 3, 1)/(0, 0, 2)/(4, 0, 0)/(2, 0, 0)3
5 (2, 1) 12/03 (0, 2, 0)/(0, 4, 2)/(0, 0, 2)/(1, 4, 0)2/(1, 2, 2)2/(0, 4, 0)3/ 55
(0, 2, 2)3/(2, 0, 0)/(1, 0, 0)4/(0, 0, 0)3
6 (2, 1) 2/12 (0, 2, 0)/(0, 4, 2)/(0, 0, 2)/(2, 4, 0)/(2, 2, 2)/(1, 4, 0)2/ 60
(1, 2, 2)2/(3, 0, 0)2/(2, 0, 0)/(0, 0, 0)3
7 (2, 1) 6 (0, 2, 0)/(0, 4, 2)/(0, 0, 2)/(6, 4, 0)/(6, 2, 2)/(10, 0, 0)/ none
(2, 0, 0)
8 (2, 1) 22/0 (0, 2, 0)/(0, 4, 2)/(0, 0, 2)/(2, 4, 0)2/(2, 2, 2)2/(0, 4, 0)/ 70
(0, 2, 2)/(4, 0, 0)/(2, 0, 0)3
9 (1, 0)2/(0, 1) 12/03 (0, 2, 0)3/(0, 0, 2)/(0, 1, 1)2/(1, 2, 0)2/(1, 1, 1)4/(0, 2, 0)3/ 45
(0, 1, 1)6/(2, 0, 0)/(1, 0, 0)10/(0, 0, 0)13
10 (1, 0)2/(0, 1) 2/12 (0, 2, 0)3/(0, 0, 2)/(0, 1, 1)2/(2, 2, 0)/(2, 0, 0)4/(2, 1, 1)2/ 42
(1, 2, 0)2/(1, 0, 0)6/(1, 1, 1)4/(3, 0, 0)2/(0, 0, 0)4
11 (1, 0)2/(0, 1) 6 (0, 2, 0)3/(0, 0, 2)/(0, 1, 1)2/(0, 0, 0)/(6, 2, 0)/(6, 0, 0)3/ 18
(6, 1, 1)2/(10, 0, 0)/(2, 0, 0)
12 (1, 0)2/(0, 1) 22/0 (0, 2, 0)4/(0, 0, 2)/(0, 1, 1)2/(2, 2, 0)2/(2, 0, 0)9/(2, 1, 1)4/ 48
(0, 0, 0)4/(0, 1, 1)2/(4, 0, 0)
13 (1, 0)/(0, 1)/ 12/03 (0, 2, 0)/(0, 0, 2)/(0, 1, 1)4/(0, 1, 0)8/(0, 0, 1)8/(1, 1, 1)2/ 38
(0, 0)2 (1, 1, 0)4/(1, 0, 0)8/(1, 0, 1)4/(2, 0, 0)/(0, 0, 0)9/(0, 0, 0)3
14 (1, 0)/(0, 1)/ 2/12 (0, 2, 0)/(0, 0, 2)/(0, 1, 1)/(0, 1, 0)2/(0, 0, 1)2/(2, 1, 1)/ 51
(0, 0)2 (2, 1, 0)2/(2, 0, 0)3/(2, 0, 1)2/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 0)4/
(1, 0, 1)4/(3, 0, 0)2/(0, 0, 0)6
15 (1, 0)/(0, 1)/ 6 (0, 2, 0)/(0, 0, 2)/(0, 1, 1)/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3/ 17
(0, 0)2 (6, 1, 1)/(6, 1, 0)2/(6, 0, 0)2/(6, 0, 1)2/(10, 0, 0)/(2, 0, 0)
16 (1, 0)/(0, 1)/ 22/0 (0, 2, 0)/(0, 0, 2)/(0, 1, 1)2/(0, 1, 0)4/(0, 0, 1)4/(2, 1, 1)2/ 43
(0, 0)2 (2, 1, 0)4/(2, 0, 0)7/(2, 0, 1)4/(0, 0, 0)5/(4, 0, 0)
Table 6.16: A31 in G2C3 with A1 ⊆ G2 and A21 ⊆ C3. Each A31 has the same composition factors as
case n of Table 9.7 on L (E7).
6.9 R1 . . . Rn = A
3
1 180
VA¯1C3 ↓ A31 L (E7) ↓ A31 n
1 (1, (1, 0)/(0, 1)/(0, 0)2) (1, 1, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/ 38
(0, 1, 1)/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3/ . . .
2 (1, (1, 0)2/(0, 1)) (1, 2, 1)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(1, 1, 0)2/(1, 0, 1)2/ 35
(0, 1, 1)2/(0, 0, 0)/ . . .
3 (1, (2, 1)) (1, 4, 1)/(0, 4, 2)/(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ . . . 56
4 (1, (3, 0)/(0, 1)) (0, 6, 0)/(1, 4, 1)/(1, 3, 0)/(0, 3, 1)/(2, 0, 0)/(0, 2, 0)/ 10
(0, 0, 2)/ . . .
Table 6.17: A31 in A¯1C3 in F4. Each A
3
1 has the same composition factors as case n of Table 9.7 on
L (E7).
3. A31 = A1A
2
1 ⊆ A1F4 with A21 ⊆ F4.
1. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A1F4
In Section 6.8.4, we saw that all A41 ⊆ A1F4 are conjugate to an A41 in A¯1D6. Thus we have already
considered all possible A31 = A1 A1A
2
1 ⊆ A1F4 in Section 6.9.1.
2. A31 ⊆ F4
By Theorem 4.1, there are five conjugacy classes of A31 in F4 with each factor restricted. They are
listed in Table 9.1.
First consider cases 1 to 4 of Table 9.1 for A31. These A
3
1 are in A¯1C3. Since A¯1 ⊆ F4 is A¯1 in
E6, by Lemma 2.26, A¯1 ⊆ F4 is A¯1 in E7. Therefore A¯1C3 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. Hence
these A31 are in A¯1D6. By Theorem 2.21, L (E7) ↓ F4 = 00013/1000/00003. In Table 9.1 we have
1000 ↓ A31 for each of these A31. Thus in each case we have some of the composition factors of
L (E7) ↓ A31. These are given in Table 6.17. Hence we find which of cases 1 to 82 of Table 9.7 each
of these A31 is conjugate to. Table 6.17 gives all of these conjugacies.
Next consider the last case of Table 9.1 for A31. In this case we have ABC = A
3
1 ⊆ B4 with
VB4(λ1) ↓ ABC = (2, 0, 0)/(0, 2, 0)/(0, 0, 2). In Section 6.8, we proved that A41 = A1ABC ⊆ A1B4 ⊆
A1F4 is conjugate to an A
4
1 in D6. Hence ABC is conjugate to an A
3
1 in D6 so it is conjugate to
one of cases 1 to 82 of Table 9.7. Using Table 9.1, we find
L (E7) ↓ ABC = (2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(2, 0, 0)4/(0, 2, 0)4/
(0, 0, 2)4/(1, 1, 1)8/(0, 0, 0)6.
Hence ABC is conjugate to case 66 of Table 9.7.
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M VM ↓ A21 L (E7) ↓ A31 n
1 A¯1C3 (1, 5) (0, 0, 10)/(0, 1, 9)/(0, 0, 6)/(0, 1, 3)/(0, 2, 0)/(0, 0, 2)/ 58
(2, 0, 0)/(2, 0, 8)/(2, 0, 4)/(2, 1, 5)
2 A¯1C3 (1, 3/1) (0, 0, 6)/(0, 1, 5)/(0, 0, 4)/(0, 1, 3)
2/(0, 2, 0)/(0, 0, 2)3/ 3
(2, 0, 4)2/(2, 0, 2)/(2, 0, 0)/(2, 1, 3)/(2, 1, 1)
3 A¯1C3 (1, 3/0
2) (0, 0, 6)/(0, 1, 4)2/(0, 1, 3)/(0, 0, 3)2/(0, 2, 0)/(0, 0, 2)/ 8
(0, 0, 0)3/(2, 0, 0)2/(2, 0, 4)/(2, 0, 3)2/(2, 1, 3)/(2, 1, 0)2
4 A¯1C3 (1, 2
2) (0, 1, 4)2/(0, 0, 4)3/(0, 2, 0)/(0, 0, 2)/(0, 1, 0)4/(0, 0, 0)3/ 55
(2, 0, 0)/(2, 0, 4)/(2, 0, 2)3/(2, 1, 2)2
5 A¯1C3 (1, 1
3) (0, 1, 3)/(0, 2, 0)/(0, 0, 2)6/(0, 1, 1)5/(0, 0, 0)3/(2, 0, 0)/ 30
(2, 0, 2)3/(2, 0, 0)5/(2, 1, 1)3
6 A¯1C3 (1, 1
2/02) (2, 0, 0)4/(0, 1, 2)2/(0, 2, 0)/(0, 0, 2)3/(0, 1, 1)2/(0, 1, 0)4/ 31
(0, 0, 1)4/(0, 0, 0)4/(2, 0, 2)/(2, 0, 1)4/(2, 1, 1)2/(2, 1, 0)2
7 A¯1C3 (1, 1/0
4) (0, 2, 0)/(0, 0, 2)/(0, 1, 1)5/(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)10/ 33
(2, 0, 0)7/(2, 0, 1)4/(2, 1, 1)/(2, 1, 0)4
8 A¯1C3 (0, (2, 1)) (0, 4, 1)
2/(0, 4, 2)/(0, 0, 3)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3/ 60
(2, 0, 0)/(2, 2, 2)/(2, 4, 0)/(2, 2, 1)2
9 A¯1C3 (1, (1, 0)
2/(0, 1)) (0, 2, 2)/(0, 2, 0)4/(0, 0, 2)4/(0, 1, 1)4/(0, 0, 0)3/(2, 0, 0)5/ 80
(2, 0, 2)/(2, 1, 1)4/(2, 2, 0)
10 A¯1C3 (1, (2, 1)) (0, 5, 1)/(0, 4, 2)/(0, 3, 1)/(0, 1, 3)/(0, 2, 0)
2/(0, 0, 2)/ 68
(2, 0, 0)/(2, 2, 2)/(2, 4, 0)/(2, 3, 1)/(2, 1, 1)
11 A¯1C3 (1, (2, 1)) (0, 4, 2)/(2, 4, 0)/(2, 2, 2)/(2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/ 69
(3, 2, 1)/(1, 2, 1)/(1, 4, 1)/(1, 0, 3)
12 A¯1C3 (1, (3, 0)/(0, 1)) (0, 0, 6)/(0, 2, 4)/(0, 0, 4)/(0, 1, 3)
2/(0, 2, 0)2/(0, 0, 2)/ 78
(2, 0, 0)3/(2, 0, 4)/(2, 1, 3)2/(2, 2, 0)
13 B4 (2, 2) (0, 4, 2)/(0, 2, 4)/(2, 0, 0)
2/(2, 2, 2)/(0, 2, 0)/(0, 0, 2)/ . . . 72
14 B4 (2, 0)/(0, 2)
2 (0, 0, 4)/(0, 2, 2)2/(0, 2, 0)/(0, 0, 2)3/(0, 0, 0)/(2, 2, 0)/ 82
(2, 0, 2)2/(2, 0, 0)2/ . . .
Table 6.18: A31 in A1F4 with A1 and A
2
1 ⊆ M ⊆ F4. Each A31 has the same composition factors as
case n of Table 9.7 on L (E7).
3. A31 = A1A
2
1 ⊆ A1F4 with A21 ⊆ F4
Suppose A31 = A1A
2
1 ⊆ A1F4 with A21 ⊆ F4. By Theorem 4.1, there are 15 conjugacy classes of A21
in F4 with each factor restricted. The first 12 conjugacy classes of Table 9.1 for A
2
1 are in A¯1C3.
Clearly A31 ⊆ A1A¯1C3 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. The next two conjugacy classes of Table 9.1
for A21 are in B4. We proved in Section 6.8.4 that A1B4 ⊆ A1F4 is in A¯1D6. Hence these two A31
are also in A¯1D6.
In Table 6.18, we use Theorem 2.21 to calculate L (E7) ↓ A31 for each of these A31. Hence we
find which of cases 1 to 82 of Table 9.7 each of these A31 are conjugate to.
We are left with case 15 of Table 9.1 for A21. In this case, A
2
1 ⊆ A1G2 ⊆ F4 with VG2(λ1) ↓
6.10 R1 . . . Rn = A
2
1 182
A1 = 6. By Theorem 2.21, L (E7) ↓ A1F4 = (2, 0001)/(2, 0000)/(0, 1000) and L (F4) ↓ A1G2 =
(4, 10)/(2, 00)/(0, 01). Thus
L (E7) ↓ A1A1G2 = (2, 0, 00)/(0, 4, 10)/(0, 2, 00)/(0, 0, 01)/(2, 2, 10)/(2, 4, 00).
Hence
L (E7) ↓ A31 = (0, 0, 10)/(0, 4, 6)/(0, 2, 0)/(0, 0, 2)/(2, 0, 0)/(2, 2, 6)/(2, 4, 0).
This has the same composition factors as case 84 of Table 9.7. We prove that these two A31 are
conjugate. Note that the G2 factor in A1G2 is conjugate to the G2 factor in G2C3 since they are both
in the Levi D4. They are both G¯2 in E7. Therefore A
3
1 ⊆ A1A1G2 is in G2C3 since CE7(G¯2)◦ = C3
by [17, Table 8.2]. Case 84 of Table 9.7 is the only A31 in G2C3 which has the same composition
factors on L (E7) as the A31 we are considering. Hence this A
3
1 is conjugate to case 84 of 9.7.
6.9.6 A31 ⊆ A1G2
Let X = A1A¯1A1 ⊆ A1G2. By Theorem 2.21, we find
L (E7) ↓ A31 = (4, 0, 2)/(4, 1, 1)/(2, 0, 4)/(2, 1, 3)/(2, 2, 2)/(2, 1, 1)/(2, 0, 0)2/ (6.6)
(0, 1, 3)/(0, 2, 0)/(0, 0, 2).
Take t to be an involution in A¯1A1 ⊆ G2. By Lemma 2.29, CG(t) = A¯1D6. Hence X ⊆ A¯1D6.
Therefore X is conjugate to one of the A31 we have seen previously. By (6.6), it is conjugate to case
71 of Table 9.7.
6.10 R1 . . . Rn = A
2
1
By Lemma 2.23, the A21 in E7 are in A2A5, A7, A
2
1, A1G2, A1F4, G2C3 or A¯1D6. To classify these A
2
1
we will need a few lemmas.
Lemma 6.6. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following A21:
1. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)/(0, 1)2/(1, 0)2 (case 52 of Table 9.8)
2. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)2/(0, 0)4 (case 53 of Table 9.8).
Proof. By Theorem 2.25, there is a unique conjugacy class of A¯1
2
in E7 and CE7(A¯1
2
)◦ = A¯1D4.
We count the number of distinct A¯1
2
in A¯1
5 ⊆ A¯1D4. By [9, Table 10], there is an S4 acting on
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A¯1
5
. Hence all A¯1 except one are conjugate in A¯1
5
. Thus there are two conjugacy classes of A¯1
2
in
A¯1
5 ⊆ A¯1D4. Therefore there are two distinct conjugacy classes of A¯1 A¯1 A¯1 A¯1 in E7.
Note that the two A21 listed in the lemma are both A¯1 A¯1 A¯1 A¯1. By Theorem 2.21, L (E7) ↓
A¯1D6 = (1, λ5)/(2, 0)/(0, λ2). We calculate L (E7) ↓ A21 in each of these cases:
(1)L (E7) ↓ A21 = (2, 0)6/(0, 2)2/(1, 2)4/(1, 0)4/(2, 1)2/(0, 1)10/(0, 0)13/(1, 1)8
(2)L (E7) ↓ A21 = (2, 0)7/(0, 2)7/(2, 2)/(0, 0)18/(1, 1)16.
These A21 do not have the same composition factors on L (E7) so they are not conjugate. Any such
A21 must be conjugate to one of them.
Lemma 6.7. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following A21:
1. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)2/(0, 1)2 (case 51 of Table 9.8)
2. A21 in D6 with VD6(λ1) ↓ A21 = (2, 0)/(0, 2)/(1, 0)2/(0, 0)4 (case 50 of Table 9.8)
3. A21 such that A
2
1 ⊆ A¯1D6 with embedding (1, (1, 1)/(0, 1)4. (case 58 of Table 9.8).
Proof. Clearly these A21 are in A¯1
5
. By Lemma 2.25, CE7(A¯1
5
)◦ = A¯1
2
. Hence A21 ⊆ A¯17. By
Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28, GL3(2) has three orbits of ordered (3, 2, 2)-
partitions of the set of 7 elements. Hence there are three conjugacy classes of (A¯1
3
)(A¯1
2
) in A¯1
7
.
Therefore there are three conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 in E7.
Clearly the three cases listed in the lemma are A¯1 A¯1 A¯1 A¯1 A¯1. We calculate L (E7) ↓ A21 in
each case:
(1)L (E7) ↓ A21 = (2, 0)7/(0, 2)8/(2, 2)/(0, 0)15/(1, 2)8/(1, 0)8
(2)L (E7) ↓ A21 = (0, 0)7/(2, 0)4/(3, 0)2/(1, 0)6/(1, 2)2/(2, 2)/(0, 2)3/(1, 1)8/(2, 1)4/(0, 1)4
(3)L (E7) ↓ A21 = (2, 0)2/(0, 2)7/(1, 2)4/(1, 0)4/(0, 0)10/(2, 1)4/(0, 1)4/(1, 1)6/(1, 3).
None of these have the same composition factors on L (E7). Hence none of these are conjugate.
Since we saw that there are three conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 in E7, any such A
2
1 must be
conjugate to one of these three A21.
Lemma 6.8. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following
A21:
1. A21 such that A
2
1 ⊆ A¯1D6 with embedding (1, (1, 1)3) (case 80 of Table 9.8)
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2. A21 such that A
2
1 ⊆ A¯1D6 with embedding (1, (2, 0)2/(0, 2)/(0, 0)3) (case 81 of Table 9.8).
Proof. These A1
2 are in A¯1
7
. By Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28, GL3(2)
has two orbits of (3, 4)-partitions of the set of seven elements. Hence there are two conjugacy classes
of A¯1
3
A¯1
4
in A¯1
7
. Therefore there are two conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 in E7.
Clearly the two cases listed in the lemma are A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. We calculate L (E7) ↓ A21
in each case:
(1)L (E7) ↓ A21 = (2, 0)7/(0, 2)6/(2, 2)3/(0, 0)3/(3, 1)3/(1, 1)8/(1, 3)
(2)L (E7) ↓ A21 = (0, 2)13/(0, 4)/(0, 0)8/(2, 2)6/(2, 0)9.
They do not have same composition factors on L (E7). Hence they are not conjugate to each other.
Since we saw that there are two conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 in E7, any such A
2
1
must be conjugate to one of these two A21.
Lemma 6.9. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following
A21:
1. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)3 (case 49 of Table 9.8)
2. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)/(2, 0)/(0, 2)/(0, 0)2 (case 54 of Table 9.8).
Proof. These A1
2 are in A¯1
6
so in A¯1
7
. By Lemma 2.27, NE7(A¯1
7
) = A¯1
7
.GL3(2). By Lemma 2.28,
GL3(2) has two orbits of (3, 3, 1)-partitions on V , a the set of seven elements. Therefore there are
two conjugacy classes of A¯1
3
A¯1
3
in A¯1
7
. So there are two conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1
in E7. Clearly the two cases listed in the lemma are A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. We calculate L (E7) ↓ A21
in each case:
(1)L (E7) ↓ A21 = (2, 0)6/(0, 2)6/(2, 2)3/(0, 0)6/(2, 1)6/(0, 1)10/(0, 3)2
(2)L (E7) ↓ A21 = (2, 0)4/(0, 2)4/(3, 1)/(1, 1)4/(1, 3)/(2, 2)/(0, 0)4/(2, 1)4/
(0, 1)4/(1, 2)4/(1, 0)4.
They do not have same composition factors on L (E7) so they are not conjugate to each other.
Thus any such A21 must be conjugate to one of these two A
2
1.
Chapter 6. Products of restricted subgroups of the same type in E7 185
Lemma 6.10. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following
A21:
1. A21 in D6 with VD6(λ1) ↓ A21 = (2, 0)2/(0, 2)/(0, 0)3 (case 57 of Table 9.8)
2. A21 in D6 with VD6(λ1) ↓ A21 = (1, 1)2/(2, 0)/(0, 0) (case 59 of Table 9.8).
Proof. These A21 are in A¯1
6 ⊆ A¯17. By Lemma 2.27, NE7(A¯17) = A¯17.GL3(2). By Lemma 2.28,
GL3(2) has two orbits of (4, 2, 1)-partitions of a the set of seven elements. So there are two conjugacy
classes of A¯1
4
A¯1
2
in A¯1
7
. Hence there are two conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 in E7.
The two A21 listed in the lemma are A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. We calculate L (E7) ↓ A21 in each case:
(1)L (E7) ↓ A21 = (2, 0)9/(4, 0)/(0, 0)7/(2, 2)2/(0, 2)4/(2, 1)8/(0, 1)8
(2)L (E7) ↓ A21 = (0, 0)4/(2, 0)5/(3, 0)2/(1, 0)6/(1, 2)2/(2, 2)/(0, 2)3/(2, 1)4/
(0, 1)4/(3, 1)2/(1, 1)4.
They do not have same composition factors on L (E7) so they are not conjugate to each other.
There are two conjugacy classes of A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 in E7. Thus any such A
2
1 must be conjugate
to one of these two A21.
Lemma 6.11. Any A21 ⊆ E7 of the form A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to A21 ⊆ A¯1D6 with
embedding (1, (1, 1)/(0, 2)2/(0, 0)2 (case 82 of Table 9.8).
Proof. All A21 = A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 are in A¯1
7
. By Lemma 2.25, there is only one conjugacy
class of A¯1
2
in E7. Whichever A¯1
2
we pick defines uniquely the A¯1
5
since it must be in A¯1
7
. Thus
it defines uniquely A21 = A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. Hence there is only one conjugacy class of
A21 = A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 in E7. The A
2
1 in A¯1D6 defined by A
2
1 = A¯1 XY ⊆ A¯1D6 with
VD6(λ1) ↓ XY = (1, 1)/(2, 0)/(0, 2)/(0, 0)2 is such an A21. Hence any such A21 is conjugate to it.
Lemma 6.12. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A21:
1. A21 in D6 with VD6(λ1) ↓ A21 = (4, 0)/(0, 2)/(1, 1) (case 46 of Table 9.8)
2. A21 such that A
2
1 ⊆ A¯1D6 with embedding (1, (4, 0)/(0, 1)2/(0, 2)) (case 34 of Table 9.8)
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3. A21 such that A
2
1 ⊆ A¯1D6 with embedding (1, (4, 0)/(1, 0)2/(0, 2)) (case 33 of Table 9.8).
Proof. These A1
2 are in A¯1
3
D4. By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order 3 in
S3 induces triality on D4 and permutes the factors of A¯1
3
. All XY ⊆ D4 with VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2) are conjugate by triality. We pick one, call it CD. When we consider A¯1
3
D4 ⊆ A¯1D6
the three A¯1 are not conjugate anymore since we have fixed CD. However we can still use an element
of order 2 in S3 which acts as an involution in D4 and swaps two of the A¯1. Thus A¯1
3
= AB1B2
with B1 and B2 conjugate.
Hence we have three options for A¯1 A¯1 X Y : B1 B2 C D, A B1 C D or A B1 C D. There are at
most three conjugacy classes of A21 = A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2).
Note that the three cases listed in the lemma are such A21. We calculate L (E7) ↓ A21 in each
case:
(1)L (E7) ↓ A21 = (6, 0)/(2, 0)2/(5, 1)/(3, 1)/(4, 2)/(0, 2)2/(1, 3)/(1, 1)/(4, 1)2/
(2, 1)2/(3, 2)2/(3, 0)2/(0, 0)3
(2)L (E7) ↓ A21 = (6, 0)/(2, 0)3/(4, 1)4/(4, 2)2/(0, 0)3/(0, 2)2/(0, 3)2/(0, 1)2/(2, 2)/
(4, 0)/(2, 1)2
(3)L (E7) ↓ A21 = (0, 6)/(0, 2)3/(0, 5)2/(0, 3)4/(2, 4)2/(0, 0)3/(2, 1)2/(2, 0)2/(0, 4)/
(2, 2)/(2, 3)2.
These A21 do not have the same composition factors on L (E7) so they are not conjugate to each
other. We saw that there are at most three conjugacy classes of A21 = A¯1 A¯1 X Y with XY ⊆ D4
such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) in E7. Thus any such A21 must be conjugate to one
of these three A21.
Lemma 6.13. 1. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A21:
(a) A21 in D6 with VD6(λ1) ↓ A21 = (3, 1)/(2, 0)/(0, 0) (case 39 of Table 9.8)
(b) A21 in D6 with VD6(λ1) ↓ A21 = (4, 0)/(2, 0)/(0, 2)/(0, 0) (case 48 of Table 9.8).
2. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2) are conjugate to one of the following A21:
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(a) A21 in D6 with VD6(λ1) ↓ A21 = (3, 1)/(0, 2)/(0, 0) (case 40 of Table 9.8)
(b) A21 in D6 with VD6(λ1) ↓ A21 = (4, 0)/(0, 2)2/(0, 0) (case 47 of Table 9.8).
Proof. 1. As in the proof of Lemma 6.12, theseA21 are in A¯1
3
D4 and, by Lemma 2.27, NE7(A¯1
3
D4) =
A¯1
3
D4.S3. An element of order 3 in S3 induces triality on D4. We use it to pick a specific
CD ⊆ D4 such that VD4(λ1) ↓ CD = (3, 1). As in the proof of Lemma 6.12, A¯13 = AB1B2
with B1 and B2 conjugate. Hence there are only two options for A¯1 A¯1 XY : A B1 XY
and B1 B2 XY . Thus there are at most two conjugacy classes of A
2
1 ⊆ A¯1D6 such that
A21 = A¯1 A¯1 XY with XY ⊆ D4 and VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2).
Note that the two A21 listed in the first part of the lemma are such A
2
1. We calculate L (E7) ↓
A21 in both cases:
(a)L (E7) ↓ A21 = (4, 2)/(6, 0)/(2, 0)3/(0, 2)/(5, 1)/(3, 1)2/(1, 1)/(5, 0)2/(3, 0)2/
(1, 2)2/(4, 1)2/(2, 1)2/(0, 0)3
(b)L (E7) ↓ A21 = (6, 0)2/(2, 0)4/(4, 2)/(4, 0)2/(0, 2)2/(2, 2)/(4, 1)4/(2, 1)4/(0, 0)3.
These do not have the same composition factors on L (E7) so they are not conjugate to each
other. Thus any such A21 must be conjugate to one of these two A
2
1.
2. Similarly in the second case we pick CD ⊆ D4 such that VD4(λ1) ↓ CD = (3, 1). We then
pick A¯1
2 ⊆ A¯13 = AB1B2. There are two options for A¯1 A¯1XY : A B1XY and B1 B2XY .
Hence there are at most two conjugacy classes of A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1XY with
XY ⊆ D4 and VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). The two A21 listed in the second part of
the lemma are such A21. We calculate L (E7) ↓ A21 in both cases:
(a)L (E7) ↓ A21 = (4, 2)/(6, 0)/(2, 0)/(0, 2)3/(3, 3)/(3, 1)2/(3, 2)2/(3, 0)2/(4, 1)2/(0, 3)2/
(0, 1)2/(0, 0)3
(b)L (E7) ↓ A21 = (6, 0)/(2, 0)/(4, 2)2/(4, 0)/(0, 2)5/(0, 4)/(0, 0)4/(3, 2)4/(3, 0)4.
These do not have the same composition factors on L (E7) so they are not conjugate to each
other. Thus any such A21 must be conjugate to one of these two A
2
1.
Lemma 6.14. 1. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 A¯1XY with XY ⊆ D4 such that
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VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) is conjugate to A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓
AB = (3, 1)/(0, 2)/(0, 0) (case 74 of Table 9.8).
2. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2) is conjugate to A21 = A¯1 A
′B′ ⊆ A¯1D6 with VD6(λ1) ↓ A′B′ = (3, 1)/(2, 0)/(0, 0)
(case 73 of Table 9.8).
Proof. 1. Clearly all of these A21 are in A¯1
3
D4. By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3.
An element of order three in S3 induces triality in D4. We use it to pick CD ⊆ D4 such
that VD4(λ1) ↓ CD = (3, 1). Then there is no choice for picking the A¯13 in A¯13D4. Thus
there is only one conjugacy class of A¯1A¯1A¯1XY so there is only one conjugacy class of A
2
1 =
A¯1 A¯1 A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2).
Note that A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (3, 1)/(0, 2)/(0, 0) is such an A21. Hence
all such A21 are conjugate to it.
2. Similarly, there is only one conjugacy class of A¯1A¯1A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2) so there is only one conjugacy class of A21 = A¯1 A¯1 A¯1XY with
XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2).
Note that A21 = A¯1 A
′B′ ⊆ A¯1D6 with VD6(λ1) ↓ A′B′ = (3, 1)/(2, 0)/(0, 0) is such an A21.
Hence all such A21 are conjugate to it.
Lemma 6.15. 1. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 A¯1 X Y with XY ⊆ D4 such that
VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A21:
(a) A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (3, 1)/(2, 0)/(0, 0) (case 70 of Table 9.8)
(b) A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (4, 0)/(2, 0)/(0, 2)/(0, 0) (case 68 of Table
9.8).
2. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY =
(3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A21:
(a) A21 = A¯1 AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (3, 1)/(0, 2)/(0, 0) (case 69 of Table 9.8)
(b) A21 = A¯1 AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (4, 0)/(0, 2)2/(0, 0) (case 71 of Table 9.8).
Proof. 1. These A1
2 are in A¯1
3
D4. As before NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order 3
in S3 induces triality on D4. We use it to pick a specific CD ⊆ D4 such that VD4(λ1) ↓ CD =
(3, 1). As in the proof of Lemma 6.12, A¯1
3
= AB1B2 with B1 and B2 conjugate.
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Hence we have two options A B1 B2 X Y or A B1 B2 X Y . So there are at most two conjugacy
classes of A21 with A
2
1 = A¯1 A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or
(4, 0)/(0, 2).
Note that the two A21 listed in the first part of the lemma are such A
2
1. We calculate L (E7) ↓
A21 in both cases
(a)L (E7) ↓ A21 = (2, 4)2/(0, 6)/(0, 2)4/(2, 0)2/(1, 5)2/(1, 3)3/(1, 1)2/(3, 1)/
(0, 4)/(2, 2)
(b)L (E7) ↓ A21 = (0, 6)2/(0, 2)6/(2, 4)3/(0, 4)4/(2, 0)3/(2, 2)3.
These do not have the same composition factors on L (E7). Hence they are not conjugate to
each other. Thus any A21 = A¯1 A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2) is conjugate to one of these two A21.
2. Similar to the first case.
Lemma 6.16. 1. Any A21 ⊆ A¯1D6 such that A21 = A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2) are conjugate to one of the following A21:
(a) A21 ⊆ D6 with VD6 ↓ A21 = (3, 1)/(1, 0)2 (case 35 of Table 9.8)
(b) A21 ⊆ D6 with VD6 ↓ A21 = (4, 0)/(1, 0)2/(0, 2) (case 36 of Table 9.8).
2. Any A21 ⊆ A¯1D6 such that A21 = A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or
(4, 0)/(0, 2) are conjugate to one of the following A21:
(a) A21 ⊆ D6 with VD6 ↓ A21 = (3, 1)/(0, 1)2 (case 38 of Table 9.8)
(b) A21 ⊆ D6 with VD6 ↓ A21 = (4, 0)/(0, 1)2/(0, 2) (case 37 of Table 9.8).
Proof. 1. These A1
2 are in A¯1
3
D4. As in the proofs of the previous lemmas A¯1
3
D4 = A¯1
3
D4.S3.
An element of order 3 in S3 induces triality on D4. As before, we use this element to pick
CD ⊆ D4 such that VD4(λ1) ↓ CD = (3, 1) or (4, 0)/(0, 2). Then A¯13 = AB1B2 with B1
and B2 conjugate. Hence there are two options for A¯1 CD: A CD or B1 CD. Thus all
A21 = A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are in at most
two conjugacy classes.
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Note that the A21 listed in the first part of the lemma are such A
2
1. We calculate L (E7) ↓ A21
for both of these A21:
(a)L (E7) ↓ A21 = (4, 2)/(6, 0)/(2, 0)2/(0, 2)5/(4, 1)4/(2, 1)4/(0, 0)6/(4, 0)4
(b)L (E7) ↓ A21 = (6, 0)/(2, 0)2/(5, 0)2/(3, 0)2/(4, 2)/(0, 0)6/(1, 2)2/(0, 2)/
(4, 1)2/(2, 1)2/(3, 1)4.
These do not have the same composition factors on L (E7). Hence they are not conjugate
to each other. Thus any A21 ⊆ A¯1D6 such that A21 = A¯1 XY with XY ⊆ D4 such that
VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) is conjugate to one of these A21.
2. Similar proof.
Lemma 6.17. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1X with X ⊆ D4 such that VD4(λ1) ↓ A1 =
(3, 0)2 or (4, 0)/(0, 0)3 are conjugate to one of the following A21:
1. A21 ⊆ D6 with VD6(λ1) ↓ A21 = (3, 0)2/(0, 2)/(0, 0) (case 41 of Table 9.8)
2. A21 ⊆ D6 with VD6 ↓ A21 = (4, 0)/(0, 2)/(0, 0)4 (case 42 of Table 9.8).
Proof. As before, these A21 are in A¯1
3
D4 and NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element of order 3 in S3
induces triality on D4 so all X in D4 such that VD4(λ1) ↓ A1 = (3, 0)2 or (4, 0)/(0, 0)3 are conjugate.
We pick one, call it C. Then, as before, A¯1
3
= AB1B2 with B2 and B2 conjugate. Hence there are
two conjugacy classes of A21 = A¯1 A¯1C since A
2
1 is conjugate to either A B1C or B1 B2C.
There are two conjugacy classes of A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1X with X ⊆ D4 such
that VD4(λ1) ↓ A1 = (3, 0)2 or (4, 0)/(0, 0)3. The A21 listed in the lemma are such A21. We calculate
L (E7) ↓ A21 for both of them:
L (E7) ↓ A21 = (4, 0)3/(0, 0)6/(6, 0)/(2, 0)/(3, 2)2/(3, 0)2/(0, 2)2/(3, 1)4/(4, 1)2/(0, 1)6
L (E7) ↓ A21 = (4, 2)/(6, 0)/(2, 0)/(0, 2)5/(3, 1)8/(0, 0)9/(4, 0)4.
These two A21 do not have the same composition factors on L (E7) so they are not conjugate to
each other. Any A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1X with X ⊆ D4 such that VD4(λ1) ↓ A1 = (3, 0)2
or (4, 0)/(0, 0)3 is conjugate to one of these two A21.
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6.10.1 A21 in A¯1D6
Suppose A21 is in A¯1D6. We are in one of the following cases:
1. A21 = A¯1A1 ⊆ A¯1D6
2. A21 ⊆ D6
3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1E7.
1. A21 = A¯1A1 ⊆ A¯1D6
Suppose A21 = A¯1A1 ⊆ A¯1D6. There are 30 conjugacy classes of restricted A1 subgroups in D6. By
Theorem 2.21, L (E7) ↓ A¯1D6 = (1, λ5)/(0, λ2)/(2, 0). In Table 6.19, we calculate L (E7) ↓ A21 in
each of these cases. Note that none of these A21 have the same composition factors as each other on
L (E7). Thus none of these A21 are conjugate to each other. They are cases 1 to 30 of Table 9.8.
Table 6.19: A21 = A¯1A1 in A¯1D6
VD6(λ1) ↓ A1 L (E7) ↓ A21
1 10/0 (0, 18)/(0, 14)/(0, 10)2/(0, 6)/(0, 2)/(2, 0)/(1, 15)/(1, 9)/(1, 5)
2 8/2 (0, 14)/(0, 10)2/(0, 6)2/(0, 2)2/(0, 8)/(2, 0)/(1, 11)/(1, 9)/(1, 5)/(1, 3)
3 6/4 (0, 10)2/(0, 6)3/(0, 2)3/(0, 8)/(0, 4)/(2, 0)/(1, 9)/(1, 7)/(1, 5)/(1, 3)2
4 6/2/02 (0, 10)/(0, 6)4/(0, 2)4/(0, 8)/(0, 4)/(0, 0)/(2, 0)/(1, 7)2/(1, 5)2/(1, 1)2
5 6/05 (0, 10)/(0, 6)6/(0, 2)/(0, 0)10/(2, 0)/(1, 6)4/(1, 0)4
6 6/0/12 (0, 10)/(0, 6)2/(0, 2)2/(0, 7)2/(0, 5)2/(0, 1)2/(0, 0)3/(2, 0)/(1, 7)/(1, 5)/
(1, 6)2/(1, 0)2/(1, 1)
7 4/22/0 (0, 6)3/(0, 2)8/(0, 4)4/(0, 0)/(2, 0)/(1, 5)2/(1, 3)4/(1, 1)2
8 4/2/04 (0, 6)2/(0, 2)7/(0, 4)5/(0, 0)6/(2, 0)/(1, 4)4/(1, 2)4
9 4/2/12 (0, 6)2/(0, 2)4/(0, 4)/(0, 5)2/(0, 3)4/(0, 1)2/(0, 0)3/(2, 0)/(1, 5)/
(1, 3)2/(1, 1)/(1, 4)2/(1, 2)2
10 4/07 (0, 6)/(0, 2)/(0, 4)7/(0, 0)21/(2, 0)/(1, 3)8
11 4/03/12 (0, 6)/(0, 2)2/(0, 4)3/(0, 5)2/(0, 3)2/(0, 0)6/(0, 1)6/(2, 0)/(1, 4)2/
(1, 2)2/(1, 3)4
12 24 (0, 2)10/(0, 4)6/(0, 0)6/(2, 0)/(1, 4)2/(1, 2)6/(1, 0)4
13 23/03 (0, 2)15/(0, 4)3/(0, 0)6/(2, 0)/(1, 3)4/(1, 1)8
14 22/06 (0, 2)15/(0, 4)/(0, 0)16/(2, 0)/(1, 2)8/(1, 0)8
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VD6(λ1) ↓ A1 L (E7) ↓ A21
15 22/02/12 (0, 2)8/(0, 4)/(0, 0)5/(0, 3)4/(0, 1)8/(2, 0)/(1, 3)2/(1, 1)4/
(1, 2)4/(1, 0)4
16 2/09 (0, 2)10/(0, 0)36/(2, 0)/(1, 1)16
17 2/05/12 (0, 2)7/(0, 3)2/(0, 1)12/(0, 0)13/(2, 0)/(1, 2)4/(1, 1)8/(1, 0)4
18 2/0/32 (0, 2)3/(0, 5)2/(0, 3)4/(0, 1)2/(0, 4)3/(0, 0)3/(0, 6)/(2, 0)/
(1, 5)/(1, 4)2/(1, 3)/(1, 2)2/(1, 1)3
19 2/0/14 (0, 2)8/(0, 3)4/(0, 1)8/(0, 0)10/(2, 0)/(1, 3)/(1, 2)4/(1, 1)6/(1, 0)4
20 08/12 (0, 0)31/(0, 1)16/(0, 2)/(2, 0)/(1, 1)8/(1, 0)16
21 04/32 (0, 0)9/(0, 3)8/(0, 4)3/(0, 6)/(0, 2)/(2, 0)/(1, 4)2/(1, 3)4/(1, 0)6
22 04/14 (0, 0)16/(0, 1)16/(0, 2)6/(2, 0)/(1, 2)2/(1, 1)8/(1, 0)10
23 32/12 (0, 4)7/(0, 0)6/(0, 6)/(0, 2)6/(2, 0)/(1, 4)4/(1, 2)2/(1, 0)6
24 32/12 (0, 4)7/(0, 0)6/(0, 6)/(0, 2)6/(2, 0)/(1, 5)/(1, 3)5/(1, 1)3
25 16 (0, 0)21/(0, 2)15/(2, 0)/(1, 2)6/(1, 0)14
26 16 (0, 0)21/(0, 2)15/(2, 0)/(1, 3)/(1, 1)14
27 8/03 (0, 14)/(0, 10)/(0, 6)/(0, 2)/(0, 8)3/(0, 0)3/(2, 0)/(1, 10)2/(1, 4)2
28 42/02 (0, 6)3/(0, 2)3/(0, 8)/(0, 4)5/(0, 0)2/(2, 0)/(1, 6)2/(1, 4)2/(1, 2)2/(1, 0)2
29 52 (0, 8)3/(0, 4)3/(0, 0)3/(0, 10)/(0, 6)/(0, 2)/(2, 0)/(1, 8)2/(1, 4)2/(1, 0)4
30 52 (0, 8)3/(0, 4)3/(0, 0)3/(0, 10)/(0, 6)/(0, 2)/(2, 0)/(1, 9)/(1, 5)3/(1, 3)
2. A21 ⊆ D6
There are 58 conjugacy classes of A21 in D6 with each factor restricted. Using our calculations from
Section 6.9.1, we find L (E7) ↓ A21 in each of these cases. These are listed in Table 6.20.
Note that cases 9, 10, 16, 17, 20, 22, 25, 26, 33, 35, 37, 38, 39, 40, 43, 44, 45, 51 and 52 of Table
6.20 all have A21 = A¯1A1. By Theorem 2.24, CE7(A¯1)
◦ = D6. Thus these A21 are conjugate to one
of the A21 we have seen previously. In each of these cases we use the composition factors in Table
6.20 to determine the conjugacy class of each one.
We now consider all of the other cases. Note that they do not have the same composition factors
on L (E7) as any of the A21 we have seen previously. Hence they are not conjugate to any of the A
2
1
we have seen previously. We now check whether they are conjugate to each other.
First consider cases 29 and 14 of Table 6.20. They have the same composition factors on L (E7).
We claim that they are conjugate. In case 14 we have A21 = AB with VD6(λ1) ↓ AB = (3, 1)/(0, 0)4.
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In case 29 we have A21 = CD with VD6(λ1) ↓ CD = (4, 0)/(0, 2)/(0, 0)4. Clearly AB and CD are in
D4 with VD4(λ1) ↓ AB = (3, 1) and VD4(λ1) ↓ CD = (4, 0)/(0, 2). By Lemma 2.27, NE7(A¯13D4) =
A¯1
3
D4.S3. An element of order three in S3 induces triality in D4 and AB and CD are conjugate in
D4 by triality. Hence AB and CD are conjugate in E7.
Next consider cases 7, 8 and 23 of Table 6.20. These all have A21 = A¯1AB ⊆ A¯1D6 with
VD6(λ1) ↓ AB = (3, 1) or (4, 0)/(0, 2). By Lemma 6.16, all such A21 are in two conjugacy classes.
Hence two of these must be conjugate. Cases 7 and 23 have the same composition factors on L (E7)
whereas case 8 does not have the same composition factors as them on L (E7). Hence case 7 is
conjugate to case 23.
Similarly consider cases 5, 6 and 24 of Table 6.20. They all have A21 = A¯1 AB ⊆ A¯1D6 with
VD6 ↓ AB = (3, 1) or (4, 0)/(0, 2). By Lemma 6.16, all such A21 are in two conjugacy classes. By
comparing the composition factors of L (E7) ↓ A21 in each of these cases we find that case 6 is
conjugate to case 24.
Now consider cases 42, 31 and 32 of Table 6.20. They are all A¯1 A¯1 A¯1 A¯1 A¯1. By Lemma 6.7,
all such A21 are in three conjugacy classes. In the proof of Lemma 6.7, we calculated L (E7) ↓ A21
for one A21 in each conjugacy class. We found that they have distinct composition factors. Cases
42 and 31 have the same composition factors on L (E7). Hence they must be in the same one of
these conjugacy classes.
Next consider cases 49 and 54 of Table 6.20. They both have A21 = A¯1 A¯1 A¯1 A¯1. By Lemma
6.6, these A21 are conjugate to cases 34, 36 or A
2
1 such that A
2
1 = A¯1XY ⊆ A¯1D6 with VD6(λ1) ↓
XY = (1, 0)4/(0, 1)2. In the proof of Lemma 6.6, we calculated L (E7) ↓ A21 for each of these A21
and found that they have distinct composition factors. Thus cases 49 and 54 are conjugate to cases
36 and 34 respectively since they have the same composition factors on L (E7).
All other cases have distinct composition factors to each other on L (E7). Hence they are not
conjugate to each other. They are cases 31 to 63 of Table 9.8.
Table 6.20: A21 ⊆ D6 in E7. Each A21 has the same com-
position factors on L (E7)as case n of Table 9.8.
VD6(λ1) ↓ A21 L (E7) ↓ A21 n
1b (2, 2)/(2, 0) (4, 2)2/(2, 4)/(2, 0)2/(0, 2)2/(2, 2)/(4, 1)2/(2, 1)2/(2, 3)2/ none
(0, 3)2/(0, 0)3
2b (8, 0)/(0, 2) (14, 0)/(10, 0)/(6, 0)/(2, 0)/(8, 2)/(0, 2)/(10, 1)2/(4, 1)2/ none
(0, 0)3
3b (3, 1)/(1, 1) (4, 2)2/(6, 0)/(2, 0)3/(0, 2)2/(4, 0)/(2, 2)/(5, 0)2/(3, 0)4/ none
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VD6(λ1) ↓ A21 L (E7) ↓ A21 n
(1, 2)2/(3, 2)2/(0, 0)3
4b (3, 1)/(1, 1) (4, 2)2/(6, 0)/(2, 0)3/(0, 2)2/(4, 0)/(2, 2)/(4, 1)4/(2, 1)2/ none
(0, 3)2/(0, 1)2/(0, 0)3
5b (3, 1)/(1, 0)2 (4, 2)/(6, 0)/(2, 0)2/(0, 2)5/(4, 1)4/(2, 1)4/(0, 0)6/(4, 0)4 none
6b (3, 1)/(1, 0)2 (4, 2)/(6, 0)/(2, 0)2/(0, 2)/(4, 1)2/(2, 1)2/(0, 0)6/(5, 0)2/ none
(3, 0)2/(1, 2)2/(3, 1)4
7b (3, 1)/(0, 1)2 (4, 2)/(6, 0)/(2, 0)/(0, 2)2/(3, 2)2/(3, 0)2/(0, 0)6/(4, 1)2/ none
(0, 3)2/(0, 1)2/(3, 1)4
8b (3, 1)/(0, 1)2 (4, 2)/(6, 0)/(2, 0)/(0, 2)6/(3, 2)4/(3, 0)4/(0, 0)6/(4, 0)4 none
9b (3, 0)2/(1, 1) (4, 0)3/(0, 0)6/(6, 0)/(2, 0)2/(4, 1)2/(2, 1)2/(0, 2)/(5, 0)2/ 11
(1, 0)6/(3, 1)4/(3, 0)2
10b (3, 0)2/(0, 1)2 (4, 0)7/(0, 0)21/(6, 0)/(2, 0)/(3, 1)8/(0, 2) 10
11b (3, 1)/(2, 0)/(0, 0) (4, 2)/(6, 0)/(2, 0)3/(0, 2)/(5, 1)/(3, 1)2/(1, 1)/(5, 0)2/ none
(3, 0)2/(1, 2)2/(4, 1)2/(2, 1)2/(0, 0)3
12b (3, 1)/(0, 2)/(0, 0) (4, 2)/(6, 0)/(2, 0)/(0, 2)3/(3, 3)/(3, 1)2/(3, 2)2/(3, 0)2/ none
(4, 1)2/(0, 3)2/(0, 1)2/(0, 0)3
13b (3, 0)2/(0, 2)/(0, 0) (4, 0)3/(0, 0)6/(6, 0)/(2, 0)/(3, 2)2/(3, 0)2/(0, 2)2/ none
(3, 1)4/(4, 1)2/(0, 1)6
14b (3, 1)/(0, 0)4 (4, 2)/(6, 0)/(2, 0)/(0, 2)5/(3, 1)8/(0, 0)9/(4, 0)4 none
15b (6, 0)/(0, 4) (10, 0)/(6, 0)/(2, 0)/(6, 4)/(0, 6)/(0, 2)/(6, 3)2/(0, 3)2/ none
(0, 0)3
16b (6, 0)/(1, 1)/(0, 0) (10, 0)/(6, 0)2/(2, 0)2/(7, 1)/(5, 1)/(0, 2)/(1, 1)/(7, 0)2/ 6
(6, 1)2/(5, 0)2/(1, 0)2/(0, 1)2/(0, 0)3
17b (6, 0)/(0, 1)2/(0, 0) (10, 0)/(6, 0)6/(2, 0)/(6, 1)4/(0, 0)10/(0, 2)/(0, 1)4 5
18b (6, 0)/(0, 2)/(0, 0)2 (10, 0)/(6, 0)3/(2, 0)/(6, 2)/(0, 2)3/(0, 0)4/(6, 1)4/(0, 1)4 none
19b (4, 0)/(0, 4)/(0, 0)2 (6, 0)/(2, 0)/(4, 4)/(4, 0)2/(0, 6)/(0, 2)/(0, 4)2/(0, 0)4/ none
(3, 3)4
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VD6(λ1) ↓ A21 L (E7) ↓ A21 n
20b (4, 0)/(1, 1)/(2, 0) (6, 0)2/(2, 0)4/(5, 1)/(3, 1)2/(4, 0)/(0, 2)/(1, 1)/(4, 1)2/ 9
(2, 1)2/(5, 0)2/(3, 0)4/(1, 0)2/(0, 0)3
21b (4, 0)/(1, 1)/(0, 2) (6, 0)/(2, 0)2/(5, 1)/(3, 1)/(4, 2)/(0, 2)2/(1, 3)/(1, 1)/ none
(4, 1)2/(2, 1)2/(3, 2)2/(3, 0)2/(0, 0)3
22b (4, 0)/(0, 1)2/(2, 0) (6, 0)2/(2, 0)7/(4, 1)4/(4, 0)5/(0, 0)6/(0, 2)/(2, 1)4 8
23b (4, 0)/(0, 1)2/(0, 2) (6, 0)/(2, 0)/(4, 1)2/(4, 2)/(0, 0)6/(0, 2)2/(0, 3)2/(0, 1)2/ none
(3, 2)2/(3, 0)2/(3, 1)4
24b (4, 0)/(1, 0)2/(0, 2) (6, 0)/(2, 0)2/(5, 0)2/(3, 0)2/(4, 2)/(0, 0)6/(1, 2)2/(0, 2)/ none
(4, 1)2/(2, 1)2/(3, 1)4
25b (4, 0)/(1, 1)/(0, 0)3 (6, 0)/(2, 0)6/(5, 1)/(3, 1)5/(4, 0)7/(0, 2)/(1, 1)3/(0, 0)6 24
26b (4, 0)/(0, 1)2/(0, 0)3 (6, 0)/(2, 0)/(4, 1)2/(4, 0)3/(0, 0)9/(0, 2)/(0, 1)6/(3, 1)4/ 21
(3, 0)8
27b (4, 0)/(0, 2)2/(0, 0) (6, 0)/(2, 0)/(4, 2)2/(4, 0)/(0, 2)5/(0, 4)/(0, 0)4/(3, 2)4/ none
(3, 0)4
28b (4, 0)/(0, 2)/(2, 0)/ (6, 0)2/(2, 0)4/(4, 2)/(4, 0)2/(0, 2)2/(2, 2)/(4, 1)4/ none
(0, 0) (2, 1)4/(0, 0)3
29b (4, 0)/(0, 2)/(0, 0)4 (6, 0)/(2, 0)/(4, 2)/(4, 0)4/(0, 2)5/(0, 0)9/(3, 1)8 none
30b (1, 1)3 (2, 0)6/(0, 2)6/(2, 2)3/(0, 0)6/(2, 1)6/(0, 1)10/(0, 3)2 none
31b (1, 1)2/(0, 1)2 (2, 0)3/(0, 2)4/(2, 2)/(0, 0)7/(1, 2)4/(1, 0)4/(2, 1)2/ none
(0, 1)6/(1, 1)8/(0, 3)2
32b (1, 1)2/(0, 1)2 (2, 0)7/(0, 2)8/(2, 2)/(0, 0)15/(1, 2)8/(1, 0)8 none
33b (1, 1)/(0, 1)4 (2, 0)/(0, 2)7/(1, 2)4/(1, 0)4/(0, 0)13/(1, 1)8/(0, 1)12/ 17
(0, 3)2
34b (1, 1)/(0, 1)2/(1, 0)2 (2, 0)6/(0, 2)2/(1, 2)4/(1, 0)4/(2, 1)2/(0, 1)10/ none
(0, 0)13/(1, 1)8
35b (1, 0)4/(0, 1)2 (0, 0)36/(2, 0)10/(1, 1)16/(0, 2) 16
36b (1, 1)2/(0, 0)4 (2, 0)7/(0, 2)7/(2, 2)/(0, 0)18/(1, 1)16 none
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VD6(λ1) ↓ A21 L (E7) ↓ A21 n
37b (1, 1)/(1, 0)2/(0, 0)4 (2, 0)6/(0, 2)/(2, 1)2/(0, 1)10/(1, 1)8/(0, 0)16/(1, 0)16 22
38b (1, 0)2/(0, 1)2/(0, 0)4 (0, 0)31/(2, 0)/(1, 1)8/(1, 0)16/(0, 2)/(0, 1)16 20
39b (1, 1)/(0, 0)8 (2, 0)/(0, 2)/(1, 1)8/(0, 0)31/(1, 0)16/(0, 1)16 20
40b (1, 1)/(0, 2)2/(0, 0)2 (2, 0)/(0, 2)8/(1, 3)2/(1, 1)4/(0, 4)/(0, 0)5/(1, 2)4/(1, 0)4/ 15
(0, 3)4/(0, 1)8
41b (1, 1)/(2, 0)/(0, 2)/ (2, 0)4/(0, 2)4/(3, 1)/(1, 1)4/(1, 3)/(2, 2)/(0, 0)4/(2, 1)4/ none
(0, 0)2 (0, 1)4/(1, 2)4/(1, 0)4
42b (1, 0)2/(2, 0)/(0, 2) (0, 0)7/(2, 0)4/(3, 0)2/(1, 0)6/(1, 2)2/(2, 2)/(0, 2)3/ none
(0, 0)2 (1, 1)8/(2, 1)4/(0, 1)4
43b (1, 0)2/(0, 2)2/(0, 0)2 (0, 0)16/(2, 0)/(1, 2)8/(1, 0)8/(0, 2)15/(0, 4) 14
44b (1, 1)/(2, 0)/(0, 0)5 (2, 0)15/(0, 2)/(3, 1)/(1, 1)14/(0, 0)21 26
45b (1, 0)2/(0, 2)/(0, 0)5 (0, 0)16/(2, 0)/(1, 2)2/(1, 0)10/(0, 2)6/(1, 1)8/(0, 1)16 22
46b (2, 0)3/(0, 2) (2, 0)6/(4, 0)3/(0, 0)6/(2, 2)3/(0, 2)/(3, 1)4/(1, 1)8 none
47b (2, 0)2/(0, 2)2 (2, 0)7/(4, 0)/(0, 0)9/(2, 2)8/(0, 2)7/(0, 4) none
48b (2, 0)2/(0, 2)/(0, 0)3 (2, 0)9/(4, 0)/(0, 0)7/(2, 2)2/(0, 2)4/(2, 1)8/(0, 1)8 none
49b (2, 0)/(0, 2)/(0, 0)6 (2, 0)7/(2, 2)/(0, 2)7/(0, 0)18/(1, 1)16 none
50b (1, 1)/(2, 0)/(0, 1)2/ (2, 0)7/(0, 2)2/(3, 1)/(1, 1)6/(1, 2)4/(1, 0)4/(2, 1)4/ none
(0, 0) (0, 0)10/(0, 1)4
51b (0, 2)/(1, 0)2/(0, 1)2/ (0, 2)7/(1, 2)4/(0, 3)2/(0, 1)12/(0, 0)13/(2, 0)/ 17
(0, 0) (1, 1)8/(1, 0)4
52b (1, 1)/(2, 0)/(1, 0)2/ (2, 0)8/(0, 2)/(3, 1)/(1, 1)6/(2, 1)4/(0, 1)4/(3, 0)4/ 19
(0, 0) (1, 0)8/(0, 0)10
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53b (1, 1)2/(2, 0)/(0, 0) (2, 0)5/(0, 2)3/(2, 2)/(0, 0)4/(3, 1)2/(1, 1)4/(3, 0)2/(1, 0)6/ none
(2, 1)4/(0, 1)4/(1, 2)2
54b (1, 0)4/(0, 2)/(0, 0) (0, 0)13/(2, 0)6/(1, 2)4/(1, 0)4/(0, 2)2/(2, 1)2/(0, 1)10/ none
(1, 1)8
55b (2, 1)2 (2, 2)7/(4, 0)7/(0, 0)14/(4, 2)/(2, 0)/(0, 2) none
56b (2, 1)2 (2, 2)3/(4, 0)3/(0, 0)6/(4, 2)/(2, 0)/(0, 2)/(2, 1)6/ none
(4, 1)2/(0, 3)2
57b (5, 1) (8, 2)/(4, 2)/(2, 0)/(0, 2)/(10, 0)/(6, 0)/(8, 1)2/(4, 1)2/ none
(0, 3)2/(0, 0)3
58b (2, 2)/(0, 0)3 (4, 2)/(2, 4)/(2, 0)/(0, 2)/(2, 2)3/(0, 0)6/(3, 1)4/(1, 3)4 none
3. A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1E7
There are 57 conjugacy classes of A21 in D6 with both factors restricted. Using Table 9.7, we find
L (E7) ↓ A¯1 A1A1 in all possible cases. These are listed in Table 6.21.
First consider cases 9(i), 10(i), 16(i), 17(i), 20(i), 22(i), 25(i), 26(i), 33(ii), 35(i), 37(i), 38(i),
38(ii), 39(i), 39(ii), 40(ii), 43(ii), 44(i), 45(ii), 51(ii) and 52(i) of Table 6.21. Each of these A21 have
a factor which is A¯1. By Theorem 2.24, CE7(A¯1)
◦ = D6. Therefore these A21 are conjugate to one
of cases 1 to 30 of Table 9.8. By considering the composition factors of L (E7) ↓ A21 given in Table
6.21 we find the conjugacy class of each of these A21.
Next consider cases 35(ii), 37(ii) and 45(i) of Table 6.21. In each of these cases, A21 = A¯1 A¯1 A¯1 A¯1.
By Lemma 6.6, they are conjugate to case 52 or case 53 of Table 9.8. Cases 35(ii), 37(ii) and 45(i)
are conjugate to case 52 since they have the same composition as this A21 on L (E7).
Now consider cases 33(i), 34(i), 34(ii), 36(i), 36(ii), 44(ii), 49(i), 49(ii), 51(i), 54(i) and 54(ii) of
Table 6.21. In each of these cases, A21 = A¯1 A¯1 A¯1 A¯1 A¯1. Hence by Lemma 6.7, they are conjugate
to case 50, 51 or 58 of Table 9.8. By considering the composition factors of L (E7) ↓ A21, we find
the conjugacy class of each of these A21.
We now consider cases 31(i), 32(i), 42(ii) and 50(ii) of Table 6.21. They all have A21 =
A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. Hence by Lemma 6.9, they are conjugate to case 49 or 54 of Table 9.8.
Each of these A21 has the same composition factors as exactly one of cases 49 or 54 of Table 9.8, see
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Table 6.21. Thus we know exactly which of cases 49 or 54 each of these A21 is conjugate to.
Next consider cases 31(ii), 32(ii), 42(i), 43(i), 50(i) and 52(ii) of Table 6.21. They all have
A21 = A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. Hence by Lemma 6.10, they are conjugate to case 57 or 59 of Table 9.8.
By considering the composition factors of L (E7) ↓ A21, we find the conjugacy class of each of these
A21.
We now prove that cases 23(i) and 24(ii) of Table 6.21 are conjugate to cases 33 and 34 of
Table 9.8. Cases 33 and 34 of Table 9.8 are A21 in D6 with VD6(λ1) ↓ A21 = (3, 1)/(1, 1). They are
both A¯1 A¯1 A B ⊆ A¯1D6 with AB ⊆ D4 such that VD4(λ1) ↓ AB = (3, 1). By Lemma 6.12, they
are conjugate to case 46 of Table 9.8 or to A21 ⊆ A¯1D6 with embeddings (1, (4, 0)/(0, 1)2/(0, 2)) or
(1, (4, 0)/(1, 0)2/(0, 2)) (cases 23(i) and 24(ii) of Table 6.21). By comparing the composition factors
of L (E7) ↓ A21 in each of these cases, we find that case 33 of Table 9.8 is conjugate to case 24(ii)
of Table 6.21 and case 34 of Table 9.8 is conjugate to case 23(i) of Table 6.21.
Next consider cases 5(ii), 6(ii), 7(i) and 8(i) of Table 6.21. In all of these cases, A21 = A¯1 A¯1 A B ⊆
A¯1D6 with AB ⊆ D4 such that VD4(λ1) ↓ AB = (3, 1). By the first part of Lemma 6.12, these are
conjugate to cases 33, 34 or 46 of Table 9.8. By considering the composition factors of L (E7) ↓ A21
in each case we find the conjugacy class of each of these A21.
Next consider cases 5(i), 6(i), 22(ii) and 24(i) of Table 6.21. In each of these cases, A21 =
A¯1 A¯1 AB with AB ⊆ D4 such that VD4(λ1) ↓ AB = (3, 1) or (4, 0)/(0, 2). By the first part of
Lemma 6.13, they are conjugate to cases 39 or 48 of Table 9.8. As before we use the composition
factors of L (E7) ↓ A21 to find which.
Now consider cases 7(ii), 8(ii) and 23(ii) of Table 6.21. In each case A21 = A¯1 A¯1AB¯ with
AB ⊆ D4 such that VD4(λ1) ↓ AB = (3, 1) or (4, 0)/(0, 2). By the second part of Lemma 6.13, they
are conjugate to case 40 or 47 of Table 9.8. Each of these A21 has the same composition factors as
exactly one of cases 40 or 47 of Table 9.8, see Table 6.21. Thus we know exactly which of these
cases each of these A21 is conjugate to.
We now consider cases 14(i) and 29(i) of Table 6.21 where A21 = A¯1 AB with AB ⊆ D4 such
that VD4(λ1) ↓ AB = (3, 1) or (4, 0)/(0, 2). By the first part of Lemma 6.16, they are conjugate to
cases 35 or 36 of Table 9.8. By Table 6.21, each of these A21 has the same composition factors as
exactly one of cases 35 or 36 of Table 9.8. Thus we know exactly which of these cases each of these
is conjugate to.
Next consider cases 14(ii), 29(ii) and 13(ii) of Table 6.21. In these cases, A21 = A¯1AB with
AB ⊆ D4 such that VD4(λ1) ↓ AB = (3, 1) or (4, 0)/(0, 2). By the second part of Lemma 6.16 they
are conjugate to case 37 or 38 of Table 9.8. As before we use Table 6.21 to find which of these cases
each of these A21 is conjugate to.
Now consider cases 10(ii) and 26(ii) of Table 6.21. We have A21 = A¯1 A¯1A with A ⊆ D4 such
that VD4(λ1) ↓ A = (3, 0)2 or (4, 0)/(0, 0)3. By Lemma 6.17 they are conjugate to cases 41 or 42 of
Chapter 6. Products of restricted subgroups of the same type in E7 199
Table 9.8. By considering the composition factors of L (E7) ↓ A21 we find which.
Next consider case 17(ii) of Table 6.21 where A21 ⊆ A¯1D6 with embedding (1, (6, 0)/(0, 1)2/(0, 0)).
It is A¯1 A¯1X ⊆ A¯1A¯1D4 with VD4(λ1) ↓ X = 6/0. There is a unique conjugacy class of A¯12 in E7
and CE7(A¯1
2
)◦ = A¯1D4. There is a unique conjugacy class of A1 ⊆ D4 such that VD4(λ1) ↓ X = 6/0.
Hence there is a unique conjugacy class of A¯1 A¯1X ⊆ A¯1A¯1D4 with VD4(λ1) ↓ X = 6/0 in E7. Case
44 of Table 9.8 is A21 ⊆ D6 with VD6(λ1) ↓ A21 = (6, 0)/(0, 2)/(0, 0). It is such an A21 so these two
A21 are conjugate.
Now consider cases 30(ii), 41(i), 41(ii) and 53(ii) of Table 6.21. In these cases, we have A21 =
A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. By Lemma 6.8, they are conjugate A
2
1 ⊆ A¯1D6 with embedding (1, (1, 1)3) or
(1, (2, 0)2/(0, 2)/(0, 0)3 (cases 30(i) and 48(ii) of Table 6.21). Each of these has the same composition
factors as exactly one of these two A21 so we find exactly which it is conjugate to. These are classified
as conjugacy classes 80 and 81 in Table 9.8.
We now consider cases 48(i) and 53(i) of Table 6.21 where A21 = A¯1 A¯1 A¯1 A¯1 A¯1 A¯1 A¯1. By
Lemma 6.11, they are conjugate to A21 = A¯1 AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (1, 1)/(0, 2)2/(0, 0)2
(case 40(i) of Table 6.21). This is classified as case 82 in Table 9.8.
Next consider cases 20(ii) and 28(i) of Table 6.21. In both cases, A21 ⊆ A¯1D6 such that A21 =
A¯1 A¯1 A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). Hence by Lemma
6.14, they are conjugate to A21 = A¯1 AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (3, 1)/(2, 0)/(0, 0) (case
11(i) of Table 6.21). This is classified as case 73 in Table 9.8.
Next consider cases 3(i), 4(i) and 21(i) of Table 6.21. In all three cases, A21 = A¯1 A¯1 A¯1 X Y
with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). By the first part of Lemma
6.15, they are conjugate to either A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (3, 1)/(2, 0)/(0, 0)
or A21 = A¯1AB ⊆ A¯1D6 with VD6(λ1) ↓ AB = (4, 0)/(2, 0)/(0, 2)/(0, 0) (cases 11(ii) and 28(ii) of
Table6.21). These are cases 68 and 70 of Table 9.8. By considering the composition factors of
L (E7) ↓ A21 we find easily which of cases 68 and 70 each of these is conjugate to.
Now consider cases 3(ii), 4(ii) and 21(ii) of Table 6.21 where A21 ⊆ A¯1D6 such that A21 =
A¯1 A¯1 A¯1 X Y with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). By the second
part of Lemma 6.15, they are conjugate to A21 ⊆ A¯1D6 with embedding (1, (3, 1)/(0, 2)/(0, 0)) or
(1, (4, 0)/(0, 2)2/(0, 0)) (cases 12(i) and 27(i) of Table 6.21). These are cases 69 and 71 of Table
9.8. By considering the composition factors of L (E7) ↓ A21 we find which of cases 69 and 71 each
of these A21 is conjugate to.
We now consider case 27(ii) of Table 6.21. We have A21 ⊆ A¯1D6 such that A21 = A¯1 A¯1 A¯1XY with
XY ⊆ D4 and VD4(λ1) ↓ XY = (4, 0)/(0, 2). By Lemma 6.14, it is conjugate to A21 = A¯1AB ⊆ A¯1D6
with VD6(λ1) ↓ AB = (3, 1)/(0, 2)/(0, 0) (case 12(ii) of Table 6.21). This is conjugacy class 74 of
Table 9.8.
Next consider cases 16(ii) and 18(i) of Table 6.21. In both cases, A21 ⊆ D6 with embeddings
6.10 R1 . . . Rn = A
2
1 200
(1, (6, 0)/(1, 1)/(0, 0)) or (1, (6, 0)/(0, 2)/(0, 0)2) respectively. Hence they are both A¯1 A¯1 A¯1 B
with B ⊆ D4 such that VD4(λ1) ↓ B = 6/0. There is a unique conjugacy class of A¯12 and
CE7(A¯1
2
)◦ = A¯1D4. Clearly there is a unique conjugacy class of A¯1B with B ⊆ D4 such that
VD4(λ1) ↓ B = 6/0 in A¯1D4. Hence there is a unique conjugacy class of A¯1 A¯1 A¯1 B with B ⊆ D4
such that VD4(λ1) ↓ B = 6/0. Cases 16(ii) and 18(i) are conjugate.
Finally consider 9(ii) and 13(i) of Table 6.21 where A21 ⊆ D6 with embeddings (1, (3, 0)2/(1, 1))
and (1, (3, 0)2/(0, 2)/(0, 0)) respectively. In both cases, A21 = A¯1 A¯1 A¯1 B with B ⊆ D4 such that
VD4(λ1) ↓ B = 32. There is a unique conjugacy class of A¯12 and CE7(A¯12)◦ = A¯1D4. There is a
unique A¯1B with B ⊆ D4 such that VD4(λ1) ↓ B = 32 in A¯1D4. Hence there is a unique conjugacy
class of A¯1 A¯1 A¯1 B with B ⊆ D4 such that VD4(λ1) ↓ B = 32. Cases 9(ii) and 13(i) are conjugate.
All other A21 have the distinct composition factors to each other and to all A
2
1 we have seen
previously on L (E7) ↓ A21. Hence they are not conjugate to each other or to any A21 we have seen
previously.
Table 6.21: A21 = A¯1 A1A1 ⊆ A¯1A21 ⊆ A¯1D6 ⊆ A¯1E7.
Each A21 has the same composition factors on L (E7) as
case n of Table 9.8.
VA¯1D6 ↓ A21 L (E7) ↓ A21 n
1 (i) (1, (2, 2)/(2, 0)) (4, 2)2/(2, 4)/(2, 0)3/(0, 2)2/(2, 2)/(5, 1)/(3, 1)2/(1, 1)/ none
(3, 3)/(1, 3)2
(ii) (1, (2, 2)/(2, 0)) (2, 4)3/(4, 2)2/(0, 2)3/(2, 0)4/(2, 2)3/(0, 4)/(4, 0) none
2 (i) (1, (8, 0)/(0, 2)) (14, 0)/(10, 0)/(6, 0)/(2, 0)2/(8, 2)/(0, 2)/(11, 1)/(9, 1)/ none
(5, 1)/(3, 1)
(ii) (1, (8, 0)/(0, 2)) (0, 14)/(0, 10)2/(0, 6)/(0, 2)/(2, 8)/(2, 0)2/(2, 10)/(2, 4)/ none
(0, 4)
3 (i) (1, (3, 1)/(1, 1)) (4, 2)3/(6, 0)2/(2, 0)6/(0, 2)3/(4, 0)4/(2, 2)3 none
(ii) (1, (3, 1)/(1, 1)) (2, 4)2/(0, 6)/(0, 2)3/(2, 0)3/(0, 4)/(2, 2)/(1, 5)/(1, 3)3/ none
(3, 1)/(1, 1)/(3, 3)
4 (i) (1, (3, 1)/(1, 1)) (4, 2)2/(6, 0)/(2, 0)4/(0, 2)2/(4, 0)/(2, 2)/(5, 1)2/(3, 1)3/ none
(1, 1)2/(1, 3)
(ii) (1, (3, 1)/(1, 1)) (2, 4)4/(0, 6)/(0, 2)4/(2, 0)5/(0, 4)3/(2, 2)2/(4, 0)/(0, 0) none
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VA¯1D6 ↓ A21 L (E7) ↓ A21 n
5 (i) (1, (3, 1)/(1, 0)2) (4, 2)/(6, 0)/(2, 0)3/(0, 2)/(4, 1)2/(2, 1)2/(0, 0)3/(5, 1)/ 39
(3, 1)2/(1, 1)/(5, 0)2/(3, 0)2/(1, 2)2
(ii) (1, (3, 1)/(1, 0)2) (2, 4)2/(0, 6)/(0, 2)3/(2, 0)2/(1, 4)4/(1, 2)2/(0, 0)3/(0, 4)/ 34
(2, 2)/(3, 0)2/(1, 0)2
6 (i) (1, (3, 1)/(1, 0)2) (4, 2)/(6, 0)2/(2, 0)4/(0, 2)2/(4, 1)4/(2, 1)4/(0, 0)3/(4, 0)2/ 48
(2, 2)
(ii) (1, (3, 1)/(1, 0)2) (2, 4)/(0, 6)/(0, 2)2/(2, 0)2/(1, 4)2/(1, 2)2/(0, 0)3/(1, 5)/ 46
(1, 3)/(3, 1)/(1, 1)/(2, 3)2/(0, 3)2
7 (i) (1, (3, 1)/(0, 1)2) (4, 2)/(6, 0)/(2, 0)2/(0, 2)2/(3, 2)2/(3, 0)2/(0, 0)3/(5, 1)/ 46
(3, 1)/(1, 3)/(1, 1)/(4, 1)2/(2, 1)2
(ii) (1, (3, 1)/(0, 1)2) (2, 4)2/(0, 6)/(0, 2)/(2, 0)5/(2, 3)4/(0, 3)4/(0, 0)4/(0, 4)/ 47
(4, 0)
8 (i) (1, (3, 1)/(0, 1)2) (4, 2)2/(6, 0)/(2, 0)3/(0, 2)2/(3, 2)2/(3, 0)4/(0, 0)3/(2, 2)/ 33
(4, 0)/(5, 0)2/(1, 2)2
(ii) (1, (3, 1)/(0, 1)2) (2, 4)/(0, 6)/(0, 2)/(2, 0)3/(2, 3)2/(0, 3)2/(0, 0)3/(3, 3)/ 40
(1, 3)2/(1, 4)2/(3, 0)2/(1, 0)2
9 (i) (1, (3, 0)2/(1, 1)) (4, 0)5/(0, 0)6/(6, 0)2/(2, 0)7/(4, 1)4/(2, 1)4/(0, 2) 8
(ii) (1, (3, 0)2/(1, 1)) (0, 4)3/(0, 0)3/(0, 6)/(0, 2)2/(1, 4)2/(1, 2)2/(2, 0)2/(1, 5)/ none
(1, 1)3/(2, 3)2/(0, 3)2/(1, 3)
10 (i) (1, (3, 0)2/(0, 1)2) (4, 0)3/(0, 0)6/(6, 0)/(2, 0)2/(3, 1)4/(0, 2)/(4, 1)2/(2, 1)2/ 11
(5, 0)2/(3, 0)2/(1, 0)6
(ii) (1, (3, 0)2/(0, 1)2) (0, 4)3/(0, 0)6/(0, 6)/(0, 2)/(1, 3)4/(2, 0)2/(2, 3)2/(0, 3)2/ 41
(1, 4)2/(1, 0)6
11 (i) (1, (3, 1)/(2, 0)/ (4, 2)/(6, 0)2/(2, 0)5/(0, 2)2/(5, 1)2/(3, 1)4/(1, 1)2/(4, 0)2/ none
(0, 0)) (2, 2)
(ii) (1, (3, 1)/(2, 0)/ (2, 4)2/(0, 6)/(0, 2)4/(2, 0)2/(1, 5)2/(1, 3)3/(1, 1)2/(3, 1)/ none
(0, 0)) (0, 4)/(2, 2)
12 (i) (1, (3, 1)/(0, 2)/ (4, 2)2/(6, 0)/(2, 0)3/(0, 2)3/(3, 3)/(3, 1)3/(2, 2)/(4, 0)/ none
(0, 0)) (5, 1)/(1, 3)/(1, 1)
(ii) (1, (3, 1)/(0, 2)/ (2, 4)2/(0, 6)/(0, 2)/(2, 0)6/(3, 3)2/(1, 3)4/(0, 4)/(4, 0)/ none
(0, 0)) (0, 0)
13 (i) (1, (3, 0)2/(0, 2)/ (4, 0)3/(0, 0)3/(6, 0)/(2, 0)2/(3, 2)2/(3, 0)2/(0, 2)2/(4, 1)2/ none
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(0, 0)) (2, 1)2/(5, 1)/(3, 1)/(1, 1)3
(ii) (1, (3, 0)2/(0, 2)/ (0, 4)4/(0, 0)6/(0, 6)/(0, 2)/(2, 3)4/(0, 3)4/(2, 0)6/(2, 4) 38
(0, 0))
14 (i) (1, (3, 1)/(0, 0)4) (4, 2)/(6, 0)/(2, 0)2/(0, 2)/(3, 1)4/(0, 0)6/(4, 1)2/(2, 1)2/ 36
(5, 0)2/(3, 0)2/(1, 2)2
(ii) (1, (3, 1)/(0, 0)4) (2, 4)/(0, 6)/(0, 2)/(2, 0)2/(1, 3)4/(0, 0)6/(2, 3)2/(0, 3)2/ 37
(1, 4)2/(3, 0)2/(1, 0)2
15 (i) (1, (6, 0)/(0, 4)) (10, 0)/(6, 0)/(2, 0)2/(6, 4)/(0, 6)/(0, 2)/(7, 3)/(5, 3)/ none
(1, 3)
(ii) (1, (6, 0)/(0, 4)) (0, 10)/(0, 6)/(0, 2)/(4, 6)2/(6, 0)/(2, 0)3/(2, 6)/(4, 0) none
16 (i) (1, (6, 0)/(1, 1)/ (10, 0)/(6, 0)4/(2, 0)4/(7, 1)2/(5, 1)2/(0, 2)/(1, 1)2/(8, 0)/ 4
(0, 0)) (4, 0)/(0, 0)
(ii) (1, (6, 0)/(1, 1)/ (0, 10)/(0, 6)3/(0, 2)2/(1, 7)2/(1, 5)2/(2, 0)3/(1, 1)2/(2, 6)/ none
(0, 0)) (0, 0)
17 (i) (1, (6, 0)/(0, 1)2/ (10, 0)/(6, 0)2/(2, 0)2/(6, 1)2/(0, 0)3/(0, 2)/(0, 1)2/(7, 1)/ 6
(0, 0)) (5, 1)/(7, 0)2/(5, 0)2/(1, 1)/(1, 0)2
(ii) (1, (6, 0)/(0, 1)2/ (0, 10)/(0, 6)3/(0, 2)/(1, 6)4/(0, 0)4/(2, 0)3/(1, 0)4/(2, 6) 44
(0, 0))
18 (i) (1, (6, 0)/(0, 2)/ (10, 0)/(6, 0)3/(2, 0)2/(6, 2)/(0, 2)3/(0, 0)/(7, 1)2/(5, 1)2/ none
(0, 0)2) (1, 1)2
(ii) (1, (6, 0)/(0, 2)/ (0, 10)/(0, 6)5/(0, 2)/(2, 6)3/(2, 0)6/(0, 0)3 none
(0, 0)2)
19 (i) (1, (4, 0)/(0, 4)/ (6, 0)/(2, 0)2/(4, 4)/(4, 0)2/(0, 6)/(0, 2)/(0, 4)2/(0, 0)/ none
(0, 0)2) (4, 3)2/(2, 3)2
(ii) (1, (4, 0)/(0, 4)/ (0, 6)/(0, 2)/(4, 4)/(0, 4)2/(6, 0)/(2, 0)2/(4, 0)2/(0, 0)/ none
(0, 0)2) (4, 3)2/(2, 3)2
20 (i) (1, (4, 0)/(1, 1)/ (6, 0)3/(2, 0)8/(5, 1)2/(3, 1)4/(4, 0)4/(0, 2)/(1, 1)2/(0, 0) 7
(2, 0))
(ii) (1, (4, 0)/(1, 1)/ (0, 6)2/(0, 2)5/(1, 5)2/(1, 3)4/(0, 4)2/(2, 0)2/(1, 1)2/(2, 4)/ none
(2, 0)) (2, 2)
21 (i) (1, (4, 0)/(1, 1)/ (6, 0)/(2, 0)4/(5, 1)2/(3, 1)3/(4, 2)2/(0, 2)2/(1, 3)/(1, 1)2/ none
(0, 2)) (2, 2)/(4, 0)
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(ii) (1, (4, 0)/(1, 1)/ (0, 6)/(0, 2)3/(1, 5)/(1, 3)3/(2, 4)2/(2, 0)3/(3, 1)/(1, 1)/ none
(0, 2)) (0, 4)/(2, 2)/(3, 3)
22 (i) (1, (4, 0)/(0, 1)2/ (6, 0)2/(2, 0)4/(4, 1)2/(4, 0)/(0, 0)3/(0, 2)/(2, 1)2/(5, 1)/ 9
(2, 0)) (3, 1)2/(1, 1)/(5, 0)2/(3, 0)4/(1, 0)2
(ii) (1, (4, 0)/(0, 1)2/ (0, 6)2/(0, 2)4/(1, 4)4/(0, 4)2/(0, 0)3/(2, 0)2/(1, 2)4/(2, 4)/ 48
(2, 0)) (2, 2)
23 (i) (1, (4, 0)/(0, 1)2/ (6, 0)/(2, 0)3/(4, 1)4/(4, 2)2/(0, 0)3/(0, 2)2/(0, 3)2/(0, 1)2/ 34
(0, 2)) (2, 2)/(4, 0)/(2, 1)2
(ii) (1, (4, 0)/(0, 1)2/ (0, 6)/(0, 2)/(1, 4)2/(2, 4)/(0, 0)3/(2, 0)3/(3, 0)2/(1, 0)2/ 40
(0, 2)) (3, 3)/(1, 3)2/(2, 3)2/(0, 3)2
24 (i) (1, (4, 0)/(1, 0)2/ (6, 0)/(2, 0)3/(5, 0)2/(3, 0)2/(4, 2)/(0, 0)3/(1, 2)2/(0, 2)/ 39
(0, 2)) (5, 1)/(3, 1)2/(1, 1)/(4, 1)2/(2, 1)2
(ii) (1, (4, 0)/(1, 0)2/ (0, 6)/(0, 2)3/(0, 5)2/(0, 3)4/(2, 4)2/(0, 0)3/(2, 1)2/(2, 0)2/ 33
(0, 2)) (0, 4)/(2, 2)/(2, 3)2
25 (i) (1, (4, 0)/(1, 1)/ (6, 0)/(2, 0)3/(5, 1)/(3, 1)/(4, 0)3/(0, 2)/(1, 1)3/(0, 0)3/ 18
(0, 0)3) (5, 0)2/(3, 0)4/(1, 0)2/(4, 1)2/(2, 1)2
(ii) (1, (4, 0)/(1, 1)/ (0, 6)/(0, 2)2/(1, 5)/(1, 3)/(0, 4)3/(2, 0)2/(1, 1)3/(0, 0)3/ none
(0, 0)3) (1, 4)2/(1, 2)2/(2, 3)2/(0, 3)2
26 (i) (1, (4, 0)/(0, 1)2/ (6, 0)/(2, 0)6/(4, 1)4/(4, 0)7/(0, 0)6/(0, 2)/(0, 1)6/(2, 1)2 23
(0, 0)3)
(ii) (1, (4, 0)/(0, 1)2/ (0, 6)/(0, 2)/(1, 4)2/(0, 4)3/(0, 0)6/(2, 0)2/(1, 0)6/(2, 3)2/ 41
(0, 0)3) (0, 3)2/(1, 3)4
27 (i) (1, (4, 0)/(0, 2)2/ (6, 0)/(2, 0)4/(4, 2)4/(4, 0)3/(0, 2)5/(0, 4)/(0, 0)/(2, 2)2 none
(0, 0))
(ii) (1, (4, 0)/(0, 2)2/ (0, 6)/(0, 2)/(2, 4)2/(0, 4)/(2, 0)6/(4, 0)/(0, 0)/(3, 3)2/ none
(0, 0)) (1, 3)4
28 (i) (1, (4, 0)/(0, 2)/ (6, 0)2/(2, 0)5/(4, 2)/(4, 0)2/(0, 2)2/(2, 2)/(5, 1)2/(3, 1)4/ none
(2, 0)/(0, 0)) (1, 1)2
(ii) (1, (4, 0)/(0, 2)/ (0, 6)2/(0, 2)6/(2, 4)3/(0, 4)4/(2, 0)3/(2, 2)3 none
(2, 0)/(0, 0))
29 (i) (1, (4, 0)/(0, 2)/ (6, 0)/(2, 0)2/(4, 2)/(4, 0)4/(0, 2)5/(0, 0)6/(4, 1)4/(2, 1)4 35
(0, 0)4)
(ii) (1, (4, 0)/(0, 2)/ (0, 6)/(0, 2)/(2, 4)/(0, 4)4/(2, 0)6/(0, 0)6/(2, 3)4/(0, 3)4 38
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(0, 0)4)
30 (i) (1, (1, 1)3) (2, 0)7/(0, 2)6/(2, 2)3/(0, 0)3/(3, 1)3/(1, 1)8/(1, 3) none
(ii) (1, (1, 1)3) (0, 2)9/(2, 0)13/(2, 2)6/(0, 0)8/(4, 0) none
31 (i) (1, (1, 1)2/(0, 1)2) (2, 0)4/(0, 2)4/(2, 2)/(0, 0)4/(1, 2)4/(1, 0)4/(3, 1)/(1, 1)4/ 54
(2, 1)4/(0, 1)4/(1, 3)
(ii) (1, (1, 1)2/(0, 1)2) (0, 2)4/(2, 0)9/(2, 2)2/(0, 0)7/(2, 1)8/(0, 1)8/(4, 0) 57
32 (i) (1, (1, 1)2/(0, 1)2) (2, 0)6/(0, 2)6/(2, 2)3/(0, 0)6/(1, 2)6/(1, 0)10/(3, 0)2 49
(ii) (1, (1, 1)2/(0, 1)2) (0, 2)3/(2, 0)5/(2, 2)/(0, 0)4/(2, 1)4/(0, 1)4/(1, 2)2/(1, 0)6/ 59
(3, 1)2/(1, 1)4/(3, 0)2
33 (i) (1, (1, 1)/(0, 1)4) (2, 0)2/(0, 2)7/(1, 2)4/(1, 0)4/(0, 0)10/(2, 1)4/(0, 1)4/(1, 1)6/ 58
(1, 3)
(ii) (1, (1, 1)/(0, 1)4) (0, 2)/(2, 0)15/(2, 1)8/(0, 1)8/(0, 0)16/(4, 0) 14
34 (i) (1, (1, 1)/(0, 1)2/ (2, 0)4/(0, 2)3/(1, 2)2/(1, 0)6/(2, 1)4/(0, 1)4/(0, 0)7/(1, 1)8/ 50
(1, 0)2) (3, 0)2/(2, 2)
(ii) (1, (1, 1)/(0, 1)2/ (0, 2)2/(2, 0)7/(2, 1)4/(0, 1)4/(1, 2)4/(1, 0)4/(0, 0)10/(1, 1)6/ 58
(1, 0)2) (3, 1)
35 (i) (1, (1, 0)4/(0, 1)2) (0, 0)13/(2, 0)7/(1, 1)8/(0, 2)/(3, 0)2/(1, 0)12/(2, 1)4/(0, 1)4 17
(ii) (1, (1, 0)4/(0, 1)2) (0, 0)13/(0, 2)6/(1, 1)8/(2, 0)2/(1, 2)2/(1, 0)10/(2, 1)4/(0, 1)4 52
36 (i) (1, (1, 1)2/(0, 0)4) (2, 0)4/(0, 2)3/(2, 2)/(0, 0)7/(1, 1)8/(3, 0)2/(1, 0)6/(2, 1)4/ 50
(0, 1)4/(1, 2)2
(ii) (1, (1, 1)2/(0, 0)4) (0, 2)3/(2, 0)4/(2, 2)/(0, 0)7/(1, 1)8/(1, 2)2/(1, 0)6/(2, 1)4/ 50
(0, 1)4/(3, 0)2
37 (i) (1, (1, 1)/(1, 0)2/ (2, 0)7/(0, 2)/(2, 1)4/(0, 1)4/(1, 1)8/(0, 0)13/(1, 0)12/(3, 0)2 17
(0, 0)4)
(ii) (1, (1, 1)/(1, 0)2/ (0, 2)2/(2, 0)6/(1, 2)4/(1, 0)4/(1, 1)8/(0, 0)13/(0, 1)10/(2, 1)2 52
(0, 0)4)
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38 (i) (1, (1, 0)2/(0, 1)2/ (0, 0)16/(2, 0)6/(1, 1)8/(1, 0)16/(0, 2)/(0, 1)10/(2, 1)2 22
(0, 0)4)
(ii) (1, (1, 0)2/(0, 1)2/ (0, 0)16/(0, 2)/(1, 1)8/(0, 1)10/(2, 0)6/(1, 0)16/(2, 1)2 22
(0, 0)4)
39 (i) (1, (1, 1)/(0, 0)8) (2, 0)10/(0, 2)/(1, 1)16/(0, 0)36 16
(ii) (1, (1, 1)/(0, 0)8) (0, 2)/(2, 0)10/(1, 1)16/(0, 0)36 16
40 (i) (1, (1, 1)/(0, 2)2/ (2, 0)4/(0, 2)10/(1, 3)4/(1, 1)8/(0, 4)/(0, 0)4/(2, 2)2 none
(0, 0)2)
(ii) (1, (1, 1)/(0, 2)2/ (0, 2)/(2, 0)15/(3, 1)4/(1, 1)8/(4, 0)3/(0, 0)6 13
(0, 0)2)
41 (i) (1, (1, 1)/(2, 0)/ (2, 0)7/(0, 2)6/(3, 1)3/(1, 1)8/(1, 3)/(2, 2)3/(0, 0)3 none
(0, 2)/(0, 0)2)
(ii) (1, (1, 1)/(2, 0)/ (0, 2)6/(2, 0)7/(1, 3)/(1, 1)8/(3, 1)3/(2, 2)3/(0, 0)3 none
(0, 2)/(0, 0)2)
42 (i) (1, (1, 0)2/(2, 0)/ (0, 0)4/(2, 0)5/(3, 0)2/(1, 0)6/(1, 2)2/(2, 2)/(0, 2)3/(2, 1)4/ 59
(0, 2)/(0, 0)2) (0, 1)4/(3, 1)2/(1, 1)4
(ii) (1, (1, 0)2/(2, 0)/ (0, 0)6/(0, 2)6/(0, 3)2/(0, 1)10/(2, 1)6/(2, 2)3/(2, 0)6 49
(0, 2)/(0, 0)2)
43 (i) (1, (1, 0)2/(0, 2)2/ (0, 0)7/(2, 0)4/(1, 2)8/(1, 0)8/(0, 2)9/(0, 4)/(2, 2)2 57
(0, 0)2)
(ii) (1, (1, 0)2/(0, 2)2/ (0, 0)5/(0, 2)/(2, 1)4/(0, 1)4/(2, 0)8/(4, 0)/(3, 1)2/(1, 1)4/ 15
(0, 0)2) (3, 0)4/(1, 0)8
44 (i) (1, (1, 1)/(2, 0)/ (2, 0)8/(0, 2)/(3, 1)/(1, 1)6/(0, 0)10/(2, 1)4/(0, 1)4/(3, 0)4/ 19
(0, 0)5) (1, 0)8
(ii) (1, (1, 1)/(2, 0)/ (0, 2)7/(2, 0)2/(1, 3)/(1, 1)6/(0, 0)10/(2, 1)4/(0, 1)4/(1, 2)4/ 58
(0, 0)5) (1, 0)4
45 (i) (1, (1, 0)2/(0, 2)/ (0, 0)13/(2, 0)2/(1, 2)2/(1, 0)10/(0, 2)6/(2, 1)4/(0, 1)4/(1, 1)8 52
(0, 0)5)
(ii) (1, (1, 0)2/(0, 2)/ (0, 0)21/(0, 2)/(2, 1)6/(0, 1)14/(2, 0)15 25
(0, 0)5)
46 (i) (1, (2, 0)3/(0, 2)) (2, 0)7/(4, 0)3/(0, 0)3/(2, 2)3/(0, 2)/(4, 1)2/(2, 1)6/(0, 1)4 none
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(ii) (1, (2, 0)3/(0, 2)) (0, 2)6/(0, 4)3/(0, 0)3/(2, 2)3/(2, 0)2/(2, 3)2/(0, 3)2/(2, 1)4/ none
(0, 1)4
47 (i) (1, (2, 0)2/(0, 2)2) (2, 0)4/(4, 0)/(0, 0)2/(2, 2)4/(0, 2)3/(0, 4)/(3, 2)2/(1, 2)4/ none
(3, 0)2/(1, 0)4
(ii) (1, (2, 0)2/(0, 2)2) (0, 2)3/(0, 4)/(0, 0)2/(2, 2)4/(2, 0)4/(4, 0)/(3, 2)2/(1, 2)4/ none
(3, 0)2/(1, 0)4
48 (i) (1, (2, 0)2/(0, 2)/ (2, 0)10/(4, 0)/(0, 0)4/(2, 2)2/(0, 2)4/(3, 1)4/(1, 1)8 none
(0, 0)3)
(ii) (1, (2, 0)2/(0, 2)/ (0, 2)13/(0, 4)/(0, 0)8/(2, 2)6/(2, 0)9 none
(0, 0)3)
49 (i) (1, (2, 0)/(0, 2)/ (2, 0)8/(2, 2)/(0, 2)7/(0, 0)15/(2, 1)8/(0, 1)8 51
(0, 0)6)
(ii) (1, (2, 0)/(0, 2)/ (0, 2)7/(2, 2)/(2, 0)8/(0, 0)15/(2, 1)8/(0, 1)8 51
(0, 0)6)
50 (i) (1, (1, 1)/(2, 0)/ (2, 0)5/(0, 2)3/(3, 1)2/(1, 1)4/(1, 2)2/(1, 0)6/(2, 1)4/(0, 0)4/ 59
(0, 1)2/(0, 0)) (0, 1)4/(2, 2)/(3, 0)2
(ii) (1, (1, 1)/(2, 0)/ (0, 2)4/(2, 0)4/(1, 3)/(1, 1)4/(2, 1)4/(0, 1)4/(1, 2)4/(0, 0)4/ 54
(0, 1)2/(0, 0)) (1, 0)4/(3, 1)/(2, 2)
51 (i) (1, (0, 2)/(1, 0)2/ (0, 2)4/(1, 2)4/(0, 3)2/(0, 1)6/(0, 0)7/(2, 0)3/(1, 1)8/(1, 0)4/ 50
(0, 1)2/(0, 0)) (2, 1)2/(2, 2)
(ii) (1, (0, 2)/(1, 0)2/ (2, 0)8/(2, 1)4/(3, 0)4/(1, 0)8/(0, 0)10/(0, 2)/(1, 1)6/(0, 1)4/ 19
(0, 1)2/(0, 0)) (3, 1)
52 (i) (1, (1, 1)/(2, 0)/ (2, 0)8/(0, 2)/(3, 1)2/(1, 1)4/(2, 1)4/(0, 1)4/(3, 0)4/(1, 0)8/ 15
(1, 0)2/(0, 0)) (0, 0)5/(4, 0)
(ii) (1, (1, 1)/(2, 0)/ (0, 2)5/(2, 0)3/(1, 3)2/(1, 1)4/(1, 2)4/(1, 0)4/(0, 3)2/(0, 1)6/ 59
(1, 0)2/(0, 0)) (0, 0)4/(2, 1)2/(2, 2)
53 (i) (1, (1, 1)2/(2, 0)/ (2, 0)10/(0, 2)4/(2, 2)2/(0, 0)4/(3, 1)4/(1, 1)8/(4, 0) none
(0, 0))
(ii) (1, (1, 1)2/(2, 0)/ (0, 2)7/(2, 0)6/(2, 2)3/(0, 0)3/(1, 3)3/(1, 1)8/(3, 1) none
(0, 0))
54 (i) (1, (1, 0)4/(0, 2)/ (0, 0)10/(2, 0)7/(1, 2)4/(1, 0)4/(0, 2)2/(3, 1)/(1, 1)6/(2, 1)4/ 58
(0, 0)) (0, 1)4
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(ii) (1, (1, 0)4/(0, 2)/ (0, 0)15/(0, 2)7/(2, 1)8/(0, 1)8/(2, 0)8/(2, 2) 51
(0, 0))
55 (i) (1, (2, 1)2) (2, 2)3/(4, 0)3/(0, 0)3/(4, 2)/(2, 0)2/(0, 2)/(3, 2)2/(1, 2)2/ none
(1, 0)4/(5, 0)2/(3, 0)2
(ii) (1, (2, 1)2) (2, 2)3/(0, 4)3/(0, 0)3/(2, 4)/(0, 2)/(2, 0)2/(3, 2)2/(1, 2)2/ none
(1, 0)4/(1, 4)2
56 (i) (1, (2, 1)2) (2, 2)3/(4, 0)3/(0, 0)3/(4, 2)/(0, 2)/(2, 0)2/(3, 1)4/(5, 1)/ none
(1, 3)/(1, 1)3
(ii) (1, (2, 1)2) (2, 2)6/(2, 0)3/(0, 0)3/(2, 4)2/(4, 0)/(0, 4)4/(0, 2)4 none
57 (i) (1, (5, 1)) (8, 2)/(4, 2)/(2, 0)2/(0, 2)/(10, 0)/(6, 0)/(9, 1)/(7, 1)/ none
(5, 1)/(3, 1)/(1, 3)
(ii) (1, (5, 1)) (2, 8)2/(2, 4)2/(0, 2)/(2, 0)3/(0, 10)/(0, 6)/(0, 8)/(0, 4)/ none
(4, 0)
58 (i) (1, (2, 2)/(0, 0)3) (4, 2)/(2, 4)/(2, 0)2/(0, 2)/(2, 2)3/(0, 0)3/(4, 1)2/(2, 1)2/ none
(2, 3)2/(0, 3)2
(ii) (1, (2, 2)/(0, 0)3) (2, 4)/(4, 2)/(0, 2)/(2, 0)2/(2, 2)3/(0, 0)3/(2, 3)2/(0, 3)2/ none
(4, 1)2/(2, 1)2
6.10.2 A21 in A¯2A5
Suppose A21 is in A¯2A5. We are in one of the following cases:
1. A21 ⊆ A5
2. A21 = A1A1 ⊆ A2A5 with one A1 in A2 and the other in A5
3. A21 = A1 A1A1 ⊆ A31 ⊆ A2A5
1. A21 ⊆ A5
Suppose A21 is in A5. There are 8 conjugacy classes of A
2
1 in A5 with each factor restricted. In Table
6.22, we use Theorem 2.21 to calculate L (E7) ↓ A21 for each of these A21.
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VA5(λ1) ↓ A21 L (E7) ↓ A21 n
1 (2, 1) (4, 2)/(4, 0)7/(2, 2)7/(2, 0)/(0, 2)/(0, 0)14 60
2 (1, 1)/(1, 0) (2, 2)/(2, 0)8/(0, 2)7/(2, 1)8/(0, 1)8/(0, 0)15 51
3 (1, 1)/(0, 0)2 (2, 2)/(2, 0)7/(0, 2)7/(1, 1)16/(0, 0)18 53
4 (3, 0)/(0, 1) (6, 0)/(4, 0)7/(2, 0)/(3, 1)8/(0, 2)/(0, 0)21 10
5 (2, 0)/(0, 2) (4, 0)/(2, 0)7/(2, 2)8/(0, 4)/(0, 2)7/(0, 0)9 56
6 (2, 0)/(0, 1)/(0, 0) (4, 0)/(2, 0)15/(2, 1)8/(0, 2)/(0, 0)16/(0, 1)8 14
7 (1, 0)2/(0, 1) (2, 0)10/(0, 0)36/(1, 1)16/(0, 2) 16
8 (1, 0)/(0, 1)/(0, 0)2 (2, 0)/(1, 1)8/(1, 0)16/(0, 2)/(0, 0)31/(0, 1)16 20
Table 6.22: A21 in A5. Each A
2
1 has the same composition factos on L (E7) as case n in Table 9.8.
Consider A¯1A5 ⊆ A¯2A5. By Lemma 2.26, A¯1 ⊆ A¯2 is also A¯1 in E7. Hence A5 ⊆ D6 since
CE7(A¯1)
◦ = D6. Therefore these A21 are contained in D6 so they are conjugate to one of the A
2
1 we
have seen previously. For each of these A21, we find which case of Table 9.8 it is conjugate to by
considering the composition factors of L (E7) ↓ A21.
2. A21 = A1A1 ⊆ A¯2A5 with one A1 in A¯2 and the other in A5
There are 10 conjugacy classes of restricted A1 subgroups in A5. There are two conjugacy classes of
restricted A1 subgroups in A¯2. In Table 6.23, we calculate L (E7) ↓ A21 for each A21 = A1A1 ⊆ A¯2A5
with A1 ⊆ A¯2 and A1 ⊆ A5.
First consider all odd cases of Table 6.23. In these cases we have A1 ⊆ A¯2 with VA2(λ1) ↓ A1 =
1 + 0. This is A¯1 in A¯2. By Lemma 2.26, it is also A¯1 in E7. Therefore these A
2
1 are in A¯1D6 since
CE7(A¯1)
◦ = D6.
Next consider case 20 of Table 6.23. In this case we have A1 in A5 with VA5(λ1) ↓ A1 = 1/04.
This is A¯1 in A5. Hence it is also A¯1 in E7 by Lemma 2.26. Therefore in case 20, A
2
1 is in A¯1D6.
Now consider cases 6 and 8 of Table 6.23. Let A = A1 ⊆ A2 with VA2(λ1) ↓ A = 2. We proved
in Section 6.9.2 that A31 = ABC ⊆ A2A5 with VA5(λ1) ↓ BC = (3, 0)/(0, 1) is conjugate to an A31
in A¯1D6. Case 6 is AB C and case 8 is AB. Hence cases 6 and 8 are in A¯1D6.
Similarly we consider cases 10, 12, 14, 16 and 18 of Table 6.23. Let DE,FG and HI = A21 in A5
with VA5(λ1) ↓ DE = (2, 0)/(0, 1)/(0, 0), VA5(λ1) ↓ FG = (1, 0)2/(0, 1) and VA5(λ1) ↓ HI = (2, 1).
We proved in Section 6.9.2 that ADE, AFG and AHI are conjugate to an A31 in A¯1D6. Cases 10,
12, 14, 16 and 18 of Table 6.23 are respectively AH, AD E, AD, AF G and AF so they are in
A¯1D6.
We have seen that all cases of Table 6.23 are in A¯1D6 except maybe cases 2 and 4. By considering
the composition factors of L (E7) ↓ A21 for each of these A21 we find the conjugacy class of each of
these. These are given in Table 6.23.
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VA5(λ1) ↓ A1 VA2(λ1) ↓ A1 L (E7) ↓ A21 n
1 5 1 + 0 (0, 10)/(0, 8)3/(0, 6)/(0, 4)3/(0, 2)/(1, 8)2/(1, 4)2/ 29
(1, 0)4/(0, 0)3/(2, 0)
2 5 2 (0, 10)/(0, 8)/(0, 6)/(0, 4)/(0, 2)/(2, 8)2/(2, 4)2/ 91
(2, 0)3/(4, 0)
3 4/0 1 + 0 (0, 8)/(0, 6)3/(0, 4)5/(0, 2)3/(0, 0)2/(1, 6)2/(1, 2)2/ 28
(1, 4)2/(2, 0)/(1, 0)2
4 4/0 2 (0, 8)/(0, 6)/(0, 4)3/(0, 2)/(0, 0)/(2, 6)2/(2, 2)2/ none
(2, 4)2/(4, 0)/(2, 0)
5 3/1 1 + 0 (0, 6)/(0, 4)7/(0, 2)6/(0, 0)6/(1, 4)4/(1, 0)6/(1, 2)2/ 23
(2, 0)
6 3/1 2 (0, 6)/(0, 4)3/(0, 2)4/(0, 0)/(2, 4)4/(2, 0)5/(2, 2)2/ 71
(4, 0)
7 3/02 1 + 0 (0, 6)/(0, 4)3/(0, 2)/(0, 3)8/(0, 0)9/(1, 4)2/(1, 0)6/ 21
(1, 3)4/(2, 0)
8 3/02 2 (0, 6)/(0, 4)/(0, 2)/(0, 3)4/(0, 0)4/(2, 4)2/(2, 0)5/ 47
(2, 3)4/(4, 0)
9 22 1 + 0 (0, 4)6/(0, 2)10/(0, 0)6/(1, 2)6/(1, 4)2/(1, 0)4/(2, 0) 12
10 22 2 (0, 4)4/(0, 2)4/(0, 0)3/(2, 2)6/(2, 4)2/(2, 0)3/(4, 0) 89
11 2/1/0 1 + 0 (0, 4)/(0, 2)8/(0, 3)4/(0, 1)8/(0, 0)5/(1, 2)4/(1, 3)2/ 15
(1, 1)4/(1, 0)4/(2, 0)
12 2/1/0 2 (0, 4)/(0, 2)4/(0, 3)2/(0, 1)4/(0, 0)2/(2, 2)4/(2, 3)2/ 85
(2, 1)4/(2, 0)3/(4, 0)
13 2/03 1 + 0 (0, 4)/(0, 2)15/(0, 0)16/(1, 2)8/(1, 0)8/(2, 0) 14
14 2/03 2 (0, 4)/(0, 2)7/(0, 0)9/(2, 2)8/(2, 0)7/(4, 0) 56
15 13 1 + 0 (0, 2)15/(0, 0)21/(1, 0)14/(1, 2)6/(2, 0) 25
16 13 2 (0, 2)9/(0, 0)8/(2, 0)13/(2, 2)6/(4, 0) 81
17 12/02 1 + 0 (0, 2)6/(0, 0)16/(0, 1)16/(1, 0)10/(1, 2)2/(1, 1)8/(2, 0) 22
18 12/02 2 (0, 2)4/(0, 0)7/(0, 1)8/(2, 0)9/(2, 2)2/(2, 1)8/(4, 0) 57
19 1/04 1 + 0 (0, 2)/(0, 1)16/(0, 0)31/(1, 0)16/(1, 1)8/(2, 0) 20
20 1/04 2 (0, 2)/(0, 1)8/(0, 0)16/(2, 0)15/(2, 1)8/(4, 0) 14
Table 6.23: A21 = A1A1 ⊆ A2A5 with one A1 in A2 and the other in A5. Each A21 has the same
composition factos on L (E7) as case n in Table 9.8.
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Next consider case 4 of Table 6.23. It does not have the same composition factors as any of the
A21 we have seen previously on L (E7). It is case 93 of Table 9.8.
Finally consider case 2 of Table 6.23. It has the same composition factors on L (E7) as case
91 of Table 9.8. We show that these are conjugate. Case 2 is A21 = AB in A2A5 with embedding
(2, 5). Case 91 of Table 9.8 is A21 = CD in A¯1D6 with embedding (1, (5, 1)). Clearly CD is in
A¯1A1C3 ⊆ A¯1D6 with embedding (1, 1, 5). Similarly AB is in A2C3 with embedding (2, 5).
By [17, Table 8.2], there are two conjugacy classes of C3 in E7. One of them has CE7(C3)
◦ = G2
and the other has CE7(C3)
◦ = A1A1. We denote them by W1 and W2. In case 2 of Table 6.23, we
have AB ⊆ A2C3 so A2 ⊆ CE7(C3)◦. Hence C3 = W1.
Now turn to case 91 of Table 9.8. By [17, Table 8.2], L (E7) ↓ D6 = λ2/λ5/03. Hence L (E7) ↓
C3 = 200/010
7/00014. By [17, Table 8.2], this is also W1.
Since CE7(W1)
◦ = G2 both of these A21 are in G2C3. On one hand AB is in A2C3 ⊆ G2C3
with embedding (2, 5). On the other hand CD is in A¯1A1C3 ⊆ G2C3 with embedding (1, 1, 5). By
Lemma 2.30, in G2, the diagonal subgroup in A
2
1 is conjugate to A1 in A2 with VA2(λ1) ↓ A1 = 2.
Hence these two A21 are conjugate.
3. A21 = A1 A1A1 ⊆ A31 ⊆ A2A5
Let A21 = A1 A1A1 ⊆ A31 ⊆ A2A5. We saw in Section 6.9 that there are 16 conjugacy classes of A31
in A2A5 with each factor restricted. In each of these cases we calculated L (E7) ↓ A31 in Table 6.11.
Hence for each possible A21 = A1 A1A1 ⊆ A31 ⊆ A2A5 we can easily find L (E7) ↓ A21. These are
given in Table 6.24.
In Section 6.9, we proved that all A31 in A2A5 are conjugate to an A
3
1 in A¯1D6 except A
3
1 ⊆ A2A5
with embedding (2, (2, 0)/(0, 2)). Thus all of the A21 = A1 A1A1 ⊆ A31 ⊆ A2A5 are conjugate to
an A21 in A¯1D6 except possibly A
2
1 in A2A5 with embedding (2, (2, 0)/(0, 2)). By considering the
composition factors of L (E7) ↓ A21 in Table 6.24 we find easily which of cases 1 to 92 of Table 9.8
each of these A21 is conjugate to.
Now consider cases 19 and 20 of Table 6.24. Clearly they are conjugate. The A21 ⊆ A5 with
embedding (2, 0)/(0, 2) is just A21 ⊆ A¯22 ⊆ A5 with VA2(λ1) ↓ A1 = 2 in each A2. Thus A31 ⊆ A2A5
with embedding (2, (2, 0)/(0, 2)) is in A¯2
3
with embedding (2, 2, 2). Therefore cases 19 and 20 are
A31 ⊆ A¯23 with embedding (2, 2, 2). Case 90 of Table 9.8 is A21 ⊆ A2A5 with embedding (2, 22).
Clearly it is A21 in A2A5 with embedding (2, (2, 0)/(0, 2)). Thus it is in A¯2
3
with embedding (2, 2, 2).
There is only one conjugacy class of A¯2
3
in E7 and all three factors in A¯2
3
are conjugate. Hence
cases 19 and 20 are conjugate to case 92 of Table 9.8.
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Table 6.24: A21 = A¯1 A1A1 ⊆ A2A5. Each A21 has the
same composition factors on L (E7) as case n of Table
9.8.
VA2A5 ↓ A21 L (E7) ↓ A21 n
1 (1 + 0, (2, 1)) (4, 2)/(4, 0)3/(2, 2)3/(2, 0)2/(0, 2)/(3, 2)2/(1, 2)2/ 86
(5, 0)2/(3, 0)2/(1, 0)4/(0, 0)3
2 (1 + 0, (2, 1)) (2, 4)/(0, 4)3/(2, 2)3/(0, 2)/(2, 0)2/(3, 2)2/(1, 2)2/ 87
(1, 4)2/(1, 0)4/(0, 0)3
3 (2, (2, 1)) (4, 2)3/(4, 0)4/(2, 2)3/(2, 0)6/(0, 2)3/(6, 0)2 68
4 (2, (2, 1)) (2, 4)3/(0, 4)/(2, 2)3/(0, 2)3/(2, 0)4/(4, 2)2/(4, 0) 65
5 (1 + 0, (1, 1)/(1, 0)) (2, 2)/(2, 0)5/(0, 2)3/(2, 1)4/(0, 1)4/(0, 0)4/(3, 0)2/ 59
(1, 0)6/(1, 2)2/(3, 1)2/(1, 1)4
6 (1 + 0, (1, 1)/(1, 0)) (2, 2)3/(0, 2)6/(2, 0)6/(1, 2)6/(1, 0)10/(0, 0)6/(3, 0)2 49
7 (2, (1, 1)/(1, 0)) (2, 2)3/(2, 0)7/(0, 2)/(2, 1)6/(0, 1)4/(0, 0)3/(4, 0)3/(4, 1)2 83
8 (2, (1, 1)/(1, 0)) (2, 2)3/(0, 2)2/(2, 0)6/(1, 2)4/(1, 0)4/(0, 0)3/(4, 0)3/ 84
(3, 2)2/(3, 0)2
9 (1 + 0, (1, 1)/(0, 0)2) (2, 2)/(2, 0)4/(0, 2)3/(1, 1)8/(0, 0)7/(3, 0)2/(1, 0)6/ 50
(1, 2)2/(2, 1)4/(0, 1)4
10 (1 + 0, (1, 1)/(0, 0)2) (2, 2)/(0, 2)3/(2, 0)4/(1, 1)8/(0, 0)7/(1, 2)2/(3, 0)2/ 50
(1, 0)6/(2, 1)4/(0, 1)4
11 (2, (1, 1)/(0, 0)2) (2, 2)3/(2, 0)6/(0, 2)/(1, 1)8/(0, 0)6/(4, 0)3/(3, 1)4 55
12 (2, (1, 1)/(0, 0)2) (2, 2)3/(0, 2)/(2, 0)6/(1, 1)8/(0, 0)6/(4, 0)3/(3, 1)4 55
13 (1 + 0, (3, 0)/(0, 1)) (6, 0)/(4, 0)3/(2, 0)2/(3, 1)4/(0, 2)/(0, 0)6/(5, 0)2/ 11
(3, 0)2/(1, 0)6/(4, 1)2/(2, 1)2
14 (1 + 0, (3, 0)/(0, 1)) (0, 6)/(0, 4)3/(0, 2)/(1, 3)4/(2, 0)2/(0, 0)6/(1, 4)2/ 41
(1, 0)6/(2, 3)2/(0, 3)2
15 (2, (3, 0)/(0, 1)) (6, 0)3/(4, 0)4/(2, 0)8/(3, 1)4/(0, 2)/(0, 0)/(5, 1)2/(1, 1)2 7
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6.10 R1 . . . Rn = A
2
1 212
Table 6.24 – continued from previous page
VA2A5 ↓ A21 L (E7) ↓ A21 n
16 (2, (3, 0)/(0, 1)) (0, 6)/(0, 4)/(0, 2)/(1, 3)4/(2, 0)6/(0, 0)/(2, 4)2/(3, 3)2/ 74
(4, 0)
17 (1 + 0, (2, 0)/(0, 2)) (4, 0)/(2, 0)4/(2, 2)4/(0, 4)/(0, 2)3/(0, 0)2/(3, 0)2/ 85
(1, 0)4/(3, 2)2/(1, 2)4
18 (1 + 0, (2, 0)/(0, 2)) (0, 4)/(0, 2)3/(2, 2)4/(4, 0)/(2, 0)4/(0, 0)2/(1, 2)4/ 85
(3, 2)2/(3, 0)2/(1, 0)4
19 (2, (2, 0)/(0, 2)) (4, 0)4/(2, 0)4/(2, 2)6/(0, 4)/(0, 2)3/(0, 0)3/(4, 2)2 89
20 (2, (2, 0)/(0, 2)) (0, 4)/(0, 2)3/(2, 2)6/(4, 0)4/(2, 0)4/(0, 0)3/(4, 2)2 89
21 (1 + 0, (2, 0)/(0, 1)/(0, 0)) (4, 0)/(2, 0)8/(2, 1)4/(0, 2)/(0, 0)5/(0, 1)4/(3, 0)4/ 15
(1, 0)8/(3, 1)2/(1, 1)4
22 (1 + 0, (2, 0)/(0, 1)/(0, 0)) (0, 4)/(0, 2)9/(1, 2)8/(2, 0)4/(0, 0)7/(1, 0)8/(2, 2)2 57
23 (2, (2, 0)/(0, 1)/(0, 0)) (4, 0)6/(2, 0)10/(2, 1)6/(0, 2)/(0, 0)6/(0, 1)4/(4, 1)2 12
24 (2, (2, 0)/(0, 1)/(0, 0)) (0, 4)/(0, 2)3/(1, 2)4/(2, 0)4/(0, 0)2/(1, 0)4/(2, 2)4/ 85
(3, 2)2/(3, 0)2/(4, 0)
25 (1 + 0, (1, 0)2/(0, 1)) (2, 0)7/(0, 0)13/(1, 1)8/(0, 2)/(1, 0)12/(3, 0)2/(2, 1)4/ 17
(0, 1)4
26 (1 + 0, (1, 0)2/(0, 1)) (0, 2)6/(0, 0)13/(1, 1)8/(2, 0)2/(1, 0)10/(1, 2)2/(2, 1)4/ 52
(0, 1)4
27 (2, (1, 0)2/(0, 1)) (2, 0)15/(0, 0)6/(1, 1)8/(0, 2)/(4, 0)3/(3, 1)4 13
28 (2, (1, 0)2/(0, 1)) (0, 2)4/(0, 0)4/(1, 1)8/(2, 0)10/(2, 2)2/(3, 1)4/(4, 0) 82
29 (1 + 0, (1, 0)/(0, 1)/(0, 0)2) (2, 0)6/(1, 1)8/(1, 0)16/(0, 2)/(0, 0)16/(0, 1)10/(2, 1)2 22
30 (1 + 0, (1, 0)/(0, 1)/(0, 0)2) (0, 2)/(1, 1)8/(0, 1)10/(2, 0)6/(0, 0)16/(1, 0)16/(2, 1)2 22
31 (2, (1, 0)/(0, 1)/(0, 0)2) (2, 0)8/(1, 1)4/(1, 0)8/(0, 2)/(0, 0)5/(0, 1)4/(3, 1)2/ 15
(3, 0)4/(2, 1)4/(4, 0)
32 (2, (1, 0)/(0, 1)/(0, 0)2) (0, 2)/(1, 1)4/(0, 1)4/(2, 0)8/(0, 0)5/(1, 0)8/(3, 1)2/ 15
Continued on next page
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VA2A5 ↓ A21 L (E7) ↓ A21 n
(2, 1)4/(3, 0)4/(4, 0)
6.10.3 A21 in A7
There are 28 conjugacy classes of A21 in A7 with each factor restricted. By Theorem 2.21, L (E7) ↓
A7 = 1000001/λ4. We calculate L (E7) ↓ A21 for each of these A21. These are listed in Table 6.25.
First consider cases 5, 7, 11, 13, 23, 24, 25, 27 and 28 of Table 6.25. They all have a factor which
is an A¯1 subgroup. By Theorem 2.24, CE7(A¯1)
◦ = D6. Hence these A21 are in A¯1D6. Therefore they
are conjugate to one of cases 1 to 92 of Table 9.8.
Next consider cases 9, 10, 12 and 15 of Table 6.25. Let L1L2L3 = A
3
1 ⊆ A7 with embedding
(3, 0, 0)/(0, 1, 1). We proved in Section 6.9.3 that L1L2L3 is conjugate to an A
3
1 in A¯1D6. Cases 9,
10, 12 and 15 are respectively L1 L2L3, L1L2 L3, L1L2 and L2L3. Hence they are conjugate to an
A21 in A¯1D6.
Similarly let N1N2N3,M1M2M3, K1K2K3, R1R2R3, S1S2S3, T1T2T3 = A
3
1 ⊆ A7 with embeddings
respectively (1, 1, 0)/(0, 1, 1), (1, 1, 0)/(0, 1, 0)/(0, 0, 1), (2, 0, 0)/(0, 2, 0)/(0, 0, 1), (2, 0, 0)/(0, 1, 0)/
(0, 0, 1)/(0, 0, 0) and (2, 1, 0)/(0, 0, 1). We proved in Section 6.9.3 that N1N2N3, M1M2M3, K1K2K3,
R1R2R3, S1S2S3 and T1T2T3 are conjugate to an A
3
1 in A¯1D6. Cases 2, 4, 14, 16, 17, 18, 19, 20, 21,
22 and 26 are respectively R1R2R3, R1R2, N1N2N3, N1N2 N3, N1N2, M1M2M3, M1M2, K1K2 K3,
K1K2, R1R2 R3 and N1N3. Thus they are conjugate to an A
2
1 in A¯1D6.
By considering the composition factors of L (E7) ↓ A21 for each of these A21 we find which of
cases 1 to 92 of Table 9.8 each of these A21 is conjugate to.
Next consider case 3 of Table 6.25 where VA7(λ1) ↓ A21 = (1, 2)/(1, 0). Let ABC ⊆ A7 with
embedding (1, 1, 1). We proved in Section 6.9.3 that ABC is conjugate to A′B′C ′ in A2A5 with
embedding (2, (2, 0)/(0, 2)). Case 3 is AB C. Hence case 3 is conjugate to A′B′ C ′ which is case 89
of Table 9.8.
Now consider case 6 of Table 6.25 where A21 = CD ⊆ A7 with embedding (4, 0)/(0, 2). Clearly
A21 is in A2A5 with embedding (2, 4/0) which is case 93 of Table 9.8.
Next consider case 1 of Table 6.25 where VA7(λ1) ↓ A21 = (1, 3). Note that CD is in D4 and
VD4(λ1) ↓ CD = (4, 0)/(0, 2). Case 1 of Table 6.25 is also in D4 and VD4(λ1) ↓ A21 = (3, 1). Clearly
these two A21 are conjugate in D4 by triality. By Lemma 2.27, NE7(A¯1
3
D4) = A¯1
3
D4.S3. An element
of order three in S3 induces triality in D4. Hence case 1 is conjugate to case 93 of Table 9.8 in E7.
Finally consider case 8 of Table 6.25 where EF = A21 ⊆ A7 with VA7(λ1) ↓ A21 = (3, 0)/(0, 3). It
has the same composition factors as case 45 of Table 9.8. We show that these are conjugate. Clearly
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EF is in A23. Similarly in case 45 of Table 9.8 we have A
2
1 ⊆ D6 with embedding (4, 0)/(0, 4)/(0, 0)2
so A21 ⊆ A3A3. They both have embedding (3, 3) in A23. We saw in Section 6.2 that there is a
unique conjugacy class of A23 in E7. Hence these A
2
1 are conjugate.
6.10.4 A21 in A
2
1
The restriction of L (E7) to A21 in this case is given in Theorem 2.21:
L (E7) ↓ A21 = (2, 8)/(4, 6)/(6, 4)/(2, 4)/(4, 2)/(2, 0)/(0, 2).
This A21 does not have the same composition factors as any of the A
2
1 we have seen previously on
L (E7). Hence it is not conjugate to any of the A21 we have seen previously. It is case 94 of Table
9.8.
6.10.5 A21 in A1G2
Let A21 ⊆ A1G2. We are in one of the following cases:
1. A21 ⊆ G2
2. A1A1 ⊆ A1G2 with the second A1 factor in G2
3. A21 = A1 A1A1 ⊆ A31 ⊆ A1G2.
1. A21 in G2
There is a unique conjugacy class of A21 in G2 with both factors restricted. We proved in Section
6.9.6 that A31 ⊆ A1G2 is conjugate to an A31 in A¯1D6. Clearly A21 in G2 is in A31 ⊆ A1G2 so it is
conjugate to an A21 in A¯1D6. Using our calculations from Section 6.9.6, we find
L (E7) ↓ A21 = (0, 2)5/(1, 1)5/(0, 4)3/(1, 3)3/(2, 2)3/(1, 1)3/(0, 0)6/(1, 3)/(2, 0)/(0, 2).
Case 55 is the only one of cases 1 to 92 of Table 9.8 which has the same composition factors as this
A21 on L (E7). Hence this A
2
1 is conjugate to case 55 of Table 9.8.
2. A1A1 ⊆ A1G2 with the second A1 in G2
By Lemma 2.30, there are 4 restricted A1 subgroups in G2. These are listed in Table 6.26.
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VA7(λ1) ↓ A21 L (E7) ↓ A21 n
1 (1, 3) (2, 6)/(2, 4)/(2, 2)/(2, 0)/(0, 6)/(0, 4)/(0, 2)/ . . . 93
2 (1, 2)/(0, 1) (2, 4)/(2, 2)3/(2, 0)/(0, 4)3/(0, 2)2/(1, 3)4/(1, 1)3/(0, 0)3/ 88
(1, 5)/(3, 1)
3 (1, 2)/(1, 0) (2, 4)2/(2, 2)6/(2, 0)3/(0, 4)4/(0, 2)4/(0, 0)3/(4, 0) 89
4 (1, 2)/(0, 0)2 (2, 4)/(2, 2)3/(2, 0)/(0, 4)3/(0, 2)/(1, 2)6/(0, 0)6/(1, 4)2/ 61
(3, 0)2
5 (5, 0)/(0, 1) (10, 0)/(8, 0)3/(6, 0)/(4, 0)3/(2, 0)/(5, 1)3/(0, 2)/(0, 0)3/ 30
(9, 1)/(3, 1)
6 (4, 0)/(0, 2) (8, 0)/(6, 0)/(4, 0)3/(2, 0)/(4, 2)2/(0, 4)/(0, 2)/(0, 0)/ 93
(6, 2)2/(2, 2)2
7 (4, 0)/(0, 1)/(0, 0) (8, 0)/(6, 0)3/(4, 0)5/(2, 0)3/(4, 1)2/(0, 2)/(0, 0)2/(0, 1)2/ 28
(6, 1)2/(2, 1)2
8 (3, 0)/(0, 3) (6, 0)/(4, 0)2/(2, 0)/(3, 3)4/(0, 6)/(0, 4)2/(0, 2)/(0, 0)4/ 45
(4, 4)
9 (3, 0)/(1, 1) (6, 0)2/(4, 0)2/(2, 0)4/(4, 1)4/(2, 1)4/(2, 2)/(0, 2)2/(0, 0)3/ 48
(4, 2)
10 (3, 0)/(0, 2)/(0, 0) (6, 0)/(4, 0)/(2, 0)/(3, 2)4/(3, 0)4/(0, 4)/(0, 2)5/(0, 0)4/ 47
(4, 2)2
11 (3, 0)/(1, 0)/(0, 1) (6, 0)/(4, 0)7/(2, 0)6/(3, 1)5/(0, 0)6/(1, 1)3/(0, 2)/(5, 1) 24
12 (3, 0)/(0, 1)2 (6, 0)/(4, 0)4/(2, 0)/(3, 1)8/(0, 2)5/(0, 0)9/(4, 2) 42
13 (3, 0)/(0, 1)/(0, 0)2 (6, 0)/(4, 0)3/(2, 0)/(3, 1)4/(3, 0)8/(0, 2)/(0, 0)9/(0, 1)6/ 21
(4, 1)2
14 (1, 1)2 (2, 2)8/(2, 0)7/(0, 2)7/(0, 0)9/(4, 0)/(0, 4) 56
15 (1, 1)/(0, 0)4 (2, 2)/(2, 0)7/(0, 2)7/(1, 1)16/(0, 0)18 53
16 (1, 1)/(0, 2)/(0, 0) (2, 2)3/(2, 0)/(0, 2)6/(1, 3)4/(1, 1)8/(0, 4)3/(0, 0)6 55
17 (1, 1)/(0, 1)2 (2, 2)2/(2, 0)4/(0, 2)9/(1, 2)8/(1, 0)8/(0, 0)7/(0, 4) 57
18 (1, 1)/(1, 0)/(0, 1) (2, 2)/(2, 0)4/(0, 2)4/(2, 1)4/(0, 1)4/(1, 2)4/(1, 0)4/(0, 0)4/ 54
(1, 1)4/(3, 1)/(1, 3)
19 (1, 1)/(0, 1)/(0, 0)2 (2, 2)/(2, 0)3/(0, 2)4/(1, 2)4/(1, 0)4/(1, 1)8/(0, 0)7/(0, 1)6/ 50
(2, 1)2/(0, 3)2
20 (2, 0)/(0, 2)/(0, 1) (4, 0)/(2, 0)3/(2, 2)4/(2, 1)4/(0, 4)/(0, 2)4/(0, 0)2/(0, 3)2/ 85
(0, 1)4/(2, 3)2
21 (2, 0)/(0, 2)/(0, 0)2 (4, 0)/(2, 0)7/(2, 2)8/(0, 4)/(0, 2)7/(0, 0)9 56
22 (2, 0)/(0, 1)2/(0, 0) (4, 0)/(2, 0)9/(2, 1)8/(0, 2)4/(0, 0)7/(0, 1)8/(2, 2)2 57
23 (2, 0)/(0, 1)/(0, 0)3 (4, 0)/(2, 0)15/(2, 1)8/(0, 2)/(0, 0)16/(0, 1)8 14
24 (2, 0)/(1, 0)/(0, 1)/(0, 0) (4, 0)/(2, 0)8/(3, 0)4/(1, 0)8/(2, 1)4/(0, 0)5/(1, 1)4/(0, 2)/ 15
(0, 1)4/(3, 1)2
25 (1, 0)3/(0, 1) (2, 0)15/(0, 0)21/(1, 1)14/(0, 2)/(3, 1) 26
26 (1, 0)2/(0, 1)2 (2, 0)7/(0, 0)18/(1, 1)16/(0, 2)7/(2, 2) 53
27 (1, 0)2/(0, 1)/(0, 0)2 (2, 0)6/(0, 0)16/(1, 1)8/(1, 0)16/(0, 2)/(0, 1)10/(2, 1)2 22
28 (1, 0)/(0, 1)/(0, 0)4 (2, 0)/(1, 1)8/(1, 0)16/(0, 2)/(0, 0)31/(0, 1)16 20
Table 6.25: A21 in A7 with each factor restricted. Each A
2
1 has the same composition factors on
L (E7) as case n of Table 9.8.
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VG2(λ1) ↓ A1 L (E7) ↓ A21 n
1 12/03 (4, 1)2/(4, 0)3/(2, 2)3/(2, 0)7/(2, 1)6/(0, 2)/(0, 1)4/(0, 0)3 83
2 2/12 (4, 2)/(4, 1)2/(2, 4)/(2, 0)2/(2, 3)2/(2, 1)2/(2, 2)3/(0, 3)2/(0, 2)/(0, 0)3 92
3 6 (4, 6)/(2, 12)/(2, 8)/(2, 4)/(2, 0)/(0, 10)/(0, 2) none
4 22/0 (4, 2)2/(4, 0)/(2, 4)3/(2, 0)4/(2, 2)3/(0, 4)/(0, 2)3 65
Table 6.26: A21 in A1G2. Each A
2
1 is conjugate to case n of Table 9.8.
By Lemma 2.30, in cases 1, 2 and 4 of Table 6.26 the A1 in G2 is contained in A
2
1 in G2. Hence
the resulting A21 are in A
3
1 in A1G2. In Section 6.9.6 we proved that A
3
1 ⊆ A1G2 is conjugate to an
A31 in A¯1D6. Thus these three A
2
1 are conjugate to an A
2
1 in A¯1D6.
By Theorem 2.21, L (E7) ↓ A1G2 = (4, 10)/(2, 20)/(2, 00)/(0, 01). In Table 6.26, we calculate
L (E7) ↓ A21 for each of these A21. These A21 are respectively conjugate to cases 83, 92 and 65 of
Table 9.8 as these are the only ones of cases 1 to 92 of Table 9.8 which have the same factors as
these A21 on L (E7).
The A21 in A1G2 with embedding (1, 6) does not have the same composition factors as any of
the A21 we have seen previously on L (E7). It is case 95 of Table 9.8.
3. A21 = A1 A1A1 ⊆ A31 ⊆ A1G2
In Section 6.9.6, we proved that A31 ⊆ A1G2 is conjugate to an A31 in A¯1D6. Hence any A21 =
A1 A1A1 ⊆ A31 ⊆ A1G2 is conjugate to an A21 in A¯1D6. Thus it is conjugate to one of cases 1 to 92
of Table 9.8.
In Section 6.9.6, we calculated L (E7) ↓ A31 for A31 ⊆ A1G2. Thus if we take A21 = A1 A1A1 ⊆
A31 ⊆ A1G2 with embedding (1, (0, 2)/(1, 1)) we find
L (E7) ↓ A21 = (4, 2)/(5, 1)/(3, 1)/(2, 4)/(3, 3)/(1, 3)/(4, 2)/(2, 2)/(0, 2)/(3, 1)/
(1, 1)/(2, 0)2/(1, 3)/(2, 0)/(0, 2).
If we take A21 = A1 A1A1 ⊆ A31 ⊆ A1G2 with embedding (1, (0, 2)/(1, 1)) we find
L (E7) ↓ A21 = (6, 0)2/(4, 0)2/(2, 0)2/(5, 1)2/(3, 1)3/(1, 1)2/(4, 2)/(2, 2)/(0, 2)/
(2, 0)2/(3, 1)/(0, 2)/(2, 0).
Hence these two A21 are respectively conjugate to cases 64 and 73 of Table 9.8.
6.10.6 A21 in G2C3
Let A21 ⊆ G2C3. We are in one of the following cases:
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1. A21 ⊆ G2
2. A21 ⊆ C3
3. A21 = A1A1 ⊆ G2C3 with A1 ⊆ G2 and A1 ⊆ C3
4. A21 = A1 A1A1 ⊆ A31 ⊆ G2C3.
1. A21 in G2
There is a unique A21 in G2. One of the factors of A
2
1 ⊆ G2 is A¯1 in G2. By [17, Table 8.2], the G2
factor of G2C3 is in a subsystem D4 in E7. Hence by Lemma 2.26, A¯1 in G2 is also A¯1 in E7. Hence
this A21 is conjugate to an A
2
1 in A¯1D6 since CE7(A¯1)
◦ = D6.
By Theorerm 2.21,
L (E7) ↓ G2C3 = (10, 010)/(00, 200)/(01, 000). (6.7)
Thus L (E7) ↓ G2 = 1014/01/0021. Therefore we find
L (E7) ↓ A21 = (2, 0)/(0, 2)/(1, 3)/(0, 2)14/(1, 1)14/(0, 0)21.
Hence this A21 is conjugate to case 26 of Table 9.8.
2. A21 in C3
There are 4 conjugacy classes of A21 in C3 with each factor restricted; they are listed in Table 6.27.
All of these A21 are in A¯1A
2
1 ⊆ G2C3 with A¯1 ⊆ G2. As before A¯1 in G2 is also A¯1 in E7. Hence
A21 ⊆ A¯1C3 ⊆ A¯1D6 since CE7(A¯1)◦ = D6. Therefore these A21 are conjugate to an A21 in A¯1D6.
By (6.7), L (E7) ↓ C3 = 0107/200/00014. We calculate L (E7) ↓ A21 for each of these A21 and
find their conjugacy classes. These results are displayed in Table 6.27.
3. A21 = A1A1 ⊆ G2C3 with A1 ⊆ G2 and A1 ⊆ C3
By Lemma 2.30, there are four restricted A1 subgroups in G2. We saw in Section 6.9.4 that there
are 7 conjugacy classes of restricted A1 subgroups in C3. Hence there are 28 possible A1A1 in G2C3
with A1 ⊆ G2 and A1 ⊆ C3 and each factor restricted. They are listed in Table 6.28. By (6.7), in
each case we calculate L (E7) ↓ A21.
By Lemma 2.30, the A1 ⊆ G2 with VG2(λ1) ↓ A1 = 12/03, 2/12 and 22/0 are in A¯1A1 in G2.
Hence the A1A1 ⊆ G2C3 with either of these three A1 in G2 is in A¯1A1A1 ⊆ G2C3 so in A¯1D6.
6.10 R1 . . . Rn = A
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VC3(λ1) ↓ A21 L (E7) ↓ A21 n
1 (3, 0)/(0, 1) (6, 0)/(2, 0)/(3, 1)/(4, 0)7/(3, 1)7/(0, 2)/(0, 0)21 10
2 (2, 1) (2, 0)/(4, 2)/(0, 2)/(4, 0)7/(2, 2)7/(0, 0)14 60
3 (1, 0)2/(0, 1) (2, 0)10/(0, 2)/(1, 1)16/(0, 0)36 16
4 (1, 0)/(0, 1)/(0, 0)2 (2, 0)/(0, 2)/(1, 1)8/(1, 0)16/(0, 1)16/(0, 0)31 20
Table 6.27: A21 in C3 with each factor restricted. Each A
2
1 has the same composition factors on
L (E7) as case n of Table 9.8.
Using the composition factors of L (E7) ↓ A21 given in Table 6.28, we find which of cases 1 to 92 of
Table 9.8 each of these A21 is conjugate to. These are given in Table 6.28.
We are left with cases 3, 7, 11, 15, 19, 23 and 27 of Table 6.28. First consider case 27 where
A21 ⊆ G2C3 with embedding (22/0, 1/04). Clearly the A1 in C3 is A¯1. By [17, Table 8.2], this C3 is
in A5. Hence by Lemma 2.26, A¯1 ⊆ C3 is also A¯1 in E7. As before, since CE7(A¯1)◦ = D6, this A21 is
in A¯1D6. Hence this A
2
1 is conjugate to case 5 of Table 9.8.
Next consider cases 7, 11, 19 and 23 of Table 9.8 which are in an A31 ⊆ G2C3 which we have
considered previously. Let L1L2,M1M2 ⊆ C3 with VC3(λ1) ↓ L1L2 = (3, 0)/(0, 1) and VC3(λ1) ↓
M1M2 = (1, 0)
2/(0, 1). Let A ⊆ G2 with VG2(λ1) ↓ A = 6. We proved in Section 6.9.4 that
AL1L2 and AM1M2 are conjugate to an A
3
1 in A¯1D6. On one hand cases 7 and 11 of Table 9.8
are respectively AL1 and AL1 L2. On the other hand cases 19 and 23 of Table 9.8 are respectively
AM1 M2 and AM1. Hence all four A
2
1 are conjugate to an A
2
1 in A¯1D6. They are conjugate to
one of cases 1 to 92 of Table 9.8. We find that cases 7, 11, 19 and 23 of Table 9.8 are respectively
conjugate to cases 43, 76, 78 and 44 of Table 9.8.
Finally consider cases 3 and 15 of Table 6.28. They do not have the same composition factors
as any of the A21 we have seen previously on L (E7). Thus they are not conjugate to any of the A
2
1
we have seen previously. They are cases 96 and 97 of Table 9.7.
Table 6.28: A21 = A1A1 ⊆ G2C3 with A1 ⊆ G2 and
A1 ⊆ C3 restricted. Each A21 has the same composition
factors on L (E7) as case n of Table 9.8.
VC3(λ1) ↓ A1 VG2(λ1) ↓ A1 L (E7) ↓ A21 n
1 5 12/03 (1, 8)2/(1, 4)2/(0, 8)3/(0, 4)3/(0, 10)/(0, 6)/(0, 2)/ 29
(2, 0)/(1, 0)4/(0, 0)3
Continued on next page
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Table 6.28 – continued from previous page
VC3(λ1) ↓ A1 VG2(λ1) ↓ A1 L (E7) ↓ A21 n
2 5 2/12 (2, 8)/(2, 4)/(1, 8)2/(1, 4)2/(0, 10)/(0, 6)/(0, 2)/ 62
(3, 0)2/(2, 0)/(0, 0)3
3 5 6 (6, 8)/(6, 4)/(0, 10)/(0, 6)/(0, 2)/(10, 0)/(2, 0) none
4 5 22/0 (2, 8)2/(2, 4)2/(0, 8)/(0, 4)/(0, 10)/(0, 6)/(0, 2)/ 91
(4, 0)/(2, 0)3
5 3/02 12/03 (1, 4)2/(1, 3)4/(1, 0)6/(0, 4)3/(0, 3)8/(0, 0)9/(0, 6)/ 21
(0, 2)/(2, 0)
6 3/02 2/12 (2, 4)/(2, 3)2/(2, 0)2/(1, 4)2/(1, 3)4/(1, 0)2/(0, 6)/ 37
(0, 2)/(0, 3)2/(0, 0)6/(3, 0)2
7 3/02 6 (6, 4)/(6, 3)2/(6, 0)/(0, 6)/(0, 2)/(0, 3)2/(0, 0)3/ 43
(10, 0)/(2, 0)
8 3/02 22/0 (2, 4)2/(2, 3)4/(2, 0)5/(0, 4)/(0, 3)4/(0, 0)4/(0, 6)/ 47
(0, 2)/(4, 0)
9 3/1 12/03 (1, 4)4/(1, 2)2/(1, 0)6/(0, 4)7/(0, 2)6/(0, 0)6/(0, 6)/ 23
(2, 0)
10 3/1 2/12 (2, 4)2/(2, 2)/(2, 0)2/(1, 4)4/(1, 2)2/(1, 0)2/(0, 6)/ 34
(0, 2)3/(0, 4)/(3, 0)2/(0, 0)3
11 3/1 6 (6, 4)2/(6, 2)/(6, 0)/(0, 6)/(0, 2)3/(0, 4)/(10, 0)/ 76
(2, 0)
12 3/1 22/0 (2, 4)4/(2, 2)2/(2, 0)5/(0, 4)3/(0, 2)4/(0, 0)/(0, 6)/ 71
(4, 0)
13 22 12/03 (1, 2)6/(1, 4)2/(0, 2)10/(0, 4)6/(0, 0)6/(2, 0)/(1, 0)4 12
14 22 2/12 (2, 2)3/(2, 4)/(1, 2)6/(1, 4)2/(0, 4)3/(0, 0)6/(0, 2)/ 61
(3, 0)2/(2, 0)
15 22 6 (6, 2)3/(6, 4)/(0, 4)3/(0, 0)3/(0, 2)/(10, 0)/(2, 0) none
16 22 22/0 (2, 2)6/(2, 4)2/(0, 2)4/(0, 4)4/(0, 0)3/(4, 0)/(2, 0)3 89
17 13 12/03 (1, 2)6/(1, 0)14/(0, 2)15/(0, 0)21/(2, 0) 25
18 13 2/12 (2, 2)3/(2, 0)6/(1, 2)6/(1, 0)10/(0, 2)6/(0, 0)6/(3, 0)2 49
Continued on next page
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Table 6.28 – continued from previous page
VC3(λ1) ↓ A1 VG2(λ1) ↓ A1 L (E7) ↓ A21 n
19 13 6 (6, 2)3/(6, 0)5/(0, 2)6/(0, 0)3/(10, 0)/(2, 0) 78
20 13 22/0 (2, 2)6/(2, 0)13/(0, 2)9/(0, 0)8/(4, 0) 81
21 12/02 12/03 (1, 2)2/(1, 0)10/(1, 1)8/(0, 2)6/(0, 0)16/(0, 1)16/(2, 0) 22
22 12/02 2/12 (2, 2)/(2, 0)4/(2, 1)4/(1, 2)2/(1, 0)6/(1, 1)8/(0, 2)3/ 50
(0, 0)7/(0, 1)4/(3, 0)2
23 12/02 6 (6, 2)/(6, 0)3/(6, 1)4/(0, 2)3/(0, 0)4/(0, 1)4/(10, 0)/ 44
(2, 0)
24 12/02 22/0 (2, 2)2/(2, 0)9/(2, 1)8/(0, 2)4/(0, 0)7/(0, 1)8/(4, 0) 57
25 1/04 12/03 (1, 1)8/(1, 0)16/(0, 1)16/(0, 0)31/(0, 2)/(2, 0) 20
26 1/04 2/12 (2, 1)4/(2, 0)7/(1, 1)8/(1, 0)12/(0, 2)/(0, 1)4/(0, 0)13/ 17
(3, 0)2
27 1/04 6 (6, 1)4/(6, 0)6/(0, 2)/(0, 1)4/(0, 0)10/(10, 0)/(2, 0) 5
28 1/04 22/0 (2, 1)8/(2, 0)15/(0, 1)8/(0, 0)16/(0, 2)/(4, 0) 14
4. A21 = A1 A1A1 ⊆ A31 ⊆ G2C3
In Section 6.9.4, we saw that all A31 in G2C3 are conjugate to an A
3
1 in A¯1D6 except for A
3
1 ⊆ G2C3
with embedding (6, (2, 1)). We have already considered all A21 = A1 A1A1 ⊆ A31 for A31 in A¯1D6
in Section 6.10.1. Hence we only need to consider A21 = A1 A1A1 ⊆ A31 ⊆ G2C3 with embeddings
(6, (2, 1)) and (6, (2, 1)). We proved in Section 6.9.4 that for A31 ⊆ G2C3 with embedding (6, (2, 1))
we had
L (E7) ↓ A31 = (10, 0, 0)/(6, 4, 0)/(6, 2, 2)/(0, 4, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2).
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If A21 = A1 A1A1 ⊆ A31 ⊆ G2C3 with embeddings (6, (2, 1)) we find
L (E7) ↓ A31 = (10, 0)/(10, 0)/(8, 0)/(6, 0)/(4, 0)/(2, 0)/(8, 2)/(6, 2)/(4, 2)/(4, 2)/
(2, 0)/(2, 0)/(0, 2).
If A21 = A1 A1A1 ⊆ A31 ⊆ G2C3 with embeddings (6, (2, 1)) we find
L (E7) ↓ A31 = (10, 0)/(6, 4)/(8, 2)/(6, 2)/(4, 2)/(2, 4)/(2, 0)/(0, 2)/(2, 0).
These A21 do not have the same composition factors as any of the A
2
1 we have seen previously on
L (E7) ↓ A21. Hence they are not conjugate to any of the A21 we have seen previously. They are
conjugacy classes 98 and 99 of Table 9.8.
6.10.7 A21 in A1F4
Let A21 ⊆ A1F4. We are in one of the following cases:
1. A21 ⊆ F4
2. A21 = A1A1 ⊆ A1F4
3. A21 = A1 A1A1 ⊆ A31 ⊆ A1F4.
1. A21 in F4
By Theorem 4.1, there are 15 conjugacy classes of A21 in F4 with each factor restricted. They are
listed in Table 6.29.
We start by considering the first twelve cases of Table 6.29. These A21 are in A¯1C3 in F4. Clearly
A¯1 ⊆ F4 is A¯1 in E6. Therefore by Lemma 2.26, A¯1 in F4 is also A¯1 in E7. Hence A¯1C3 ⊆ A¯1D6 ⊆ E7
since CE7(A¯1) = D6. Therefore these A
2
1 are in A¯1D6.
Next consider cases 13 and 14 of Table 6.29. These A21 are contained in B4. We know that B4
has a non trivial centre and the full centraliser of this centre is A¯1D6. Hence B4 is in A¯1D6. Thus
A21 in cases 13 and 14 of Table 6.29 are in A¯1D6.
Finally consider case 15 of Table 6.29 where A21 ⊆ A1G2 with embedding (1, 6). The G2 factor
of A1G2 is conjugate to the G2 factor of G2C3 as they are both contained in the Levi D4. By [17,
Table 8.2], CE7(G2)
◦ = C3. Hence A21 ⊆ A1G2 ⊆ G2C3.
In conclusion all A21 in F4 in E7 are either in A¯1D6 or in G2C3. Either way they are conjugate
to an A21 we have already seen.
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M VM(λ1) ↓ A21 L (E7) ↓ A21 n
1 A1C3 (1, 5) (0, 10)/(1, 9)/(0, 6)/(1, 3)/(2, 0)/(0, 2)/ 30
(0, 0)3/(0, 8)3/(0, 4)3/(1, 5)3
2 A1C3 (1, 3/1) (0, 6)/(1, 5)/(0, 4)/(1, 3)
2/(2, 0)/(0, 2)3/ 24
(0, 4)6/(0, 2)3/(0, 0)3/(1, 3)3/(1, 1)3
3 A1C3 (1, 3/0
2) (0, 6)/(1, 4)2/(1, 3)/(0, 3)2/(2, 0)/(0, 2)/ 21
(0, 0)3/(0, 0)6/(0, 4)3/(0, 3)6/(1, 3)3/(1, 0)6
4 A1C3 (1, 2
2) (1, 4)2/(0, 4)3/(2, 0)/(0, 2)/(1, 0)4/(0, 0)3/ 12
(0, 0)3/(0, 4)3/(0, 2)9/(1, 2)6
5 A1C3 (1, 1
3) (1, 3)/(2, 0)/(0, 2)6/(1, 1)5/(0, 0)3/(0, 0)3/ 26
(0, 2)6/(0, 0)15/(1, 1)9
6 A1C3 (1, 1
2/02) (0, 0)12/(1, 2)2/(2, 0)/(0, 2)3/(1, 1)2/(1, 0)4/ 22
(0, 1)4/(0, 0)4/(0, 2)3/(0, 1)12/(1, 1)6/(1, 0)6
7 A1C3 (1, 1/0
4) (2, 0)/(0, 2)/(1, 1)5/(1, 0)4/(0, 1)4/(0, 0)10/ 20
(0, 0)21/(0, 1)12/(1, 1)3/(1, 0)12
8 A1C3 (0, (2, 1)) (0, 0)
6/(2, 1)6/(2, 2)3/(4, 0)3/(4, 2)/(0, 2)/(2, 0)/(4, 1)2/(0, 3)2 61
9 A1C3 (1, (1, 0)
2/(0, 1)) (2, 2)/(2, 0)4/(0, 2)4/(1, 1)4/(0, 0)3/(0, 0)15/ 52
(0, 2)3/(1, 1)12/(2, 0)3
10 A1C3 (1, (2, 1)) (0, 0)
3/(2, 0)2/(3, 1)4/(1, 1)3/(2, 2)3/(4, 0)3/(4, 2)/ 88
(0, 2)/(5, 1)/(1, 3)
11 A1C3 (1, (2, 1)) (0, 0)
3/(2, 0)3/(2, 2)6/(0, 2)4/(0, 4)4/(2, 4)2/(4, 0) 89
12 A1C3 (1, (3, 0)/(0, 1)) (0, 0)
9/(2, 0)5/(1, 3)8/(0, 4)4/(0, 6)/(0, 2)/(2, 4) 42
13 B4 (2, 2) (4, 2)/(2, 4)/(0, 0)
6/(2, 2)3/(2, 0)/(0, 2)/ . . . 63
14 B4 (2, 0)/(0, 2)
2 (0, 4)/(2, 2)2/(2, 0)4/(0, 2)9/(0, 0)7 . . . 57
15 A1G2 (1, 6) (0, 10)/(4, 6)/(2, 0)/(0, 2)/(0, 0)
3 . . . 43
Table 6.29: A21 in F4 in E7 with both factors restricted. Each A
2
1 has the same composition factors
on L (E7) as case n of Table 9.8.
By Theorem 2.21, L (E7) ↓ F4 = λ1/λ34/03. In Table 9.1, we have L (F4) ↓ A21 for each of these
A21. Hence we have some of the composition factors of L (E7) ↓ A21 in each of these cases. Using
these composition factors we find which of cases 1 to 99 of Table 9.8 each of these A21 is conjugate
to. These results are given in Table 6.29.
2. A21 = A1A1 ⊆ A1F4
Let AB = A1A1 ⊆ A1F4. By Theorem 2.20, B ⊆ M where M is parabolic, reductive of maximal
rank or M = A1(p ≥ 13), G2(p = 7) or A1G2(p ≥ 3). By Theorem 2.22, the maximal reductive
subgroups of maximal rank in F4 are B4, A¯2A2 and A¯1C3. Since B is restricted in E7 it is also
restricted in F4. Hence it is F4-cr by Theorem 2.2. So if B ⊆ P where P is a parabolic subgroup then
B ⊆ L, a Levi subgroup of P . Therefore B ⊆M where M = B4, A¯2A2, A¯1C3, A1(p ≥ 13), G2(p = 7)
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or A1G2.
First consider the case where M = B4. By [17, Table 8.2], CE7(B4) = A¯1A1. Hence A1B4 ⊆
A¯1A1B4. Thus A1B4 is contained in A¯1D6 since CE7(A¯1)
◦ = D6.
Next suppose M = A¯2A2. By [17, Table 8.2], CE7(A¯2)
◦ = A5. Hence A1A¯2A2 ⊆ A¯2A5. Similarly
if M = A¯1C3 then A1M = A1A¯1C3 ⊆ A¯1D6 since CE7(A¯1) = D6. Next suppose M = A1G2. The
G2 factor of A1G2 is conjugate to the G2 factor of G2C3 since both are contained in the Levi D4.
Hence, by [17, Table 8.2], CE7(G2)
◦ = C3 so A1G2 ⊆ G2C3.
Therefore any AB in A1B4, A1A¯2A2, A1A¯1C3 and A1A1G2 is conjugate to an A
2
1 we have already
considered.
It only remains to consider AB ⊆ A1A1(p ≥ 13) or A1G2(p = 7). Suppose AB ⊆ A1G2(p = 7).
The A21 in G2 is A¯1A1. By [17, Table 8.2], this G2 subgroup is in B4 in F4. Hence by Lemma 2.26,
A¯1A1 ⊆ G2 is A¯1A1 in F4 so in E6. Hence by Lemma 2.26, it is also A¯1A1 in E7. So if B ⊆ A21 then
AB ⊆ AA¯1A1. Thus AB ⊆ A¯1D6 since CE7(A¯1) = D6. Therefore, by Lemma 2.30, we only need
to consider A1 in G2 with VG2(λ1) ↓ A1 = 6. By [32, Section 5.1], this A1 is conjugate to an A1 in
A¯1C3. Thus AB is conjugate to an A
2
1 contained in A1A¯1C3 ⊆ A¯1D6.
Finally suppose AB ⊆ A1A1(p ≥ 13). By [32, Table 10.8], we have
L (E7) ↓ A21 = (2, 0)/(0, 2)/(0, 22)/(0, 14)/(0, 10)/(2, 16)/(2, 8)
This A21 does not have the same composition factors as any of the A
2
1 we have seen previously on
L (E7). It is case 100 of Table 9.8.
3. A21 = A1 A1A1 ⊆ A31 ⊆ A1F4
We saw in Section 6.9.5 that all A31 in A1F4 are conjugate to an A
3
1 in either A¯1D6 or G2C3. Hence
we have already seen all A21 = A1 A1A1 ⊆ A31 ⊆ A1F4.
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Chapter 7
Products of restricted subgroups of the
same type in E8
In this chapter we find all products of simple restricted subgroups of the same type in E8 in good
characteristic thus proving Theorem 7. We state this theorem here for the reader’s convenience.
Theorem 7.1. Let G = E8 over an algebraically closed field k of good characteristic. Suppose
X = R1 . . . Rn ⊆ G with all Ri of the same type and each Ri a simple restricted subgroup and n ≥ 2
except if X = A1 where n ≥ 3. Then X is conjugate to one of the subgroups listed in Tables 9.9 -
9.14.
In Lemma 2.23 we have listed up to isomorphism all possible products R1 . . . Rn of restricted
subgroups of the same type in E8. We now consider each of these individually.
7.1 R1 . . . Rn = G2G2
By Lemma 2.23, the G22 subgroups in E8 with both factors restricted are in G2F4 and D8. By
Theorem 2.21, L (E8) ↓ G2F4 = (10, 0001)/(01, 0000)/(00, 1000). By [17, Table 8.4], there is a
unique restricted G2 in F4 except when p = 7 where there are two. In the first case L (F4) ↓
G2 = 01/10
5/003. In the second case, when p = 7, L (F4) ↓ G2 = 01/11. This gives us part of
L (E8) ↓ G22. We use [17, Table 8.1] and [32, Table 10.9] to find the other factors of L (E8) ↓ G22.
These are given in Table 9.9.
Note that G2 ⊆ F4 with L (F4) ↓ G2 = 01/105/003 is generated by long root subgroups in F4.
Hence it is G¯2 in E8. Therefore G
2
2 ⊆ G2F4 with embedding (10, 01/105/003) is G¯22 in E8.
Now suppose that X = G22 ⊆ D8. There is a unique G22 in D8 and it has VD8(λ1) ↓ G22 =
(10, 00)/(00, 10)/(00, 00)2. It is G¯2
2
in D8. Hence by Lemma 2.26, it is G¯2
2
in E8. By [17, Table 8.1],
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CE8(G¯2)
◦ = F4. There is a unique conjugacy class of G¯2 in F4. Hence there is a unique conjugacy
class of G¯2
2
in E8. Therefore X is conjugate to G
2
2 ⊆ G2F4 with embedding (10, 01/105/003).
7.2 R1 . . . Rn = D4D4
By Lemma 2.23, the D24 subgroups in E8 are in D8. By Theorem 2.21,
L (E8) ↓ D8 = λ7/λ2. (7.1)
By [17, Table 8.1], both D4 have L (E8) ↓ D4 = λ2/λ81/λ83/λ84/028. So using the fact that L (E8) is
self-dual and ∧2(VD8(λ1)) = VD8(λ2) (Theorem 2.31), we find L (E8) ↓ D4D4 as in Table 9.9.
7.3 R1 . . . Rn = B3B3
By Lemma 2.23, the B23 subgroups in E8 are in D8. There are two conjugacy classes of B
2
3 in D8.
They have respectively:
VD8(λ1) ↓ B23 = (100, 000)/(000, 100)/(000, 000)2;
VD8(λ1) ↓ B23 = (100, 000)/(000, 001)/(000, 000).
By (7.1), we find L (E8) ↓ B3B3 as in Table 9.9. These two B23 subgroups are not conjugate to each
other since they have distinct composition factors on L (E8).
7.4 R1 . . . Rn = B
3
2
By Lemma 2.23, the B32 subgroups in E8 are in D8. There is a unique conjugacy class of B
3
2 in D8
and it has VD8(λ1) ↓ B32 = (10, 00, 00)/(00, 10, 00)/(00, 00, 10)/(00, 00, 00). Hence by (7.1), we find
L (E8) ↓ B32 as in Table 9.9.
7.5 R1 . . . Rn = B2B2
By Lemma 2.23, the B22 subgroups in E8 are in D8, A8, E6A2, A¯1E7 or A
2
4 .
7.5.1 B22 in D8
Suppose B22 ⊆ D8. There are 6 conjugacy classes of B22 in D8 with both factors restricted. These
are listed in Table 7.1. By (7.1), we can calculate L (E8) ↓ B22 in each of these cases. These results
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VD8(λ1) ↓ B22 L (E8) ↓ B22
1 (10, 00)/(00, 10)/(00, 00)6 (02, 00)/(10, 10)/(10, 00)6/(00, 02)/(00, 10)6/(01, 01)8/
(00, 00)15
2 (10, 00)/(00, 01)2/(00, 00)3 (02, 00)/(10, 01)2/(10, 00)3/(00, 10)3/(00, 02)/(00, 01)6/
(01, 10)2/(01, 01)4/(01, 00)6/(00, 00)6
3 (01, 01) (02, 00)/(00, 02)/(10, 02)2/(02, 10)2/(20, 00)/(00, 20)
4 (01, 01) (02, 00)/(00, 02)/(10, 02)/(02, 10)/(01, 11)/(11, 01)
5 (02, 00)/(00, 10)/(00, 00) (12, 00)/(02, 00)2/(02, 10)/(00, 02)/(00, 10)/(11, 01)2
6 (10, 00)/(00, 10)2 (02, 00)/(10, 10)2/(00, 02)3/(00, 20)/(10, 00)/(01, 00)2/
(00, 10)2/(01, 10)2/(01, 02)2/(00, 00)
Table 7.1: B22 in D8 with both factors restricted.
are given in Table 7.1. Note that none of these B22 subgroups have the same composition factors on
L (E8). Hence they are not conjugate to each other. They are cases 1 to 7 of Table 9.9 for B22 .
7.5.2 B22 in A1E7
By Section 6.1, there is a unique conjugacy class of B22 in E7 with both factors restricted. It is
generated by long root subgrous in E7. Hence by Lemma 2.26, it is B¯2
2
in E8.
There is a unique conjugacy class of B¯2 in E8. By [17, Table 8.1], CE8(B¯2)
◦ = B5. There is a
unique conjugacy class of B¯2 in B5. Hence there is a unique conjugacy class of B¯2
2
in E8.
Consider case 1 of Table 9.9 where B22 ⊆ D8 with VD8(λ1) ↓ B22 = (10, 00)/(00, 10)/(00, 00)6.
Clearly this is B¯2
2
in D8. Hence by Lemma 2.26, it is B¯2
2
in E8. Therefore B
2
2 ⊆ E7 is conjugate
to case 1 of Table 9.9.
7.5.3 B22 in A2E6
Suppose B22 ⊆ A2E6. By Section 5.1, there is a unique conjugacy class of B22 . It is in D5 with
embedding (10, 00)/(00, 10). Clearly it is B¯2
2
in D5. Hence by Lemma 2.26, it is B¯2
2
in E8.
Therefore, as in the previous section, it is conjugate to case 1 of Table 9.9.
7.5.4 B22 in A
2
4
In each A4 there are two conjugacy classes of restricted B2 subgroups since VA4(λ1) ↓ B2 = 10 or
01/00. Hence there are three cases to consider. By Theorem 2.21,
L (E8) ↓ A24 = (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(λ1 + λ4, 0)/(0, λ1 + λ4).
In each case we calculate L (E8) ↓ B22 . These results are listed in Table 7.2.
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V ↓ B22 L (E8) ↓ B22
1 (10, 10) (10, 02)2/(02, 10)2/(20, 00)2/(02, 00)2
2 (01/00, 10) (01, 02)2/(00, 02)3/(10, 10)2/(00, 10)2/(01, 10)2/(02, 00)/
(00, 20)/(10, 00)/(01, 00)2/(00, 00)
3 (01/00, 01/00) (01, 10)2/(10, 01)2/(02, 00)/(00, 02)/(10, 00)3/(00, 10)3/
(01, 00)6/(00, 01)6/(01, 01)4/(00, 00)6
Table 7.2: B22 in A
2
4 with both factors restricted.
In cases 2 and 3 of Table 7.2, one of the factors is B¯2 in A4. By Lemma 2.26, it is also B¯2 in E8.
By [17, Table 8.1], CE8(B¯2)
◦ = B5. Hence these B22 subgroups are in B2B5 so in D8. Therefore they
are conjugate to one of cases 1 to 7 of Table 9.9. By comparing composition factors on L (E8), we
find that cases 2 and 3 of Table 7.2 are respectively conjugate to cases 7 and 2 of Table 9.9.
Now consider case 1 of Table 7.2 where X = B22 ⊆ A24 with embedding (10, 10). Let t ∈
NG(A4A4) be an involution acting as a graph automorphism on both factorsA4. Clearly CG(B2B2)
◦ =
1 since there are no trivial composition factor in L (E8) ↓ B22 . Hence by Lemma 2.29, B2B2 ⊆
CG(t) = D8. Therefore B
2
2 is conjugate to one of the B
2
2 subgroups we have seen previsouly. By
considering composition factors on L (E8), we find that it is conjugate to case 4 of Table 9.9.
7.5.5 B22 in A8
Suppose B22 ⊆ A8. There are two conjugacy classes of B22 subgroups in A8 with both factors
restricted. They have respectively:
VA8(λ1) ↓ B22 = (01, 00)/(00, 01)/(00, 00);
VA8(λ1) ↓ B22 = (01, 00)/(00, 10).
By Theorem 2.21, L (E8) ↓ A8 = λ3/λ6/10000001. Hence we calculate L (E8) ↓ B22 in both cases.
We find respectively:
L (E8) ↓ B22 = (02, 00)/(00, 02)/(10, 00)3/(00, 10)3/(01, 01)4/(10, 01)2/
(01, 10)2/(01, 00)6/(00, 01)6/(00, 00)6;
L (E8) ↓ B22 = (02, 00)/(00, 02)3/(00, 20)/(10, 00)/(01, 10)2/(01, 00)2/
(10, 10)2/(00, 10)2/(01, 02)2/(00, 00).
In both cases the first factor is B¯2 in A8. Hence by Lemma 2.26 it is also B¯2 in E8. Therefore, as
in the previous section, they are conjugate to a B22 ⊆ D8. By comparing composition factors on
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L (E8), we find that these B22 are respectively conjugate to cases 2 and 7 of Table 9.9.
7.6 R1 . . . Rn = A
2
4
By Lemma 2.23, the only A24 subgroup in E8 is the maximal one. By Theorem 2.21, we have
L (E8) ↓ A24.
7.7 R1 . . . Rn = A
2
3
By Lemma 2.23, the A23 subgroups in E8 are in D8, A8, A
2
4 or A¯1E7.
Suppose A23 ⊆ D8. There are three conjugacy classes of A23 in D8. They have respectively
VD8(λ1) ↓ A23 = (010, 000)/(000, 010)/(000, 000)6;
VD8(λ1) ↓ A23 = (010, 000)/(000, 100)/(000, 001)/(000, 000)2;
VD8(λ1) ↓ A23 = (100, 000)/(001, 000)/(000, 100)/(000, 001).
All three of these are A¯3
2
. By [17, Table 8.1], there is a unique conjugacy class of A¯3 in E8 and
CE8(A¯3)
◦ = D5. There are two conjugacy classes of A¯3 in D5. Hence there are two conjugacy classes
of A¯3
2
in E8. Therefore two of these are conjugate.
By [17, Table 8.1], L (E8) ↓ A¯3 = 101/10016/00116/01010/00045. Hence using Theorem 2.21 and
the fact that ∧2(VD8(λ1)) = VD8(λ2), we find in the first case:
L (E8) ↓ A23 = (101, 000)/(000, 101)/(010, 010)/(010, 000)4/(000, 010)4/(000, 000)6/
(100, 001)4/(001, 100)4.
In the second case we find:
L (E8) ↓A23 = (100, 100)/(001, 001)/(100, 001)/(001, 100)/(100, 010)/(010, 100)/
(010, 001)/(001, 010)/(000, 101)/(101, 000)/(100, 000)2/(000, 100)2/
(010, 000)2/(000, 010)2/(001, 000)2/(000, 001)2/(000, 000)2.
In the third case we find:
L (E8) ↓A23 = (101, 000)/(000, 101)/(010, 010)/(010, 000)4/(000, 010)4/(000, 000)6/
(100, 001)4/(001, 100)4.
Hence the first and the third A23 are conjugate in E8. The first and second A
2
3 are cases 1 and 2 of
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Table 9.9.
Now suppose X = A23 ⊆ A8. Then X = A¯32 in A8. Hence by Lemma 2.26, it is also A¯32 in E8.
By [17, Table 8.1], CE8(A¯3)
◦ = D5 so X ⊆ A¯3D5 ⊆ D8. Therefore X is conjugate to one to one of
the A23 in D8. Using Theorem 2.21, we calculate L (E8) ↓ A23. Thus we find that X is conjugate to
case 2 of Table 9.9.
Next suppose X = A23 ⊆ A24. Clearly in each A4 we have VA4(λ1) ↓ A3 = λ1/0. By Theorem
2.21,
L (E8) ↓ A24 = (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(1001, 0000)/(0000, 1001).
Hence we find:
L (E8) ↓A23 = (100, 100)/(001, 001)/(100, 001)/(001, 100)/(100, 010)/(010, 100)/
(010, 001)/(001, 010)/(000, 101)/(101, 000)/(100, 000)2/(000, 100)2/
(010, 000)2/(000, 010)2/(001, 000)2/(000, 001)2/(000, 000)2.
Note that each factor of A23 is A¯3 in A4. By Lemma 2.26, it is also A¯3 in E8. By [17, Table 8.1],
CE8(A¯3)
◦ = D¯5. Therefore A23 ⊆ A3D5 ⊆ D8. So this A23 is conjugate to case 1 or case 2 of Table
9.9. By comparing composition factors of L (E8) ↓ A23 we find that it is conjugate to case 2 of Table
9.9.
Finally suppose A23 ⊆ A¯1E7. We saw in Chapter 6 that there is a unique A23 in E7. It is in D6.
Hence it is in D8 since D6 ⊆ D8. Therefore it is conjugate to either case 1 or case 2 of Table 9.9. By
Theorem 2.21, L (E8) ↓ A¯1E7 = (1, λ7)/(2, 0)/(0, λ1). In Table 9.3, we have L (E7) ↓ A23. Hence
we have some of the composition factors of L (E8) ↓ A23. We find that A23 ⊆ E7 cannot have the
same composition factors as case 2 of Table 9.9 on L (E8). Hence it is conjugate to case 1 of Table
9.9.
7.8 R1 . . . Rn = A
4
2
By Lemma 2.23, the A42 subgroups in E8 are in A¯2E6. By Chapter 5, there is a unique conjugacy
class of A32 in E6 with each factor restricted. By Theorem 2.21,
L (E8) ↓ A¯2E6 = (λ1, λ6)/(λ2, λ1)/(11, 00)/(0, λ2).
By Table 9.2, L (E6) ↓ A32 = (10, 10, 10)/(01, 01, 01)/(11, 00, 00)/(00, 11, 00)/(00, 00, 11). By [17,
Proposition 2.3], VE6(λ1) ↓ A32 = (10, 01, 00)/(01, 00, 10)/(00, 10, 01). Since VE6(λ6) is the dual of
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VE6(λ1), we find
L (E8) ↓A42 = (11, 00, 00, 00)/(00, 11, 00, 00)/(00, 00, 11, 00)/(00, 00, 00, 11)/(00, 10, 10, 10)/
(00, 01, 01, 01)/(01, 10, 01, 00)/(01, 01, 00, 10)/(01, 00, 10, 01)/(10, 01, 10, 00)/
(10, 10, 00, 01)/(10, 00, 01, 10).
7.9 R1 . . . Rn = A
3
2
By Lemma 2.23, the A32 in E8 are in A¯2E6, G2F4, A¯1E7 or A8.
7.9.1 A32 in A¯2E6
Suppose A32 is in E6A2. We are in one of the following cases:
1. A32 ⊆ E6
2. A32 = A2 A2A
2
2 ⊆ A42 ⊆ A¯2E6
3. A32 = A¯2A
2
2 ⊆ A¯2E6 .
We will consider each of these separately.
1. A32 ⊆ E6
Suppose X = A32 ⊆ E6. Using our calculations from Section 7.8, we find
L (E8) ↓A¯23 = (11, 00, 00)/(00, 11, 00)/(00, 00, 11)/(00, 00, 00)8/(00, 10, 10)3/
(00, 01, 01)3/(01, 10, 01)/(01, 01, 00)3/(01, 00, 10)3/(10, 01, 10)/
(10, 10, 00)3/(10, 00, 01)3.
This is case 1 of Table 9.9 for A32.
2. A32 = A2 A2A
2
2 ⊆ A42 ⊆ A¯2E6
Now suppose we take X = A32 = A2 A2A¯2
2 ⊆ A42 ⊆ A¯2E6. By Lemma 2.27, NG(A42)/(A42) ∼= GL2(3).
Furthemore GL2(3)/Z ∼= PGL2(3) ∼= S4. Therefore there is only one conjugacy class of such A32.
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Using our calculations from Section 7.8 we find
L (E8) ↓A32 = (11, 00, 00)2/(00, 11, 00)/(00, 00, 11)/(10, 10, 10)/(01, 01, 01)/
(11, 01, 00)/(00, 01, 00)/(02, 00, 10)/(10, 00, 10)/(01, 10, 01)/(11, 10, 00)/
(00, 10, 00)/(20, 00, 01)/(01, 00, 01)/(10, 01, 10).
This A32 does not have the same composition factors as A
3
2 ⊆ E6 on L (E8) hence they are not
conjugate to each other in E8. This is case 2 of Table 9.9 for A
3
2.
3. A32 = A¯2A
2
2 ⊆ A¯2E6
Finally suppose A32 = A¯2A
2
2 ⊆ A¯2E6 with A22 in E6. By Table 9.2, there are three conjugacy classes
of A22 in E6 with both factors restricted. By Chapter 5, all A
2
2 in E6 are in A
3
2 ⊆ E6. Hence we have
already considered all such A32.
7.9.2 A32 in G2F4
Suppose X = A32 ⊆ G2F4. Then X = A2A22 ⊆ G2F4 with A2 in G2 and A22 in F4. By Chapter 4,
there is a unique conjugacy class of A22 in F4 with both factors restricted. It is A¯2A2 in F4 so in
E6. Hence it is also A¯2A2 in E8 by Lemma 2.26. By Theorem 2.24, CE8(A¯2)
◦ = E6. Hence X is in
A¯2E6. It is conjugate to case 1 or case 2 of Table 9.9 for A
3
2.
By Theorem 2.21, L (E8) ↓ G2F4 = (10, 0001)/(01, 0000)/(00, 1000). By Lemma 2.30, there is
a unique restricted A2 subgroup in G2. In Table 9.1, we have L (F4) ↓ A22. Thus we find
L (E8) ↓ A32 =(11, 00, 00)/(10, 00, 00)/(01, 00, 00)/(00, 10, 02)/(00, 01, 20)/
(00, 11, 00)/(00, 00, 11)/ . . . .
Hence X is conjugate to case 2 of Table 9.9 for A32 since this is the only one of cases 1 and 2 that
could have the same composition factors as this A32 on L (E8).
7.9.3 A32 in A¯1E7
By Chapter 6, there is a unique conjugacy class of A32 in E7 with each factor restricted. It is A¯2
3
in
E7. Hence by Lemma 2.26, it is also A¯2
3
in E8. By Theorem 2.24, there is a unique conjugacy class
of A¯2 in E8 and CE8(A¯2)
◦ = E6. Furthermore, by Theorem 2.24, there is a unique conjugacy class
of A¯2 in E6 and CE6(A¯2)
◦ = A¯2
2
. Clearly there is a unique conjugacy class of A¯2 in A¯2
2
. Hence
there is a unique conjugacy class of A¯2
3
in E8. Thus this A
3
2 is conjugate to case 1 of Table 9.9 for
A32 .
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7.9.4 A32 in A8
There is a unique conjugacy class of A32 in A8 with each factor restricted. It is A¯2
3
in A8. Hence by
Lemma 2.26, it is also A¯2
3
in E8. In the previous section we saw that there is a unique conjugacy
class of A¯2
3
in E8. Hence this A
3
2 is conjugate to case 1 of Table 9.9 for A
3
2.
7.10 R1 . . . Rn = A
2
2
By Lemma 2.23, the A22 in E8 are in D8, A8, A
2
4, A¯2E6, G2F4 or A¯1E7.
7.10.1 A22 in A¯2E6
Suppose A22 is in A¯2E6. We are in one of the following cases:
1. A22 = A¯2A2 ⊆ A¯2E6
2. A22 ⊆ E6
3. A22 = A¯2 A2A2 ⊆ A¯2E6.
We will consider each of these individually.
1. A22 = A¯2A2 ⊆ A¯2E6
Suppose first that X = A22 = A¯2A2 ⊆ A¯2E6. Let X = A22 = AB. By Theorem 2.20, B is in M where
M is parabolic, reductive of maximal rank or M = A2, G2(p 6= 7), F4, C4 or A2G2. By Theorem
2.22, the reductive of maximal rank subgroups of E6 are A1A5 and A
3
2. Furthermore by Theorem
2.2, B is E6-cr since p is good. Suppose B is in a parabolic subgroup P of E6. Then B is in a Levi
subgroup L of P since it is E6-cr. Thus B is in A1A5, A
3
2, A2, G2(p 6= 7), F4, C4, D5 or A2G2.
• AB = A¯2A2 ⊆ A¯2A1A5 in A¯2E6
Suppose B is in A1A5. By [17, Table 8.1],
L (E8) ↓ A5 = 10001/100006/010003/001002/000103/000016/0000011.
Thus using the fact that L (E8) is self dual and Theorem 2.21, we find
L (E8) ↓ A2A5 = (11, 0)/(0, λ3)/(0, 10001)/(10, λ2)/(01, λ4)/(10, λ1)/(01, λ4)/(00, 0)3.
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VA5(λ1) ↓ A2 L (E8) ↓ A22
102 (10, 20)/(01, 02)/(11, 00)/(00, 11)8/(10, 01)7/(01, 10)7/(00, 00)14
10/01 (00, 20)3/(00, 02)3/(10, 11)/(01, 11)/(11, 00)/(00, 11)2/(10, 10)3/(10, 01)3/
(01, 10)3/(01, 01)3/(10, 00)/(01, 00)/(00, 10)3/(00, 01)3/(00, 00)8
10/003 (11, 00)/(00, 11)/(10, 10)3/(10, 01)3/(01, 10)3/(01, 01)3/(10, 00)9/(01, 00)9/
(00, 10)9/(00, 01)9/(00, 00)16
20 (00, 30)2/(00, 03)2/(00, 22)/(10, 21)/(01, 12)/(10, 02)2/(01, 20)2/(11, 00)/
(00, 11)/(00, 00)3
Table 7.3: A22 = A¯2A2 ⊆ A¯2A1A5 in A¯2E6 with both factors restricted.
There are four conjugacy classes of restricted A2 subgroups in A5. For each of these we calculate
L (E8) ↓ A22. These are listed in Table 7.3.
None of these A22 have the same composition factors on L (E8) so they are not conjugate to each
other in E8. They are cases 1, 2, 3 and 4 of Table 9.9 for A
2
2.
• AB = A¯2A2 ⊆ A¯2A2 in A¯2E6
Suppose B is the maximal A2 in E6. By Theorem 2.21, L (E6) ↓ B = 41/14/11 and, by [17, Table
8.1], L (E8) ↓ B = 11/41/14/226/008. So using Theorem 2.21 and the fact that VE6(λ1) and VE6(λ6)
are duals we find
L (E8) ↓ A22 = (11, 00)/(00, 41)/(00, 14)/(00, 11)/(10, 22)/(01, 22).
ThisA22 does not have the same composition factors onL (E8) as the fourA
2
2 we have seen previously.
It is case 5 of Table 9.9.
• AB = A¯2A2 ⊆ A¯2G2 in A¯2E6
Suppose B is in the maximal G2 in E6. Since L (E6) ↓ G2 = 11/01 ([17, Table 8.2]), we find
L (E8) ↓ A2G2 = (11, 00)/(00, 11)/(10, 20)/(01, 20). By Lemma 2.30, there is a unique restricted
A2 subgroup in G2 and it has 10 ↓ A2 = 10/01/00 and 01 ↓ A2 = 11/10/01. So using Theorem
2.21, we find:
L (E8) ↓ A22 = (11, 00)/(00, 11)3/(00, 21)/(00, 12)/(10, 20)/(10, 02)/(01, 20)/
(01, 02)/(00, 20)/(00, 02)/(10, 11)/(01, 11)/(10, 10)/(10, 01)/(01, 10)/
(01, 01)/(10, 00)/(00, 10)2/(01, 00)/(00, 01)2.
This does not have the same composition factors as any of the A22 we have seen previously on
L (E8). It is case 6 of Table 9.9 for A22.
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AB ⊆ A¯2A32 L (E8) ↓ A¯2B
(i) (10, 10, 00, 00) (11, 00)/(00, 11)/(00, 10)9/(00, 01)9/(01, 10)3/(01, 01)3/(01, 00)9/(10, 01)3/
(10, 10)3/(10, 00)9/(00, 00)16
(ii) (10, 10, 01, 00) (11, 00)/(00, 11)2/(00, 00)14/(00, 11)6/(10, 10)7/(01, 20)/(01, 01)7/(10, 02)
(iii) (10, 10, 10, 00) (11, 00)/(00, 11)2/(00, 20)3/(00, 01)3/(00, 02)3/(00, 10)3/(01, 11)/(01, 00)/
(01, 01)3/(01, 10)3/(10, 11)/(10, 00)/(10, 10)3/(10, 01)3/(00, 00)8
(iv) (10, 10, 10, 10) (11, 00)/(00, 11)7/(00, 30)/(00, 00)2/(00, 03)/(01, 11)3/(01, 00)3/
(10, 11)3/(10, 00)3
(v) (10, 10, 10, 01) (11, 00)/(00, 11)3/(00, 21)/(00, 02)/(00, 10)2(00, 12)/(00, 20)/(00, 01)2/
(01, 11)/(01, 00)/(01, 02)/(01, 10)/(01, 20)/(01, 01)/(10, 11)/(10, 00)/
(10, 20)/(10, 01)/(10, 02)/(10, 10)
Table 7.4: A¯2B = A¯2A2 ⊆ A42 in E6
• AB = A¯2A2 ⊆ A¯2A32 in A¯2E6
Suppose B is in A32. In this case we have X = A
2
2 ⊆ A42. Let A42 = VWY Z. Using our calculations
in Section 7.8, we find L (E8) ↓ A22 for each possible B in WY Z, see Table 7.4. Note that by
Lemma 2.27, S4 acts on W,Y and Z which limits the number of options we need to consider.
First consider case (i) of Table 7.4, where X = A22 is in A
4
2 with embedding (10, 10, 00, 00).
Clearly this is A¯2
2
in E8. By Theorem 2.24, there is a unique conjugacy class of A¯2 in E8 and
CE8(A¯2)
◦ = E6. There is a unique conjugacy class of A¯2 in E6. Hence there is only one conjugacy
class of A¯2
2
in E8. Therefore this A
2
2 is conjugate to case 3 of Table 9.9 for A
2
2.
Now consider cases (ii) and (iii) of Table 7.4. These have the same composition factors on
L (E8) as cases 1 and 2 of Table 9.9. Hence we prove that these are conjugate. Cases 1 and
2 of Table 9.9 are A22 in A¯2A5 with embeddings (10, 10
2) and (10, 10/01). Clearly they are in
A¯2A
2
2 ⊆ A¯2A5 ⊆ A¯2E6 with embedding (10, (10, 00)/(00, 10)). We saw in Chapter 5 that the A22 in
A5 in E6 is conjugate to A
2
2 in A
3
2. Hence cases 1 and 2 of Table 9.9 are each conjugate to one of
the A¯2A2 in A¯2A
3
2. Clearly cases (ii) and (iii) are the only A¯2A2 in A
4
2 that have same composition
factors as cases 1 and 2 of Table 9.9 on L (E8). Therefore cases (ii) and (iii) of Table 7.4 are
conjugate to cases 1 and 2 of Table 9.9.
We note that case (iv) of Table 7.4 does not have the same composition factors as any of the
A22 we have seen previously on L (E8). It is case 7 of Table 9.9.
Finally consider case (v) of Table 7.4. It has the same composition factor on L (E8) as case 6
of Table 9.9. Hence we show that these are conjugate. Both of these A22 are A¯2A2. Let case (v) of
Table 7.4 be A¯2B and case 6 of Table 9.9 be A¯2C. There is a unique A¯2 in E8 and CE8(A¯2)
◦ = E6.
From Table 7.4, L (E6) ↓ B = 21/12/102/012/20/02/113. Similarly from our previous calculations
we find L (E6) ↓ C = 21/12/102/012/20/02/113. By [17, Table 8.3], there is a unique conjugacy
class of A2 in E6 with L (E6) ↓ A2 = 21/12/102/012/20/02/113. Hence B and C are conjugate in
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E6 so A¯2B is conjugate to A¯2C in E8.
• AB = A¯2A2 ⊆ A¯2F4 in A¯2E6
Suppose B is in F4 in E6. By Theorem 2.20, B is in M where M is parabolic, reductive of maximal
rank or M = A1(p ≥ 13), G2(p = 7) or A1G2(p ≥ 3). By Theorem 2.2, B is F4-cr since p is good.
Suppose B is in a parabolic subgroup P of F4. Then B is in a Levi subgroup L of P since it is
F4-cr. The maximal connected reductive maximal rank subgroups of F4 are B4, A2A2 and A1C3.
Thus B is in M = B4, A2A2, A1C3, A1(p ≥ 13), G2(p = 7) or A1G2.
By Theorem 2.21, L (E6) ↓ F4 = λ4/λ1 and L (E8) ↓ F4 = λ1/λ74/014. Hence, by Theorem 2.21,
L (E8) ↓ A2F4 = (10, λ4)/(01, λ4)/(10, 0)/(01, 0)/(00, λ4)/(00, λ1)/(11, 0). (7.2)
First suppose B is in B4. There are two conjugacy classes of restricted A2 subgroups in B4.
Either VB4(λ1) ↓ B = 10/01/003 or VB4(λ1) ↓ B = 11/00.
Suppose VB4(λ1) ↓ B = 10/01/003. Then B is A¯2 in B4. Hence by Lemma 2.26, it is A¯2 in F4
so in E6. Therefore by Lemma 2.26, it is A¯2 in E8. Thus AB is A¯2
2
in E8. We saw that there is
only one conjugacy class of A¯2
2
in E8. Hence this A
2
2 is conjugate to case 3 of Table 9.9.
Next suppose AB = A22 is in A2B4 with embedding (10, 11/00). By Theorem 2.21, L (F4) ↓
B4 = λ2/λ4 and L (E8) ↓ B4 = λ71/λ42/λ84/021. Hence by (7.2), we find
L (E8) ↓ A2B4 = (10, λ1)/(10, λ4)/(01, λ1)/(01, λ4)/(10, 0)2/(01, 0)2/(00, λ4)2/(00, λ1)/
(00, λ2)/(11, 0)/(00, 0).
Hence
L (E8) ↓ AB = (00, 30)/(00, 03)/(10, 11)3/(01, 11)3/(11, 00)/(00, 11)7/ (7.3)
(10, 00)3/(01, 00)3/(00, 00)2.
This A22 has the same composition factors on L (E8) as case 7 of Table 9.9. We claim that they
are conjugate. Case 7 of Table 9.9 is CD = A22 ⊆ A42 with embedding (10, 10, 10, 10). Clearly
A and C are A¯2. There is a unique conjugacy class of A¯2 in E8 and CE8(A¯2)
◦ = E6. By (7.3),
L (E6) ↓ B = 30/03/117/002. Similarly from Table 9.9 we find L (E6) ↓ C = 30/03/117/002. By
[17, Table 8.3], there is a unique conjugacy class of A2 in E6 with L (E6) ↓ A2 = 30/03/117/002.
Hence B and D are conjugate in E6 so AB is conjugate to CD in E8.
By Section 5.6, the maximal A2A2 in F4 in E6 is in the maximal A
3
2 in E6. Hence if B is in A
2
2
then AB is in A42 so has already been considered.
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Suppose B is in A1C3. By [17, Table 8.3], there is a unique C3 in E6 and it is in A5. Hence
any A22 with B in A1C3 will be conjugate to one of cases 1, 2, 3 or 4 of Table 9.9. There is
one conjugacy class of restricted A2 in C3. It has VC3(λ1) ↓ A2 = 10/01. By [17, Table 8.4],
L (F4) ↓ C3 = 200/0012/0003. Hence by (7.2),
L (E8) ↓ A2C3 = (11, 000)/(10, 000)/(01, 000)/(00, 200)/(00, 001)2/(10, 100)2/
(10, 010)/(01, 100)2/(01, 010)/(00, 100)2/(00, 010)/(00, 000)3.
Thus
L (E8) ↓ A22 = (00, 20)3/(00, 02)3/(10, 11)/(01, 11)/(11, 00)/(00, 11)2/(10, 10)3/
(10, 01)3/(01, 10)3/(01, 01)3/(10, 00)/(01, 00)/(00, 10)3/(00, 01)3/(00, 00)8.
This A22 is conjugate to case 2 of Table 9.9 as this is the only one of cases 1, 2, 3 or 4 that has the
same composition factors as this A22 on L (E8).
Suppose B is in G2 and p = 7. By Theorem 2.21, L (F4) ↓ G2 = 11/01. By Lemma 2.30, there
is a unique restricted A2 subgroup in G2 and 01 ↓ A2 = 11/10/01. So L (F4) ↓ A2 = 11/10/01/ . . ..
By [17, Table 8.4], there are two A2 in F4 that are restricted and have L (F4) ↓ A2 = 11/10/01/ . . ..
Both of them are in A22. Hence B is in the maximal A
2
2 in F4 so in the maximal A
3
2 in E6. Thus B
is in A42 so has already been considered. We calculate
L (E8) ↓ A22 = (10, 10/01/00)(11, 00)/(00, 11)3/(00, 21)/(00, 12)/(10, 20)/(10, 02)/
(01, 20)/(01, 02)/(00, 20)/(00, 02)/(10, 11)/(01, 11)/(10, 10)/(10, 01)/
(01, 10)/(01, 01)/(10, 00)/(00, 10)2/(01, 00)/(00, 01)2.
Thus this A22 is conjugate to case 6 of Table 9.9.
Suppose B is in A1G2. By Theorem 2.21, L (F4) ↓ A1G2 = (4, 10)/(0, 01)/(2, 00). By Lemma
2.30, there is a unique restricted A2 subgroup in G2 and we find L (F4) ↓ A2 = 11/106/016/008.
By [17, Table 8.4], this A2 is in A2A2. Thus as before, it is in A
4
2 so has already been considered.
We calculate
L (E8) ↓ A22 = (11, 00)/(00, 11)/(10, 10)3/(10, 01)3/(01, 10)3/(01, 01)3/(10, 00)9/
(00, 10)9/(01, 00)9/(00, 01)9/(00, 00)16.
This A22 is conjugate to case 3 of Table 9.9.
• AB = A¯2A2 ⊆ A¯2C4 in A¯2E6
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Suppose B is in C4. There is a unique conjugacy class of restricted A2 in C4. It has VC4(λ1) ↓
A2 = 10/01/00
2. Clearly B is in C3 in C4. By [17, Table 8.3], there is a unique conjugacy class of
restricted C3 in E6. Hence B is conjugate to the A2 in A1C3 ⊆ F4. So AB is conjugate to case 2 of
Table 9.9.
• AB = A¯2A2 ⊆ A¯2A2G2 in A¯2E6
Suppose B ⊆ A2G2. The restricted A2 subgroups in A2G2 are the factor A2, the A2 in G2 and
the diagonal subgroups in A2A2 ⊆ A2G2 with embeddings (10, 10) and (10, 01). All of these are in
A2A2 ⊆ A2G2. We saw in Chapter 5 that all A22 in E6 were in A32 ⊆ E6. Hence A22 ⊆ A2G2 is in
the maximal A32. So, as before, AB is in A
4
2 in E8 so has already been considered.
• AB = A¯2A2 ⊆ A¯2D5 in A¯2E6
Finally suppose AB ⊆ A¯2D5. By [17, Table 8.1], CE8(D5)◦ = A3. Hence AB is in A3D5 so in
D8. Therefore these A
2
2 will be considered in Section 7.10.2.
2. A22 ⊆ E6
By Section 5.6, there are three conjugacy classes of A22 in E6 with both factors restricted. They are
listed in Table 9.2.
In the first case of Table 9.2, A22 is in A5 in E6 with embedding (10, 00)/(00, 10). It is A¯2
2
in
E6. Hence by Lemma 2.26, it is also A¯2
2
in E8. We saw that there is a unique conjugacy class of
A¯2
2
in E8. Hence this A
2
2 is conjugate to case 3 of Table 9.9.
In the second case of Table 9.2, A22 is in A
3
2 with the embedding (10, 10, 10). The second factor
is A¯2. Since CE8(A¯2)
◦ = E6 this A22 is conjugate to one of cases 1 to 7 of Table 9.9. By [17, Table
8.1] and Theorem 2.21 we have L (E6) ↓ A22 and L (E8) ↓ E6 = λ2/λ31/λ36/08 so we find
L (E8) ↓ A22 = (20, 10)/(01, 10)/(02, 01)/(10, 01)/(11, 00)2/(00, 11)/(00, 00)8 . . . .
This A22 is conjugate to case 1 of Table 9.9.
In the third case of Table 9.2, A22 is in A
3
2 with the embedding (10, 01, 10). The second factor is
A¯2 so, as before, this A
2
2 is conjugate to one of cases 1 to 7 of Table 9.9. We find
L (E8) ↓ A22 = (11, 10)/(11, 01)/(11, 00)2/(00, 11)/(00, 10)/(00, 01)/(00, 00)8 . . . .
Thus this A22 is conjugate to case 2 of Table 9.9.
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3. A22 = A¯2 A2A2 ⊆ A¯2E6
By Table 9.2 every A22 in E6 is in A
3
2. Hence A
2
2 ⊆ A32 ⊆ A42. We have already seen all A22 in A42 so
these A22 have already been considered.
7.10.2 A22 in D8
Suppose A22 ⊆ D8. There are three conjugacy classes of A22 in D8 with both factors restricted:
1. VD8(λ1) ↓ A22 = (10, 00)/(01, 00)/(00, 10)/(00, 01)/(00, 00)4
2. VD8(λ1) ↓ A22 = (11, 00)/(00, 10)/(00, 01)/(00, 00)2
3. VD8(λ1) ↓ A22 = (11, 00)/(00, 11)
In the first two cases the second factor is A¯2 in D8. By Lemma 2.26, it is also A¯2 in E8 so
these A22 are in A¯2E6. They are conjugate to one of cases 1 to 7 of Table 9.9. By Theorem 2.21,
L (E8) ↓ D8 = λ2/λ7. In the first case we find
L (E8) ↓ A22 = (11, 00)/(00, 11)/(10, 10)3/(10, 01)3/(01, 10)3/(01, 01)3/(10, 00)9/
(01, 00)9/(00, 10)9/(00, 01)9/(00, 00)16.
In the second case we find
L (E8) ↓ A22 = (30, 00)/(03, 00)/(11, 10)3/(11, 01)3/(11, 00)7/(00, 11)/(00, 10)3/
(00, 01)3/(00, 00)2.
These A22 are respectively conjugate to case 3 and case 7 of Table 9.9.
In the third case we find
L (E8) ↓ A22 = (30, 00)/(03, 00)/(00, 30)/(00, 03)/(11, 11)3/(11, 00)/(00, 11).
This A22 does not have same composition factors onL (E8) as any of the A
2
2 we have seen previously.
It is case 8 of Table 9.9.
7.10.3 A22 in A8
There are four conjugacy classes of A22 in A8 with both factors restricted:
1. VA8(λ1) ↓ A22 = (10, 10)
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2. VA8(λ1) ↓ A22 = (20, 00)/(00, 10)
3. VA8(λ1) ↓ A22 = (10, 00)2/(00, 10)
4. VA8(λ1) ↓ A22 = (10, 00)/(00, 10)/(00, 00)3.
In cases 2, 3 and 4 the second factor of A22 is A¯2 in A8. By Lemma 2.26, it is also A¯2 in E8. By
Theorem 2.24, CE8(A¯2)
◦ = E6 so these A22 are in A¯2E6. They are conjugate to one of cases 1 to 7
of Table 9.9. By Theorem 2.21, we calculate L (E8) ↓ A22 for each of these and find that they are
respectively conjugate to cases 4, 1 and 3 of Table 9.9.
In case 1 we find
L (E8) ↓ A22 = (11, 00)/(00, 11)/(11, 11)3/(30, 00)/(00, 30)/(03, 00)/(00, 03).
This A22 has the same composition factors as case 8 of Table 9.9. We show that these are conjugate.
Case 8 of Table 9.9 is A22 ⊆ D8 with VD8(λ1) ↓ A22 = (11, 00)/(00, 11). This A22 is in D4D4. By [17,
p.67], there is an element x ∈ NE8(D4D4) of order 3 such that CD4D4(x) = A2A2. The element x
acts on both D4 as the graph automorphism and dim(CL(E8)(x)) = 80 so CL(E8)(x) = A8. Hence
this A22 is in A8. Clearly A
2
2 in A8 with embedding (10, 10) is the only A
2
2 ⊆ A8 which has the same
composition factors as this A22 on L (E8). Hence these two A
2
2 are conjugate to each other.
7.10.4 A22 in A
2
4
There is a unique conjugacy class of restricted A2 in A4. It is A¯2 in A4. Hence by Lemma 2.26, it
is also A¯2 in E8. Therefore A
2
2 ⊆ A24 is A¯22 in E8. We proved that there is a unique conjugacy class
of A¯2
2
in E8. Hence this A
2
2 is conjugate to case 3 of Table 9.9.
7.10.5 A22 in G2F4
Suppose A22 is in G2F4. We are in one of the following cases:
1. A22 is in F4
2. A22 = A2A2 ⊆ G2F4
3. A22 = A2 A2A2 ⊆ A32 ⊆ G2F4.
By Theorem 2.21,
L (E8) ↓ G2F4 = (10, 0001)/(01, 0000)/(00, 1000). (7.4)
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Suppose that A22 is in F4. By Chapter 4, there is a unique conjugacy class A
2
2 with both factors
restricted in F4. It is A¯2A˜2. The first A2 is A¯2 in F4 so in E6. Hence by Lemma 2.26, it is also A¯2
in E8. Therefore this A
2
2 is in A¯2E6. In Table 9.1 we have L (F4) ↓ A22. So by (7.4)
L (E8) ↓ A22 = (11, 00)/(00, 11)/(10, 02)/(01, 20)/(00, 00)14/ . . . .
Thus this A22 is conjugate to case 1 of Table 9.9.
Now suppose A22 = A2 A2A2 ⊆ G2F4. We saw in Section 7.9.2, that there is a unique A32 in
G2F4. It is conjugate to A
3
2 = A2 A2A
2
2 ⊆ A¯2E6 with embedding (10, (10, 10, 10)). Hence we have
already seen all A2 A2A2 in A
3
2 ⊆ G2F4.
Finally suppose X = A22 = A2A2 ⊆ G2F4 . By Lemma 2.30, there is a unique A2 in G2. By
[17, Table 8.4], there are four conjugacy classes of restricted A2 in F4. They are all in A
2
2 in F4.
Hence X is in A32 in G2F4. So X is in A¯2E6 since the unique A
3
2 in G2F4 is in A¯2E6. In [17, Table
8.4], we have L (F4) ↓ A2 for all the restricted A2 in F4. Hence for each of these A22 we find part
of L (E8) ↓ A22 using (7.4). Thus we find that A22 in A2A¯2A˜2 ⊆ G2F4 with embeddings (10, 10, 00),
(10, 00, 10), (10, 10, 01) and (10, 10, 10) are respectively conjugate to cases 3, 2, 7 and 6 of Table
9.9.
7.10.6 A22 in A¯1E7
By Table 9.3, there are four conjugacy classes of A22 in E7 with both factors restricted. The first
factor of all of these A22 is A¯2 in E7. Hence by Lemma 2.26, it is also A¯2 in E8. Since CE8(A¯2)
◦ = E6,
these A22 are in A¯2E6. By Theorem 2.21,L (E8) ↓ E7 = λ1/λ7/03. In Table 9.3, we haveL (E7) ↓ A22
for each of these A22. Hence we have some composition factors of L (E8) ↓ A22. We find that these
A22 are respectively conjugate to cases 1, 2, 3 and 4 of Table 9.9 as these are the only A
2
2 ⊆ A¯2E6
that could have the same composition factors as these A22 on L (E8).
7.11 R1 . . . Rn = A
8
1
By Lemma 2.23, the A81 subgroups in E8 are in D8 or A¯1E7.
There is a unique A81 subgroup in D8 with each factor restricted. It is A¯1
8
in D8. Hence by
Lemma 2.26, it is also A¯1
8
in E8.
By Chapter 6, there is a unique conjugacy class of A71 in E7 with each factor restricted. It is A¯1
7
in E7. Hence by Lemma 2.26 it is also A¯1
7
in E8. Thus there is a unique conjugacy class of A
8
1 in
A¯1E7 with each factor restricted and it is A¯1
8
in E8. By Lemma 2.25, there is a unique conjugacy
class of A¯1
8
in E8. Hence A¯1
8 ⊆ A¯1E7 is conjugate to A¯18 ⊆ D8 in E8.
By Theorem 2.21, L (E8) ↓ A¯1E7 = (1, λ7)/(2, 0)/(0, λ1). The A71 subgroup in E7 is in A¯1D6 ⊆
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E7. By Theorem 2.21, L (E7) ↓ A¯1D6 = (1, λ5)/(2, 0)/(0, λ2). By [17, Proposition 2.3], VE7(λ7) ↓
A¯1D6 = (1, λ1)/(0, λ5). Thus we find
L (E8) ↓ A¯1A¯1D6 = (1, 1, λ1)/(1, 0, λ5)/(2, 0, 0)/(0, 2, 0)/(0, 0, λ2)/(0, 1, λ6). (7.5)
Hence we calculate the restriction of L (E8) to A81 as in Table 9.10.
7.12 R1 . . . Rn = A
7
1
By Lemma 2.23, the A71 subgroups in E8 are in D8 or A¯1E7.
Suppose A71 is in A¯1E7. We are in one of the following cases:
• A71 = A¯1A61 ⊆ A¯1E7
• A71 ⊆ E7
• A71 = A1 A1A61 ⊆ A81 ⊆ A¯1E7.
First suppose A71 = A¯1A
6
1 ⊆ A¯1E7. By Theorem 6.1, there are two conjugacy classes of A61
in E7 with each factor restricted. They are in A
7
1 ⊆ A¯1D6 with embeddings (1, (1, 1, 0, 0, 0, 0)/
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) and (0, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)). Thus we can
easily find L (E8) ↓ A71 from our calculations in Section 7.11. These two A71 do not have the same
composition factors on L (E8) so are not conjugate to each other. They are cases 1 and 2 of Table
9.10.
Next suppose A71 ⊆ E7. By Theorem 6.1, there is a unique conjugacy class of A71 ⊆ E7 with
each factor restricted. It is A¯1
7
in E7. Hence by Lemma 2.26, it is also A¯1
7
in E8. By Lemma 2.25,
there is a unique conjugacy class of A¯1
7
in E8. Hence this A
7
1 is conjugate to case 2 of Table 9.10.
Now suppose A71 = A1 A1A
6
1 ⊆ A81 ⊆ A¯1E7. We saw in Section 7.11 that there is a unique
conjugacy class of A81 in A¯1E7. It is A¯1
8
. Hence whichever A71 = A1 A1A
6
1 ⊆ A81 we pick, one of the
factors of A61 will be A¯1. By Theorem 2.24, CE8(A¯1)
◦ = E7. Hence these A71 are conjugate to an
A71 = A¯1A
6
1 ⊆ A¯1E7. So they are conjugate to case 1 or case 2 of Table 9.10. One of the A1 in this
A71 is A1 A1. Hence it is not A¯1. So this A
7
1 must be conjugate to case 1 of Table 9.10.
Finally suppose A71 ⊆ D8. There are two conjugacy classes of A71 with each factor restricted in
D8. They have
VD8(λ1) ↓ A71 = (1, 1, 0, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0, 0)/(0, 0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 1)2
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and
VD8(λ1) ↓ A71 = (1, 1, 0, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0, 0)/(0, 0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0, 0).
In both cases the first factor of A71 is A¯1 in D8. Hence, by Lemma 2.26, it is also A¯1 in E8. Since
CE8(A¯1)
◦ = E7, these A71 are conjugate to an A
7
1 in A¯1E7. Clearly the first one is A¯1
7
so it is
conjugate to case 2 of Table 9.10. On the other hand the second one is A¯1
6
A1 where the last A1 is
not A¯1. Hence it is conjugate to case 1 of Table 9.10.
7.13 R1 . . . Rn = A
6
1
By Lemma 2.23, the A61 subgroups in E8 are in G2F4, D8 or A¯1E7.
7.13.1 A61 ⊆ A¯1E7
Suppose A61 is in A¯1E7. We are in one of the following cases:
• A61 = A¯1A51 ⊆ A¯1E7
• A61 ⊆ E7
• A61 = A1 A1A51 ⊆ A71 ⊆ A¯1E7.
1. A61 = A¯1A
5
1 ⊆ A¯1E7
Suppose A61 = A¯1A
5
1 ⊆ A¯1E7 . By Theorem 6.1, there are 9 conjugacy classes of A51 in E7 with each
factor restricted. They are all in A¯1D6. Using our calculations from Chapter 6 and (7.5), we find
L (E8) ↓ A61 in each of these cases. These are given in Table 7.5. In Table 7.5, we give one A51 in
each conjugacy class of A51 in E7. For the classification of all A
5
1 in E7 see Table 9.5.
The first seven cases of Table 7.5 do not have the same composition factors as each other on
L (E8). Hence they are not conjugate to each other. These are cases 1 to 7 of Table 9.11.
Case 8 of Table 7.5 has the same composition factors on L (E8) as case 6 of Table 7.5. Note
that they are both A¯1
5
A¯1 A¯1. By Lemma 2.25, there is a unique conjugacy class of A¯1
2
in E8 and
CE8(A¯1
2
)◦ = D6. There is a unique conjugacy class of A¯1
5
in D6. Hence there is a unique conjugacy
class of A¯1
5
A¯1 A¯1 in E8. Thus case 8 and case 6 of Table 7.5 are conjugate in E8.
Case 9 of Table 7.5 has the same composition factors on L (E8) as case 5 of Table 7.5. Note
that they are both A¯1
5
A¯1 A¯1 A¯1. By Lemma 2.25, there is a unique conjugacy class A¯1
3
in E8 and
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CE8(A¯1
3
)◦ = A¯1D4. There is a unique conjugacy class of A¯1
5
in A¯1D4. Hence there is a unique
conjugacy class of A¯1
5
A¯1 A¯1 A¯1 in E8. Thus case 9 and case 5 of Table 7.5 are conjugate in E8.
Table 7.5: A61 = A¯1A¯1A
4
1 in A¯1A¯1D6 ⊆ A¯1E7 in E8.
VD6(λ1) ↓ A41 L (E8) ↓ A61
1 (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 1, 1)/(1, 0, 1, 1, 0, 1)/
(0, 0, 1, 1) (1, 0, 1, 0, 2, 0)/(1, 0, 1, 0, 0, 0)/(1, 0, 0, 2, 1, 0)/(1, 0, 0, 0, 1, 0)/
(1, 0, 0, 1, 1, 1)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)2/(0, 0, 1, 2, 1, 0)/(0, 0, 1, 0, 1, 0)/(0, 0, 1, 1, 1, 1)/
(0, 0, 0, 0, 2, 0)2/(0, 0, 0, 1, 2, 1)/(0, 0, 0, 1, 0, 1)/(0, 0, 0, 0, 0, 2)/
(0, 1, 1, 1, 1, 0)/(0, 1, 1, 0, 1, 1)/(0, 1, 0, 2, 0, 1)/(0, 1, 0, 0, 0, 1)/
(0, 1, 0, 1, 2, 0)/(0, 1, 0, 1, 0, 0)
2 (1, 1, 0, 0)/(0, 0, 1, 0)2/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0, 1)2/(1, 0, 1, 0, 1, 0)2/
(0, 0, 0, 1)2 (1, 0, 1, 0, 0, 1)2/(1, 0, 0, 1, 1, 1)/(1, 0, 0, 1, 0, 0)4/(2, 0, 0, 0, 0, 0)/
(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 0)2/
(0, 0, 1, 1, 0, 1)2/(0, 0, 0, 0, 0, 0)6/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 1, 1)4/
(0, 0, 0, 0, 0, 2)/(0, 1, 0, 1, 1, 0)2/(0, 1, 0, 1, 0, 1)2/(0, 1, 1, 0, 1, 1)/
(0, 1, 1, 0, 0, 0)4
3 (4, 0, 0, 0)/(0, 1, 1, 0)/ (1, 1, 4, 0, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 0, 2)/(1, 0, 3, 1, 0, 1)/
(0, 0, 0, 2) (1, 0, 3, 0, 1, 1)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 6, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)/(0, 0, 4, 1, 1, 0)/(0, 0, 4, 0, 0, 2)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 0, 0, 2)/(0, 1, 3, 1, 0, 1)/
(0, 1, 3, 0, 1, 1)
4 (1, 1, 0, 0)/(0, 0, 1, 1)2 (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1)2/(1, 0, 1, 0, 1, 1)2/(1, 0, 0, 1, 2, 0)/
(1, 0, 0, 1, 0, 0)2/(1, 0, 0, 1, 0, 2)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)2/(0, 0, 0, 0, 2, 0)3/
(0, 0, 0, 0, 0, 2)3/(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 0, 0)/(0, 1, 0, 1, 1, 1)2/
(0, 1, 1, 0, 2, 0)/(0, 1, 1, 0, 0, 0)2/(0, 1, 1, 0, 0, 2)
5 (1, 1, 0, 0)/(0, 0, 1, 1)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1)/(1, 1, 0, 0, 0, 2)/(1, 1, 0, 0, 0, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0) (1, 0, 1, 0, 1, 1)/(1, 0, 1, 0, 0, 2)/(1, 0, 1, 0, 0, 0)/(1, 0, 0, 1, 1, 1)/
(1, 0, 0, 1, 0, 2)/(1, 0, 0, 1, 0, 0)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)/(0, 0, 1, 1, 0, 2)/
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)3/(0, 0, 0, 0, 1, 3)/
(0, 0, 0, 0, 1, 1)2/(0, 1, 1, 0, 1, 1)/(0, 1, 1, 0, 0, 2)/(0, 1, 1, 0, 0, 0)/
Continued on next page
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Table 7.5 – continued from previous page
VD6(λ1) ↓ A41 L (E8) ↓ A61
(0, 1, 0, 1, 1, 1)/(0, 1, 0, 1, 0, 2)/(0, 1, 0, 1, 0, 0)
6 (1, 1, 0, 0)/(0, 0, 1, 0)2/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0, 2)/(1, 1, 0, 0, 0, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0) (1, 0, 1, 0, 1, 1)/(1, 0, 1, 0, 0, 1)2/(1, 0, 0, 1, 1, 1)/(1, 0, 0, 1, 0, 1)2/
(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 1, 1, 1, 0)2/(0, 0, 1, 1, 0, 2)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 0, 0)3/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 1, 2)2/(0, 0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0, 2)2/
(0, 1, 1, 0, 1, 1)/(0, 1, 1, 0, 0, 1)2/(0, 1, 0, 1, 1, 1)/(0, 1, 0, 1, 0, 1)2
7 (2, 0, 0, 0)/(0, 2, 0, 0)/ (1, 1, 2, 0, 0, 0)/(1, 1, 0, 2, 0, 0)/(1, 1, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 2)/
(0, 0, 2, 0)/(0, 0, 0, 2) (1, 0, 1, 1, 1, 1)2/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/
(0, 0, 2, 2, 0, 0)/(0, 0, 2, 0, 2, 0)/(0, 0, 2, 0, 0, 2)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 2, 2)/
(0, 0, 0, 0, 0, 2)/(0, 1, 1, 1, 1, 1)2
8 (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 0, 1)2/(1, 0, 1, 1, 0, 0)2/
(0, 0, 0, 1)2 (1, 0, 1, 0, 1, 1)/(1, 0, 0, 2, 0, 1)/(1, 0, 0, 0, 0, 1)/(1, 0, 0, 1, 1, 0)2/
(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)2/
(0, 0, 1, 2, 1, 0)/(0, 0, 1, 0, 1, 0)/(0, 0, 1, 1, 0, 1)2/(0, 0, 0, 0, 2, 0)/
(0, 0, 0, 1, 1, 1)2/(0, 0, 0, 0, 0, 0)3/(0, 0, 0, 0, 0, 2)/(0, 1, 1, 1, 0, 1)/
(0, 1, 1, 0, 1, 0)2/(0, 1, 0, 2, 0, 0)2/(0, 1, 0, 0, 0, 0)2/(0, 1, 0, 1, 1, 1)
9 (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 1, 0, 1)/(1, 0, 1, 1, 0, 1)/
(0, 1, 0, 1) (1, 0, 1, 1, 1, 0)/(1, 0, 0, 3, 0, 0)/(1, 0, 0, 1, 0, 0)2/(1, 0, 0, 1, 1, 1)/
(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)3/
(0, 0, 1, 2, 1, 0)/(0, 0, 1, 0, 1, 0)/(0, 0, 1, 2, 0, 1)/(0, 0, 1, 0, 0, 1)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 2, 1, 1)/(0, 0, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 2)/
(0, 1, 1, 2, 0, 0)/(0, 1, 1, 0, 0, 0)/(0, 1, 1, 0, 1, 1)/(0, 1, 0, 2, 0, 1)/
(0, 1, 0, 0, 0, 1)/(0, 1, 0, 2, 1, 0)/(0, 1, 0, 0, 1, 0)
2. A61 ⊆ E7
Suppose A61 ⊆ E7. By Theorem 6.1, there are two conjugacy classes of A61 in E7 with each factor
restricted. They are in A71 with embeddings (1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) and
(0, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)). In both cases the last factor of A61 is A¯1 in E7. By
Lemma 2.26, it is also A¯1 in E8. Since CE8(A¯1)
◦ = E7, these A61 are conjugate to an A
6
1 = A¯1A
5
1 ⊆
Chapter 7. Products of restricted subgroups of the same type in E8 245
VA¯1A¯1D6 ↓ A71 VA¯1A¯1D6 ↓ A61 n
(1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ 5
(0, 0, 0, 0, 1, 1)) (0, 0, 0, 0, 1, 1))
(1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ 4
(0, 0, 0, 0, 1, 1))
(1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ 1
(0, 0, 0, 0, 1, 1))
(1, 0, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (1, 0, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ 6
(0, 0, 0, 0, 1, 1)) (0, 0, 0, 0, 1, 1))
Table 7.6: A61 = A¯1 A1A
5
1 ⊆ A¯1A61 ⊆ A¯1E7. Each A61 has the same composition factors as case n of
Table 9.11 on L (E8).
A¯1E7. So they are conjugate to one of cases 1 to 7 of Table 9.10. Using our calculations from
Section 7.12, we calculate L (E8) ↓ A61 in both cases. We find that they are respectively conjugate
to cases 6 and 2 of Table 9.10 since these are the only ones of cases 1 to 7 of Table 9.10 that have
the same composition factors as these A61 on L (E8).
3. A61 = A1 A1A
5
1 ⊆ A71 ⊆ A¯1E7
Suppose X = A61 = A¯1 A1A
5
1 ⊆ A¯1A61 ⊆ A¯1E7. By Theorem 6.1, there are two conjugacy classes
of A71 in A¯1E7 with each factor restricted. In both cases three of the factors of A
7
1 are A¯1. Hence
whichever A61 = A1 A1A
5
1 we pick, one of the factors of A
5
1 will be A¯1. So as before these A
6
1 are
conjugate to one of cases 1 to 7 of Table 9.11. Note that we can limit the number of cases to
consider since many of the factors of A61 ⊆ E7 are conjugate to each other. We use the calculations
in Section 7.12, to find L (E8) ↓ A61 in each case. These are displayed in Table 7.6. For each of
these A61, there is a unique n ∈ {1, 2, . . . , 7} such that X has the same composition factors as case
n of Table 9.11 on L (E8). This n is given in Table 7.6. Hence X is conjugate to case n of Table
9.11.
7.13.2 A61 ⊆ D8
Suppose A61 is in D8. There are nine conjugacy classes of A
6
1 in D8 with each factor restricted.
These are listed in Table 7.7. Note that in all cases the first factor of A61 is A¯1 in D8. Hence it is
A¯1 in E8 by Lemma 2.26. By Theorem 2.24, CE8(A¯1)
◦ = E7. Hence all of these A61 are conjugate
to an A61 in A¯1E7.
By Theorem 2.21, L (E8) ↓ D8 = λ2/λ7. So, using the fact that ∧2(VD8(λ1)) = VD8(λ2)
(Theorem 2.31), we calculate some of the composition factors of L (E8) ↓ A61 in each case. Thus we
find which of cases 1 to 7 of Table 9.11 each of these A61 is conjugate to. This is given in Table 7.7.
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Table 7.7: A61 in D8 in E8. Each A
6
1 has the same com-
position factors as case n of Table 9.11 on L (E8).
VD8(λ1) ↓ A61 Some composition factors of L (E8) ↓ A61 n
1 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 2
(0, 0, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 0)4 (1, 1, 0, 0, 1, 1)/(1, 1, 0, 0, 0, 0)4/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)/(0, 0, 1, 1, 0, 0)4/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)/(0, 0, 0, 0, 1, 1)4/
(0, 0, 0, 0, 0, 0)6/ . . .
2 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 4
(0, 0, 0, 0, 1, 1)2 (1, 1, 0, 0, 1, 1)2/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 1, 1, 1, 1)2/(0, 0, 0, 0, 2, 0)3/(0, 0, 0, 0, 0, 2)3/
(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 0, 0)/ . . .
3 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)2/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 1
(0, 0, 0, 0, 1, 1)/(1, 0, 1, 0, 0, 0) (1, 1, 0, 0, 1, 1)/(2, 1, 1, 0, 0, 0)/(0, 1, 1, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)2/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)/
(1, 0, 2, 1, 0, 0)/(1, 0, 0, 1, 0, 0)/(0, 0, 0, 0, 2, 0)/
(0, 0, 0, 0, 0, 2)/(1, 0, 1, 0, 1, 1)/ . . .
4 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 6
(0, 0, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 1)2 (1, 1, 0, 0, 1, 1)/(1, 1, 0, 0, 0, 1)2/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)/(0, 0, 1, 1, 0, 1)2/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 1, 2)2/
(0, 0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0, 0)3/ . . .
5 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 6
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 1)2 (0, 0, 0, 0, 0, 0)3/(0, 0, 0, 0, 0, 2)/(0, 0, 1, 1, 0, 1)2/
(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 0, 1)2/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)2/(0, 0, 1, 2, 1, 0)/(0, 0, 1, 0, 1, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 1)2/ . . .
6 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/ 2
(0, 0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0, 1)2 (1, 1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0, 1)2/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 0)2/(0, 0, 1, 1, 0, 1)2/
(0, 0, 0, 0, 0, 0)6/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 1, 1)4/
(0, 0, 0, 0, 0, 2)/ . . .
7 (1, 0, 0, 0, 0, 0)2/(0, 1, 1, 0, 0, 0)/ (0, 0, 0, 0, 0, 0)3/(2, 0, 0, 0, 0, 0)/(1, 1, 1, 0, 0, 0)2/ 6
Continued on next page
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Table 7.7 – continued from previous page
VD8(λ1) ↓ A61 Some composition factors of L (E8) ↓ A61 n
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/ (1, 0, 0, 1, 1, 0)2/(1, 0, 0, 0, 0, 2)2/(1, 0, 0, 0, 0, 0)2/
(0, 0, 0, 0, 0, 0) (0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 1, 1, 1, 1, 0)/
(0, 1, 1, 0, 0, 2)/(0, 1, 1, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 1, 1, 0)/
(0, 0, 0, 0, 0, 2)2/ . . .
8 (1, 1, 0, 0, 0, 0)/(0, 1, 1, 0, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)2/(1, 2, 1, 0, 0, 0)/ 1
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/ (1, 0, 1, 0, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0) (1, 1, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 1, 1, 1, 1, 0)/
(0, 1, 1, 0, 0, 2)/(0, 1, 1, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 1, 1, 0)/
(0, 0, 0, 0, 0, 2)2/ . . .
9 (1, 0, 0, 0, 0, 1)/(0, 1, 1, 0, 0, 0)/ (2, 0, 0, 0, 0, 0)/(0, 0, 0, 0, 0, 2)3/(1, 1, 1, 0, 0, 1)/ 5
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/ (1, 0, 0, 1, 1, 1)/(1, 0, 0, 0, 0, 3)/(1, 0, 0, 0, 0, 1)2/
(0, 0, 0, 0, 0, 0) (0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 1, 1, 1, 1, 0)/
(0, 1, 1, 0, 0, 2)/(0, 1, 1, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 1, 1, 0)/ . . .
7.13.3 A61 ⊆ G2F4
Suppose that A61 is in G2F4. By Theorem 4.1, there is a unique conjugacy class of A
4
1 in F4 with
each factor restricted. There is a unique conjugacy class of A21 in G2 with both factors restricted.
Hence there is a unique conjugacy class of A61 in G2F4 with each factor restricted. The A
4
1 in F4 is
A¯1
4
in F4 so in E6. Hence by Lemma 2.26, it is A¯1
4
in E8. Therefore this A
6
1 is conjugate to an A
6
1
in A¯1E7 since CE8(A¯1)
◦ = E7.
The A41 in F4 is in B4 with VB4(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0). By Theorem 2.21,
L (E8) ↓ G2F4 = (10, 0001)/(01, 0000)/(00, λ1). By Theorem 2.21, L (F4) ↓ B4 = λ2/λ4 and
L (E8) ↓ B4 = λ2/λ84/λ71/021. Thus we find
L (E8) ↓ G2B4 = (10, λ1)/(10, λ4)/(10, 0)/(01, 0)/(00, λ2)/(00, λ4).
So using the fact that ∧2(VB4(λ1)) = VB4(λ2), we calculate L (E8) ↓ A61 and find that this A61 is
conjugate to case 5 of Table 9.11.
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7.14 R1 . . . Rn = A
5
1
By Lemma 2.23, the A51 in E8 are in D8, E6A2, G2F4 or A¯1E7.
7.14.1 A51 in A¯1E7
We start by proving a few lemmas.
Lemma 7.2. 1. All A51 ⊆ A¯1A¯1D6 such that A51 = A¯13A¯1 XY with XY = A21 ⊆ D4 such that
VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are conjugate.
2. All A51 ⊆ A¯1A¯1D6 such that A51 = A¯13 A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1)
or (4, 0)/(0, 2) are conjugate.
3. All A51 ⊆ A¯1A¯1D6 such that A51 = A¯13XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or
(4, 0)/(0, 2) are conjugate.
Proof. All of these A51 are in A¯1
4
D4 ⊆ D4D4. By Lemma 2.27, NE8(D4D4)/D4D4 = 2.S3. An
element of order three in S3 induces triality on D4 making all XY ⊆ D4 such that VD4(λ1) ↓ XY =
(3, 1) or (4, 0)/(0, 2) conjugate in D4. It also acts on A¯1
4
by permuting three of the four A1. Hence,
with the extra action of the 2, there is a unique conjugacy class of (A¯1
3
)(A¯1XY ). Therefore there
is a unique conjugacy class of A¯1
3
A¯1 XY , A¯1
3
A¯1XY and A¯1
3
XY .
Lemma 7.3. Any A51 in E8 of the form A¯1
4
A¯1 A¯1 is conjugate to one of the following A
5
1:
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0))
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5).
Proof. Clearly A51 ⊆ A¯16. By Lemma 2.25, CE8(A¯16)◦ = A¯12. Hence A51 ⊆ A¯18. By Lemma 2.27,
NE8(A¯1
8
) = A¯1
8
.AGL3(2). Let X = AGL3(2) acting on V3(2) = V with basis {v1, v2, v3}. Then
by Lemma 2.28, X1 = StabAGL3(2)({0, v1}) has two orbits on (4,2)-partitions of V1 = V \ {0, v1}.
Therefore there are at two conjugacy classes of A¯1
4
A¯1 A¯1 in E8. Note that A
5
1 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆
E8 with embeddings (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) and (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5)
are such A51. By (7.5), we find in the first case
L (E8) ↓ A51 = (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 1, 1, 1)/
(1, 0, 1, 0, 1)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)6/
(0, 0, 2, 0, 0)/(0, 0, 1, 1, 0)4/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/(0, 0, 0, 1, 2)2/
(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 2)2/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 1)2/(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 1)4.
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In the second case we find
L (E8) ↓ A51 = (1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)5/(1, 0, 1, 0, 1)4/(1, 0, 0, 1, 1)4/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)5/
(0, 0, 0, 0, 2)6/(0, 0, 0, 0, 0)10/(0, 1, 1, 0, 1)4/(0, 1, 0, 1, 1)4.
These two A51 do not have the same composition factors on L (E8). Hence they are not conjugate
to each other in E8. Thus any A
5
1 in E8 of the form A¯1
4
A¯1 A¯1 is conjugate to one of these.
Lemma 7.4. Any A51 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following
A51:
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2)
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)).
Proof. Clearly all of these A51 are in A¯1
8
. By Lemma 2.27, NE8(A¯1
8
) = A¯1
8
.AGL3(2). Furthermore
by Lemma 2.28, AGL3(2) has two orbits on (3, 3, 2)-partitions of a set of 8 elements. Hence there
are two conjugacy classes of (A¯1
3
)(A¯1
2
)(A¯1
3
) in A¯1
8
. Therefore there are two conjugacy classes of
A¯1
3
A¯1 A¯1 A¯1 A¯1 A¯1 in E8.
The A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) and (1, 1, (1, 1, 0)/
(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) are such A51. By (7.5), we calculate the restriction of L (E8) to each of
these A51:
L (E8) ↓ A51 = (1, 1, 1, 1, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/(1, 0, 1, 1, 1)2/
(1, 0, 0, 2, 1)2/(1, 0, 0, 0, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)4/
(0, 0, 1, 3, 0)/(0, 0, 1, 1, 0)3/(0, 0, 1, 1, 2)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/(0, 0, 0, 0, 0)/
(0, 1, 1, 1, 1)2/(0, 1, 0, 2, 1)2/(0, 1, 0, 0, 1)2;
L (E8) ↓ A51 = (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 1, 1, 1)/
(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/(1, 0, 0, 1, 2)/(1, 0, 0, 1, 0)/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/
(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)3/(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 1, 1, 1)/
(0, 1, 1, 0, 2)/(0, 1, 1, 0, 0)/(0, 1, 0, 2, 1)/(0, 1, 0, 0, 1)/(0, 1, 0, 1, 2)/(0, 1, 0, 1, 0).
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Hence these two A51 are not conjugate in E8. Thus any A
5
1 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 A¯1 A¯1 is
conjugate to one of these A51.
Lemma 7.5. Any A51 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 A¯1 is conjugate to one of the following A
5
1:
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2)
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2).
Proof. Clearly these A51 are in A¯1
7
. By Lemma 2.25, CE8(A¯1
7
)◦ = A¯1. Hence A51 ⊆ A¯18. By Lemma
2.27, NE8(A¯1
8
) = A¯1
8
.AGL3(2). Let X = AGL3(2) activing on V3(2) = V with basis {v1, v2, v3}.
Then the stabiliser of 0 in AGL3(2) is GL3(2). Hence NE8(A¯1
7
) = A¯1
7
.GL3(2). Furthermore by
Lemma 2.28, GL3(2) has two orbits on (3, 2, 2)-partitions of V \{0}. Hence there are two conjugacy
classes of (A¯1
3
)(A¯1
2
)(A¯1
2
) in A¯1
7
. Therefore there are two conjugacy classes of A¯1
3
A¯1 A¯1 A¯1 A¯1 in
E8.
The A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) and (1, 1, (1, 1, 0)/
(0, 1, 1)/(0, 0, 1)2) are such A51. We calculate L (E8) ↓ A51 in both cases.
L (E8) ↓ A51 = (1, 1, 1, 0, 0)2/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/(1, 0, 1, 1, 1)2/
(1, 0, 0, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)4/(0, 0, 2, 0, 0)/(0, 0, 1, 2, 0)2/
(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)4/(0, 0, 0, 2, 0)3/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/(0, 1, 1, 1, 1)2/
(0, 1, 0, 1, 1)4
L (E8) ↓ A51 = (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/(1, 0, 1, 0, 2)/
(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 1, 1, 1)2/(0, 0, 0, 0, 2)2/
(0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0)3/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 1)2/(0, 1, 0, 2, 0)2/
(0, 1, 0, 0, 0)2/(0, 1, 0, 1, 2)/(0, 1, 0, 1, 0).
Clearly these A51 are not conjugate to each other. Any A
5
1 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 A¯1 A¯1 is
conjugate to one of these A51.
Lemma 7.6. Any A51 in E8 of the form A¯1
4
A¯1 A¯1 A¯1 is conjugate to one of the following A
5
1:
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0))
• A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)).
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Proof. These A51 are in A¯1
7
. By Lemma 2.25, CE8(A¯1
7
)◦ = A¯1. Hence A51 ⊆ A¯17 ⊆ A¯18. By Lemma
2.27, NE8(A¯1
8
) = A¯1
8
.AGL3(2). Let X = AGL3(2) activing on V3(2) = V with basis {v1, v2, v3}.
By Lemma 2.28, StabAGL3(2)(0) has two orbits on (3, 4)-partitions of V \ {0}. Hence there are two
conjugacy classes of (A¯1
3
)(A¯1
4
) in A¯1
7
. Therefore there are two conjugacy classes of A¯1
4
A¯1 A¯1 A¯1
in E8.
The A51 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embeddings (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0)) and
(1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) are such A51. We calculate L (E8) ↓ A51 in both of these
cases:
L (E8) ↓ A51 = (1, 1, 0, 1, 1)/(1, 1, 1, 0, 0)2/(1, 1, 2, 0, 0)/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 1)2/
(1, 0, 1, 1, 0)2/(1, 0, 2, 1, 0)/(1, 0, 0, 1, 0)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 1, 1, 1)2/(0, 0, 2, 1, 1)/(0, 0, 0, 1, 1)/
(0, 0, 0, 0, 0)3/(0, 0, 2, 0, 0)3/(0, 0, 3, 0, 0)2/(0, 0, 1, 0, 0)4/(0, 1, 1, 1, 0)2/
(0, 1, 1, 0, 1)2/(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)/(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0);
L (E8) ↓ A51 = (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 0, 1, 1)2/
(1, 0, 0, 0, 2)2/(1, 0, 0, 0, 0)2/(1, 0, 1, 1, 1)/(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)3/(0, 0, 2, 0, 0)/(0, 0, 1, 1, 1)2/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)3/(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 2)2/
(0, 1, 0, 0, 0)2/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 2)/(0, 1, 1, 0, 0).
Thus these A51 are not conjugate to each other. Hence any A
5
1 in E8 of the form A¯1
4
A¯1 A¯1 A¯1 is
conjugate to one of these A51.
Now suppose X = A51 is in A¯1E7. We are in one of the following cases:
1. A51 = A¯1A
4
1 ⊆ A¯1E7
2. A51 ⊆ E7
3. A51 = A¯1 A1A
4
1 ⊆ A¯1A51 ⊆ A¯1E7.
We will consider each of these individually.
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1. A51 = A¯1A
4
1 ⊆ A¯1E7
Suppose A51 = A¯1A
4
1 ⊆ A¯1E7. By Theorem 6.1, there are 36 conjugacy classes of A41 in E7 with
each factor restricted. Thus there are 36 conjugacy classes of A51 = A¯1A
4
1 ⊆ A¯1E7 with each factor
restricted. All of them are in A¯1A¯1D6 so using (7.5) and our calculations from Chapter 6, we find
L (E8) ↓ A51 in each of these cases. These are listed in Table 7.8. Note that a few of these cases
have the same composition factors on L (E8).
First consider cases 2 and 3 of Table 7.8 where A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (1, 1, 0)/
(0, 0, 1)2/(0, 0, 0)4) and (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2). Clearly these are both A¯1
5
. By Lemma
2.25, there is a unique conjugacy class of A¯1
5
in E8. Hence these two A
5
1 are conjugate to each
other.
Next consider cases 12 and 16 of Table 7.8 where A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (3, 1, 0)/
(1, 0, 1)) and (1, 1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)). They are both A¯1
3
A¯1 XY with XY = A
2
1 ⊆ D4 such
that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). Hence they are conjugate to each other by the first part
of Lemma 7.2.
Now consider cases 11 and 18 of Table 7.8 where A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (3, 1, 0)/
(0, 1, 1)) and (1, 1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2)). They are both A¯1
3
A¯1XY with XY = A
2
1 ⊆ D4 such
that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). Hence they are conjugate to each other by the second
part of Lemma 7.2.
We now consider cases 13 and 19 of Table 7.8 whereA51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (3, 1, 0)/
(0, 0, 1)2) and (1, 1, (4, 0, 0)/(0, 1, 0)2/(0, 0, 2)). These are both A¯1
3
XY with XY = A21 ⊆ D4 such
that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2). Hence they are conjugate to each other by the third
part of Lemma 7.2.
Next consider case 6 of Table 7.8. It is A¯1
4
A¯1 A¯1. By Lemma 7.3 it is conjugate to A
5
1 ⊆
A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embeddings (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) or (1, 1, (1, 1, 0)/(0, 0, 2)/
(0, 0, 0)5). These are cases 5 and 7 of Table 7.8. By comparing the composition factors ofL (E8) ↓ A61
in all three cases, we find that it is conjugate to case 5 of Table 7.8.
Now consider case 34 of Table 7.8 which isA51 ⊆ A¯1A¯1D6 with embedding (1, 1, (1, 1, 0)2/(0, 1, 1)).
It is A¯1
3
A¯1 A¯1 A¯1 A¯1 A¯1. By Lemma 7.4 it is conjugate to A
5
1 ⊆ A¯1A¯1D6 with embeddings
(1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) or (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)). Thus it is con-
jugate to case 4 or case 24 of Table 7.8. It has distinct composition factors as case 24 on L (E8).
Hence it is conjugate to case 4 of Table 7.8.
Finally consider cases 25 and 32 of Table 7.8 where A51 ⊆ A¯1A¯1D6 with embeddings (1, 1, (1, 1, 0)/
(1, 0, 0)2/(0, 0, 2)/(0, 0, 0)) and (1, 1, (1, 1, 0)2/(0, 0, 1)2). They are A¯1
3
A¯1 A¯1 A¯1 A¯1. By Lemma 7.5
they are conjugate to A51 in A¯1A¯1D6 with embeddings (1, 1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2)
or (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2). Hence they are conjugate to cases 8 or 22 of Table 7.8. By
comparing the composition factors of L (E8) ↓ A61 in each case we find that cases 25 and 32 of
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Table 7.8 are repectively conjugate to cases 22 and 8 of Table 7.8.
All other cases of Table 7.8 have distinct composition factors on L (E8). Thus they are not
conjugate to each other in E8. So Table 7.8 gives 28 distinct conjugacy classes of A
5
1 in E8. They
are cases 1 to 28 in Table 9.12.
Table 7.8: A¯1A
4
1 in A¯1A¯1D6 ⊆ A¯1E7 in E8.
VA¯1A¯1D6 ↓ A51 L (E8) ↓ A51
1 (1, 1, (3, 0, 0)2/(0, 1, 1)) (1, 1, 3, 0, 0)2/(1, 1, 0, 1, 1)/(1, 0, 3, 1, 0)2/(1, 0, 4, 0, 1)/
(1, 0, 0, 0, 1)3/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 0, 0)3/
(0, 0, 0, 0, 0)3/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 3, 1, 1)2/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 1, 3, 0, 1)2/(0, 1, 4, 1, 0)/
(0, 1, 0, 1, 0)3
2 (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2) (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/
(1, 0, 1, 0, 1)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 0)8/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)9/(0, 0, 2, 0, 0)/(0, 0, 1, 1, 0)4/
(0, 0, 1, 0, 1)4/(0, 0, 0, 2, 0)/(0, 0, 0, 1, 1)4/(0, 0, 0, 0, 2)/
(0, 1, 1, 1, 1)/(0, 1, 1, 0, 0)4/(0, 1, 0, 1, 0)4/(0, 1, 0, 0, 1)4
3 (1, 1, (1, 1, 0)/(0, 0, 1)2/(0, 0, 0)4) (1, 1, 1, 1, 0)/(1, 1, 0, 0, 1)2/(1, 1, 0, 0, 0)4/(1, 0, 1, 0, 1)2/
(1, 0, 1, 0, 0)4/(1, 0, 0, 1, 1)2/(1, 0, 0, 1, 0)4/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 1, 1, 1)2/
(0, 0, 1, 1, 0)4/(0, 0, 0, 0, 0)9/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 1)8/
(0, 1, 1, 0, 1)2/(0, 1, 1, 0, 0)4/(0, 1, 0, 1, 1)2/(0, 1, 0, 1, 0)4
4 (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 1, 1, 1, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/
(0, 0, 0)2) (1, 0, 1, 1, 1)2/(1, 0, 0, 2, 1)2/(1, 0, 0, 0, 1)2/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)4/(0, 0, 1, 3, 0)/
(0, 0, 1, 1, 0)3/(0, 0, 1, 1, 2)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/
(0, 0, 0, 0, 0)/(0, 1, 1, 1, 1)2/(0, 1, 0, 2, 1)2/(0, 1, 0, 0, 1)2
5 (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 0, 1)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 1)4/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)6/(0, 0, 2, 0, 0)/
(0, 0, 1, 1, 0)4/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/
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(0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 2)2/(0, 1, 1, 1, 1)/
(0, 1, 1, 0, 1)2/(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 1)4
6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)4) (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 0)4/(1, 0, 1, 1, 0)2/
(1, 0, 1, 0, 1)2/(1, 0, 0, 2, 0)2/(1, 0, 0, 0, 0)2/(1, 0, 0, 1, 1)2/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/
(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 1, 1, 0)4/(0, 0, 0, 0, 2)/
(0, 0, 0, 1, 1)4/(0, 0, 0, 0, 0)6/(0, 1, 1, 1, 0)2/(0, 1, 1, 0, 1)2/
(0, 1, 0, 2, 0)2/(0, 1, 0, 0, 0)2/(0, 1, 0, 1, 1)2
7 (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) (1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)5/(1, 0, 1, 0, 1)4/
(1, 0, 0, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)5/(0, 0, 0, 0, 2)6/
(0, 0, 0, 0, 0)10/(0, 1, 1, 0, 1)4/(0, 1, 0, 1, 1)4
8 (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/
(0, 0, 0)2) (1, 0, 1, 1, 1)2/(1, 0, 0, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 0, 0, 0)4/(0, 0, 2, 0, 0)/(0, 0, 1, 2, 0)2/(0, 0, 1, 0, 2)2/
(0, 0, 1, 0, 0)4/(0, 0, 0, 2, 0)3/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/
(0, 1, 1, 1, 1)2/(0, 1, 0, 1, 1)4
9 (1, 1, (2, 1, 1)) (1, 1, 2, 1, 1)/(1, 0, 2, 1, 2)/(1, 0, 4, 1, 0)/(1, 0, 0, 3, 0)/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 2, 2)/(0, 0, 4, 2, 0)/
(0, 0, 4, 0, 2)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 1, 2, 2, 1)/(0, 1, 4, 0, 1)/(0, 1, 0, 0, 3)
10 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 1, 2, 2, 0)/(1, 1, 0, 0, 2)/(1, 0, 3, 1, 1)/(1, 0, 1, 3, 1)/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 2, 0)/(0, 0, 2, 4, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 2, 2, 2)/(0, 0, 0, 0, 2)/
(0, 1, 3, 1, 1)/(0, 1, 1, 3, 1)
11 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 1, 3, 1, 0)/(1, 1, 0, 1, 1)/(1, 0, 3, 2, 0)/(1, 0, 3, 0, 0)/
(1, 0, 4, 0, 1)/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/
Continued on next page
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(0, 0, 3, 2, 1)/(0, 0, 3, 0, 1)/(0, 0, 0, 0, 2)/(0, 1, 3, 1, 1)/
(0, 1, 4, 1, 0)/(0, 1, 0, 3, 0)/(0, 1, 0, 1, 0)
12 (1, 1, (3, 1, 0)/(1, 0, 1)) (1, 1, 3, 1, 0)/(1, 1, 1, 0, 1)/(1, 0, 3, 1, 1)/(1, 0, 5, 0, 0)/
(1, 0, 3, 0, 0)/(1, 0, 1, 2, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)/
(0, 0, 4, 1, 1)/(0, 0, 2, 1, 1)/(0, 0, 0, 0, 2)/(0, 1, 4, 1, 0)/
(0, 1, 2, 1, 0)/(0, 1, 4, 0, 1)/(0, 1, 0, 2, 1)
13 (1, 1, (3, 1, 0)/(0, 0, 1)2) (1, 1, 3, 1, 0)/(1, 1, 0, 0, 1)2/(1, 0, 3, 1, 1)/(1, 0, 4, 0, 0)2/
(1, 0, 0, 2, 0)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 2, 0)/
(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 3, 1, 1)2/
(0, 0, 0, 0, 0)3/(0, 0, 0, 0, 2)/(0, 1, 3, 1, 0)2/(0, 1, 4, 0, 1)/
(0, 1, 0, 2, 1)
14 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (1, 1, 3, 1, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 3, 1, 1)/
(1, 0, 4, 0, 1)/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/
(0, 0, 3, 1, 2)/(0, 0, 3, 1, 0)/(0, 0, 0, 0, 2)2/(0, 1, 3, 1, 1)/
(0, 1, 4, 0, 1)/(0, 1, 0, 2, 1)
15 (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) (1, 1, 6, 0, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 0)/(1, 0, 6, 1, 0)/
(1, 0, 6, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 10, 0, 0)/(0, 0, 6, 0, 0)2/(0, 0, 2, 0, 0)/
(0, 0, 6, 1, 1)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 1, 1)/
(0, 1, 6, 1, 0)/(0, 1, 6, 0, 1)/(0, 1, 0, 0, 1)/(0, 1, 0, 1, 0)
16 (1, 1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)) (1, 1, 4, 0, 0)/(1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)/(1, 0, 4, 0, 1)/
(1, 0, 2, 0, 1)/(1, 0, 3, 1, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 5, 1, 0)/(0, 0, 3, 1, 0)/
(0, 0, 4, 0, 2)/(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)/(0, 0, 0, 0, 2)/
(0, 1, 4, 0, 1)/(0, 1, 2, 0, 1)/(0, 1, 3, 1, 1)
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17 (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) (1, 1, 4, 0, 0)/(1, 1, 0, 1, 1)/(1, 1, 2, 0, 0)/(1, 0, 4, 1, 0)/
(1, 0, 2, 1, 0)/(1, 0, 4, 0, 1)/(1, 0, 2, 0, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 6, 0, 0)2/(0, 0, 2, 0, 0)3/(0, 0, 4, 1, 1)/
(0, 0, 4, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 2, 1, 1)/
(0, 1, 4, 1, 0)/(0, 1, 2, 1, 0)/(0, 1, 4, 0, 1)/(0, 1, 2, 0, 1)
18 (1, 1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2)) (1, 1, 4, 0, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 0, 3, 1, 1)/
(1, 0, 3, 0, 2)/(1, 0, 3, 0, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 4, 1, 1)/(0, 0, 4, 0, 2)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)/
(0, 1, 3, 1, 1)/(0, 1, 3, 0, 2)/(0, 1, 3, 0, 0)
19 (1, 1, (4, 0, 0)/(0, 1, 0)2/(0, 0, 2)) (1, 1, 4, 0, 0)/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 2)/(1, 0, 3, 1, 1)/
(1, 0, 3, 0, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 6, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 4, 1, 0)2/(0, 0, 4, 0, 2)/(0, 0, 0, 0, 0)3/
(0, 0, 0, 2, 0)/(0, 0, 0, 1, 2)2/(0, 0, 0, 0, 2)/(0, 1, 3, 1, 1)/
(0, 1, 3, 0, 1)2
20 (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 1, 4, 0, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 3, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 6, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 4, 2, 0)/(0, 0, 4, 0, 2)/(0, 0, 4, 0, 0)/
(0, 0, 0, 2, 0)2/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)2/(0, 1, 3, 1, 1)2
21 (1, 1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) (1, 1, 1, 1, 0)/(1, 1, 1, 0, 1)/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/
(1, 0, 0, 0, 1)/(1, 0, 1, 1, 1)/(1, 0, 1, 2, 0)/(1, 0, 1, 0, 0)/
(1, 0, 0, 1, 2)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)2/(0, 0, 2, 1, 1)/(0, 0, 0, 1, 1)/
(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 2)2/(0, 0, 1, 1, 2)/
(0, 0, 1, 1, 0)/(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 2)/
(0, 1, 1, 0, 0)/(0, 1, 1, 1, 1)/(0, 1, 0, 2, 1)/(0, 1, 0, 0, 1)
22 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/
(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/
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(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 1, 1, 1)2/
(0, 0, 0, 0, 2)2/(0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0)3/
(0, 1, 1, 1, 1)/(0, 1, 1, 0, 1)2/(0, 1, 0, 2, 0)2/(0, 1, 0, 0, 0)2/
(0, 1, 0, 1, 2)/(0, 1, 0, 1, 0)
23 (1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) (1, 1, 1, 1, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 2, 0, 1)/
(1, 0, 0, 0, 1)2/(1, 0, 1, 1, 1)2/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)3/(0, 0, 2, 2, 0)/
(0, 0, 0, 0, 0)/(0, 0, 1, 1, 2)2/(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)2/
(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)2/(0, 1, 1, 1, 1)2/(0, 1, 0, 2, 1)
24 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/ (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/
(1, 0, 0, 0, 1)/(1, 0, 0, 1, 2)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/
(0, 0, 1, 0, 1)/(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)3/
(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 2)/
(0, 1, 1, 0, 0)/(0, 1, 0, 2, 1)/(0, 1, 0, 0, 1)/(0, 1, 0, 1, 2)/
(0, 1, 0, 1, 0)
25 (1, 1, (1, 1, 0)/(1, 0, 0)2/(0, 0, 2)/ (1, 1, 1, 1, 0)/(1, 1, 1, 0, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 1, 0, 1)2/(1, 0, 1, 1, 1)/
(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)2/
(0, 0, 0, 2, 0)/(0, 0, 2, 1, 0)2/(0, 0, 0, 1, 0)2/(0, 0, 1, 1, 2)/
(0, 0, 1, 1, 0)/(0, 0, 0, 0, 0)3/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/
(0, 0, 0, 0, 2)2/(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)/(0, 1, 1, 0, 1)2/
(0, 1, 1, 1, 1)/(0, 1, 0, 1, 1)2
26 (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/ (1, 1, 0, 1, 1)/(1, 1, 1, 0, 0)2/(1, 1, 2, 0, 0)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 1, 0, 1)2/(1, 0, 1, 1, 0)2/(1, 0, 2, 1, 0)/(1, 0, 0, 1, 0)/
(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 1, 1, 1)2/(0, 0, 2, 1, 1)/
Continued on next page
7.14 R1 . . . Rn = A
5
1 258
Table 7.8 – continued from previous page
VA¯1A¯1D6 ↓ A51 L (E8) ↓ A51
(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)3/(0, 0, 2, 0, 0)3/(0, 0, 3, 0, 0)2/
(0, 0, 1, 0, 0)4/(0, 1, 1, 1, 0)2/(0, 1, 1, 0, 1)2/(0, 1, 2, 0, 1)/
(0, 1, 0, 0, 1)/(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)
27 (1, 1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)3/
(0, 0, 0)3) (1, 0, 1, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)4/
(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)4/(0, 0, 0, 2, 2)/
(0, 0, 0, 0, 2)4/(0, 0, 0, 0, 0)3/(0, 1, 1, 1, 1)4
28 (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) (1, 1, 2, 0, 0)2/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 0, 2, 1, 1)2/
(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/
(0, 0, 4, 0, 0)/(0, 0, 0, 0, 0)/(0, 0, 2, 2, 0)2/(0, 0, 2, 0, 2)2/
(0, 0, 0, 2, 0)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(0, 1, 2, 1, 1)2/
(0, 1, 0, 1, 1)2
29 (1, 1, (1, 1, 0)/(0, 0, 2)2/(0, 0, 0)2) (1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)2/(1, 1, 0, 0, 0)2/(1, 0, 1, 0, 2)2/
(1, 0, 1, 0, 0)2/(1, 0, 0, 1, 2)2/(1, 0, 0, 1, 0)2/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)2/
(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)7/(0, 0, 0, 0, 4)/(0, 0, 0, 0, 0)2/
(0, 1, 1, 0, 2)2/(0, 1, 1, 0, 0)2/(0, 1, 0, 1, 2)2/(0, 1, 0, 1, 0)2
30 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/ (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 2, 0)/(1, 0, 1, 0, 0)/(1, 0, 0, 3, 0)/
(1, 0, 0, 1, 0)2/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)4/(0, 0, 1, 2, 1)/
(0, 0, 1, 0, 1)/(0, 0, 1, 3, 0)/(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)/
(0, 0, 0, 3, 1)/(0, 0, 0, 1, 1)2/(0, 1, 1, 1, 1)/(0, 1, 1, 2, 0)/
(0, 1, 1, 0, 0)/(0, 1, 0, 3, 0)/(0, 1, 0, 1, 0)2/(0, 1, 0, 2, 1)/
(0, 1, 0, 0, 1)
31 (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/
(0, 0, 0)) (1, 0, 0, 0, 2)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 0)2/(1, 0, 1, 1, 1)2/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 0, 0, 0)3/(0, 0, 2, 0, 0)/
Continued on next page
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(0, 0, 1, 1, 1)2/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)3/(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 0, 0, 2)2/
(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 0)2/(0, 1, 1, 1, 1)2
32 (1, 1, (1, 1, 0)2/(0, 0, 1)2) (1, 1, 1, 1, 0)2/(1, 1, 0, 0, 1)2/(1, 0, 2, 0, 0)2/(1, 0, 0, 0, 0)4/
(1, 0, 1, 1, 1)2/(1, 0, 0, 2, 0)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)3/(0, 0, 2, 2, 0)/(0, 0, 0, 0, 0)4/
(0, 0, 1, 1, 1)4/(0, 0, 0, 0, 2)/(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)2/
(0, 1, 1, 1, 0)4/(0, 1, 0, 2, 1)
33 (1, 1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2) (1, 1, 1, 1, 0)/(1, 1, 1, 0, 1)/(1, 1, 1, 0, 0)2/(1, 0, 2, 0, 0)2/
(1, 0, 0, 0, 0)2/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 2, 1, 0)/
(1, 0, 0, 1, 0)/(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)/(0, 0, 2, 1, 1)/(0, 0, 0, 1, 1)/
(0, 0, 2, 1, 0)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 2)/(0, 0, 2, 0, 1)2/
(0, 0, 0, 0, 1)2/(0, 0, 0, 0, 0)3/(0, 1, 3, 0, 0)/(0, 1, 1, 0, 0)2/
(0, 1, 1, 0, 1)2/(0, 1, 1, 1, 0)2/(0, 1, 1, 1, 1)
34 (1, 1, (1, 1, 0)2/(0, 1, 1)) (1, 1, 1, 1, 0)2/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)2/
(1, 0, 1, 2, 0)2/(1, 0, 1, 0, 0)2/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)4/(0, 0, 2, 2, 0)/
(0, 0, 0, 0, 0)/(0, 0, 1, 2, 1)2/(0, 0, 1, 0, 1)2/(0, 0, 0, 0, 2)/
(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)3/(0, 1, 1, 1, 1)2/(0, 1, 0, 3, 0)
35 (1, 0, (2, 0, 0, 0)/(0, 2, 0, 0)/ (1, 2, 0, 0, 0)2/(1, 0, 2, 0, 0)2/(1, 0, 0, 2, 0)2/(1, 0, 0, 0, 2)2/
(0, 0, 2, 0)/(0, 0, 0, 2)) (0, 1, 1, 1, 1)4/(0, 0, 0, 0, 0)3/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/(0, 0, 2, 0, 0)/
(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)/(0, 0, 0, 2, 2)/
(0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)2
36 (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (3, 1, 0, 0, 0)/(1, 1, 0, 0, 0)/(1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)) (1, 1, 0, 0, 2)/(2, 0, 1, 1, 1)2/(0, 0, 1, 1, 1)2/(2, 0, 0, 0, 0)2/
(0, 2, 0, 0, 0)/(2, 0, 2, 0, 0)/(2, 0, 0, 2, 0)/(2, 0, 0, 0, 2)/
(0, 0, 2, 0, 0)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)/
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VA¯1D6 ↓ A51 n
1 (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)) 17
2 (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) 2
3 (1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) 11
4 (1, (1, 1, 0, 0)/(0, 0, 1, 1)2) 6
5 (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/(0, 0, 0, 0)) 25
6 (1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0)) 4
7 (1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) 27
8 (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 1)2) 4
9 (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)) 20
Table 7.9: A51 in A¯1D6 ⊆ E7 in E8. Each A51 has the same composition factors as case n of Table
9.12 on L (E8).
Table 7.8 – continued from previous page
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(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)2
2. A51 ⊆ E7
Suppose A51 is in E7. By Theorem 6.1, there are 9 conjugacy classes of A
5
1 in E7 with each factor
restricted. Note from Table 9.5 that at least one factor of each of these A51 is A¯1. By Theorem 2.24,
CE8(A¯1)
◦ = E7. Hence all of these A51 are conjugate to an A
5
1 = A¯1A
4
1 ⊆ A¯1E7 so to an A51 we have
seen previously. In each case we use our calculations in Section 7.13.1 to find L (E8) ↓ A51. Hence
we find which of cases 1 to 28 of Table 9.12, each of these A51 is conjugate to. These are given in
Table 7.9.
3. A51 = A¯1 A1A
4
1 ⊆ A¯1A51 ⊆ A¯1E7
Suppose A51 = A¯1 A1A
4
1 ⊆ A61 ⊆ A¯1E7. By Table 9.11, there are seven conjugacy classes of A¯1A51 in
A¯1E7 with each factor restricted.
Note that all of these A61 except case 7 of Table 9.11 have at least three factors which are
A¯1. We start by considering these A
6
1. Whichever A
5
1 = A1 A1A
4
1 we pick in these A
6
1, one of
the factors of A41 will be A¯1. Thus all of these A
5
1 are conjugate to an A
5
1 = A¯1A
4
1 ⊆ A¯1E7 since
CE8(A¯1)
◦ = E7. Hence they are conjugate to one of the A51 we have considered previously. We can
limit the number of cases to consider by noting that in some of these A61 some of the A1 are conjugate
to each other. For example in case 2 of Table 9.11, we only need to consider A51 ⊆ A61 with em-
Chapter 7. Products of restricted subgroups of the same type in E8 261
beddings (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2), (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) and (1, 1,
(1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) since the third and fourth factors of A61 and the fifth and sixth
factors of A61 are conjugate.
In each case we calculate L (E8) ↓ A51. Hence we find which of cases 1 to 28 of Table 9.12 each
of these A51 is conjugate to. These are given in Table 7.10.
We now consider case 7 of Table 9.11. We have A61 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding
(1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)). Clearly the four A1 in D6 are conjugate in D6.
Thus we only need to consider (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) and (1, 1, (2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)).
Suppose A51 ⊆ A¯1A¯1D6 with (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)). The second factor
of A51 is A¯1. As before this means that this A
5
1 is conjugate to one of cases 1 to 28 of Table 9.12.
It is conjugate to case 28 of Table 9.12 as this is the only one of cases 1 to 28 that has the same
composition factors as this A51 on L (E8).
Now suppose A61 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)). Using previous calculations we find
L (E8) ↓ A51 = (3, 1, 0, 0, 0)/(1, 1, 0, 0, 0)/(1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/
(2, 0, 1, 1, 1)2/(0, 0, 1, 1, 1)2/(2, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(2, 0, 2, 0, 0)/
(2, 0, 0, 2, 0)/(2, 0, 0, 0, 2)/(0, 0, 2, 0, 0)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/
(0, 0, 0, 2, 0)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)2.
This A51 does not have the same composition factors on L (E8) as any of the A
5
1 we have seen
previously. It is case 29 of Table 9.12.
7.14.2 A51 in G2F4
Suppose A51 is in G2F4. We are in one of the following cases:
• A51 = A1A41 with A1 in G2 and A41 in F4
• A51 = A21A31 with A21 in G2 and A31 in F4
• A51 = A1 A1A41 ⊆ A61 ⊆ G2F4.
Suppose A51 = A1A
4
1 with A1 in G2 and A
4
1 in F4. By Theorem 4.1, there is a unique conjugacy
class of A41 in F4 with each factor restricted. It is A¯1
4
in F4 so in E6. By Lemma 2.26, it is also A¯1
4
in E8. Thus these A
5
1 are conjugate to an A
5
1 in A¯1E7, since CE8(A¯1)
◦ = E7. By Lemma 2.30, there
are four conjugacy classes of restricted A1 in G2. For each of these A
5
1, we calculate L (E8) ↓ A51
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M VM ↓ A51 n
1 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)) 16
A1A1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)) 18
A1A1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)) 19
2 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) 4
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) 4
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 1)2) 4
3 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) 15
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) 10
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) 12
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) 9
4 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2) 18
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2) 18
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2) 3
5 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/(0, 0, 0, 0)) 3
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/(0, 0, 0, 0)) 3
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/(0, 0, 0, 0)) 19
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/(0, 0, 0, 0)) 24
6 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0) 6
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0) 17
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0) 17
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0) 25
7 A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) none
A¯1A¯1D6 ⊆ A¯1E7 (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) 28
Table 7.10: A51 = A1 A1A
4
1 ⊆ A61 in M ⊆ A¯1E7 in E8. Each A51 has the same composition factors as
case n of Table 9.12 on L (E8).
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VG2(λ1) ↓ A1 n
1 12/03 2
2 2/12 20
3 6 13
4 22/0 23
Table 7.11: A51 = A1A
4
1 with A1 in G2 and A
4
1 in F4. Each A
5
1 is conjugate to case n of Table 9.12.
M VM ↓ A51 n
1 G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (1, 0)/(0, 1)/(0, 0)2)) 25
2 G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (1, 0)2/(0, 1))) 3
3 G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (2, 1))) 7
4 G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (3, 0)/(0, 1))) 9
5 G2B4 ⊆ G2F4 ((0, 2)/(1, 1), (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) 28
Table 7.12: A51 = A
2
1A
3
1 ⊆ M ⊆ G2F4 with A21 in G2 and A31 in F4. Each A51 could have the same
composition factors as case n of Table 9.12 on L (E8).
and find which of cases 1 to 29 of Table 9.12 each of these A51 is conjugate to. This is given in Table
7.11.
Next suppose A51 = A
2
1A
3
1 with A
2
1 in G2 and A
3
1 in F4. By Theorem 4.1, there are 5 conjugacy
classes of A31 in F4 with each factor restricted. There is a unique conjugacy class of A
2
1 in G2. Hence
there are 5 cases to consider. These are listed in Table 7.12.
The A21 in G2 is A¯1A1. By [17, Table 8.1], the G2 factor of G2F4 is in a subsystem D4 in
E8. Therefore by Lemma 2.26, A¯1A1 ⊆ G2 is also A¯1A1 in E8. Hence these A51 are in A¯1E7 since
CE8(A¯1)
◦ = E7. Using Theorem 2.21 and Table 9.1 we find some composition factors of L (E8) ↓ A51
in each of these cases. In Table 7.12, we find that each of these A51 could have the same composition
factors on L (E8) as exactly one of cases 1 to 29 of Table 9.12. Hence they must be conjugate to
these cases.
Finally suppose A51 = A1 A1A
4
1 ⊆ A61 ⊆ G2F4. By Theorem 2.27, NF4(A¯14) = A¯14.S4.
Thus we only need to consider A51 = A1 A1A
4
1 ⊆ A61 with embeddings ((1, 1), (1, 1, 1, 1)) and
((1, 1), (1, 1, 1, 1)). As before, each factor of A41 ⊆ F4 is A¯1 in F4 so in E6. Hence, by Lemma
2.26, each factor of A41 ⊆ F4 is A¯1 in E8. Thus these A51 are conjugate to an A51 in A¯1E7. In Section
7.13.3, we calculated L (E8) ↓ A61. Hence we can calculate L (E8) ↓ A51 in both of these cases.
We find that A51 ⊆ A61 with embeddings ((1, 1), (1, 1, 1, 1)) and ((1, 1), (1, 1, 1, 1)) are respectively
conjugate to cases 19 and 24 of Table 9.12.
7.14 R1 . . . Rn = A
5
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VA¯1A5 ↓ A41 VA2(λ1) ↓ A1 L (E8) ↓ A51 n
(1, (1, 1, 0)/(0, 0, 1)) 2 (1, 1, 1, 0, 0)2/(1, 2, 0, 1, 0)/(1, 0, 2, 1, 0)/ 22
(2, 0, 0, 0, 0)/(0, 2, 2, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 1, 1, 1, 0)2/
(0, 0, 0, 0, 0)/(0, 0, 0, 0, 4)/(0, 0, 0, 0, 2)/ . . .
(1, (1, 1, 0)/(0, 0, 1)) 1 + 0 (1, 1, 1, 0, 0)2/(1, 2, 0, 1, 0)/(1, 0, 2, 1, 0)/ 6
(2, 0, 0, 0, 0)/(0, 2, 2, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 1, 1, 1, 0)2/
(0, 0, 0, 0, 0)2/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 1)2/ . . .
(1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 2 (1, 0, 1, 0, 0)2/(1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0)2/ 23
(0, 1, 1, 0, 0)2/(0, 1, 0, 1, 0)2/(0, 0, 1, 1, 0)2/
(1, 1, 1, 1, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 0)2/
(0, 0, 0, 0, 4)/(0, 0, 0, 0, 2)/ . . .
(1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 1 + 0 (1, 0, 1, 0, 0)2/(1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0)2/ 2
(0, 1, 1, 0, 0)2/(0, 1, 0, 1, 0)2/(0, 0, 1, 1, 0)2/
(1, 1, 1, 1, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 0)3/
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 1)2/ . . .
Table 7.13: A51 in A2A¯1A5 in A¯2E6 in E8. Each A
5
1 has the same composition factors as case n of
Table 9.12 on L (E8).
7.14.3 A51 in A¯2E6
By Theroem 5.1, there are two conjugacy classes of A41 in E6 with each factor restricted. They are
in A¯1A5 with embedding (1, (1, 1, 0)/(0, 0, 1)) and (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)). In both cases the
first factor of A41 ⊆ E6 is A¯1 in E6. Hence by Lemma 2.26, it is also A¯1 in E8. Thus whichever A1
we pick in A2, these A
5
1 are in A¯1E7.
There are two restricted A1 subgroups in A2. By Theorem 2.21,
L (E8) ↓ A¯2E6 = (10, λ6)/(01, λ1)/(00, λ2)/(11, 0).
By Theorem 5.1, we have L (E6) ↓ A41 in both cases. Hence in each case we find some composition
factors of L (E8) ↓ A51 so we find which of cases 1 to 29 of Table 9.12 each of these A51 are conjugate
to; these are listed in Table 7.13.
7.14.4 A51 in D8
There are 55 conjugacy classes of A51 in D8 with each factor restricted; they are listed in Table 7.14.
Note that in all cases except for case 17 one of the factors of A51 is A¯1 in D8. Hence by Lemma 2.26,
it is also A¯1 in E8. Therefore all A
5
1 in D8 with each factor restricted except potentially case 17 of
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Table 7.14 are in A¯1E7. Using Theorem 2.21 and the fact that ∧2(VD8(λ1)) = VD8(λ2) (Theorem
2.31), we find some composition factors of L (E8) ↓ A51. Thus we find which of cases 1 to 29 of
Table 9.12 each of these A51 is conjugate to; these are listed in Table 7.14.
Consider case 17 of Table 7.14. Case 27 of Table 9.12 is the only A51 we have already considered
that could have the same composition factors on L (E8) as this A51. We prove that these are
not conjugate. Case 27 of Table 9.12 is A51 in A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)). Thus the first factor of A51 in case 29 of Table 7.14 is A¯1. In case 17
we have A51 in D8 with embedding (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2).
Thus none of the factors of A51 are A¯1. Hence these A
5
1 are not conjugate. Therefore case 17 of
Table 7.14 is not conjugate to any of the A51 we have seen previously. It is case 30 of Table 9.12.
Table 7.14: A51 in D8 in E8. Each A
5
1 could have the
same composition factors on L (E8) ↓ A51 as case n of
Table 9.12.
VD8(λ1) ↓ A51 n
1 (6, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 13
2 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 2) 7
3 (4, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)3 1
4 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 15
5 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 4, 0, 0)/(0, 0, 0, 1, 1) 11
6 (2, 0, 0, 0, 0)/(4, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 14
7 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1) 9
8 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 10
9 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1) 12
10 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 3) 12
11 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(1, 0, 0, 0, 3) 9
12 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(3, 0, 0, 0, 1) 10
13 (1, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 3) 11
14 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 3)/(0, 0, 0, 0, 0) 12
15 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 2, 2) 8
16 (3, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 1
17 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0) 28
18 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)3 21
19 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)2 6
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VD8(λ1) ↓ A51 n
20 (2, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)2 23
21 /(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)2 3
22 /(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 0)2 18
23 (1, 0, 0, 0, 0)2/(2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 20
24 (1, 0, 0, 0, 0)2/(0, 1, 0, 0, 0)2/(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 4
25 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 17
26 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 25
27 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 0) 17
28 (2, 0, 0, 0, 0)/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 24
29 (2, 0, 0, 0, 0)/(1, 1, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 19
30 (2, 0, 0, 0, 0)/(1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 0) 3
31 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)2/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0) 18
32 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 1, 0, 1, 0)/(0, 1, 0, 0, 1)/(0, 0, 0, 0, 0) 19
33 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 1, 0, 1, 0)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 0) 16
34 (1, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2) 27
35 (2, 0, 0, 0, 0)2/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1) 22
36 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(1, 0, 0, 0, 1) 29
37 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)5 5
38 (1, 0, 0, 0, 0)4/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 5
39 (1, 0, 0, 0, 0)2/(0, 1, 0, 0, 0)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 1, 1) 2
40 (1, 0, 0, 0, 0)2/(0, 1, 0, 0, 0)2/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1) 4
41 (1, 0, 0, 0, 0)2/(0, 1, 0, 0, 0)2/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1) 5
42 (1, 0, 0, 0, 0)2/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1) 25
43 (1, 0, 0, 0, 0)2/(1, 1, 0, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 17
44 (1, 0, 0, 0, 0)2/(1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1) 17
45 (1, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)2/(0, 0, 0, 1, 1) 6
46 (1, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 1, 0, 1, 0)/(0, 1, 0, 0, 1) 20
47 (1, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 1, 0, 1, 0)/(0, 0, 1, 0, 1) 17
48 (1, 1, 0, 0, 0)2/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1) 3
49 (1, 1, 0, 0, 0)2/(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1) 18
50 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(1, 0, 0, 1, 0)/(1, 0, 0, 0, 1) 24
51 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(1, 0, 0, 1, 0)/(0, 1, 0, 0, 1) 19
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VD8(λ1) ↓ A51 n
52 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1) 16
53 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 1, 0, 1, 0)/(0, 0, 1, 0, 1) 16
54 (1, 0, 0, 0, 0)2/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)4 2
55 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/(0, 0, 0, 0, 0)4 4
7.15 R1 . . . Rn = A
4
1
By Lemma 2.23, the A41 in E8 are in D8, E6A2, G2F4, A8, A
2
4 or A¯1E7.
7.15.1 A41 in A¯1E7
Suppose A41 is in A¯1E7. We are in one of the following cases:
1. A41 = A¯1A
3
1 ⊆ A¯1E7
2. A41 ⊆ E7
3. A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A¯1E7.
We start by proving a lemma.
Lemma 7.7. 1. Any A41 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 is conjugate to one of the following A
4
1:
• A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1)/(0, 1)4)
• A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (0, 2)/(1, 0)2/(0, 1)2/(0, 0)).
2. Any A41 in E8 of the form A¯1
3
A¯1 A¯1 is conjugate to one of the following A
4
1:
• A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 0)4/(0, 1)2)
• A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 ⊆ E8 with embedding (1, 1, (1, 1)/(1, 0)2/(0, 0)4).
Proof. These A41 are in A¯1
6
or A¯1
5
respectively. By Lemma 2.25, CE8(A¯1
6
)◦ = A¯1
2
and CE8(A¯1
5
)◦ =
A¯1
3
. Hence in both cases, A41 ⊆ A¯18. By Lemma 2.27, NE8(A¯18) = A¯18.AGL3(2). Let X = AGL3(2)
acting on V with basis {v1, v2, v3}. Then by Lemma 2.28, AGL3(2) has two orbits on (3, 3, 2)-
partitions of a set of 8 elements. Hence there are two conjugacy classes of (A¯1
3
)(A¯1
2
)(A¯1
3
). Therefore
there are two conjugacy classes of (A¯1
3
)(A¯1
3
) and there are two conjugacy classes of (A¯1
3
)(A¯1
2
). So
there are two conjugacy classes of A¯1
3
A¯1 A¯1 A¯1 and A¯1
3
A¯1 A¯1 respectively.
7.15 R1 . . . Rn = A
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The A41 ⊆ A¯1A¯1D6 with embeddings (1, 1, (0, 2)/(1, 0)2/(0, 1)2/(0, 0)) and (1, 1, (0, 2)/(1, 0)2/
(0, 1)2/(0, 0)) are A41 in E8 of the form A¯1
3
A¯1 A¯1 A¯1. We calculate L (E8) ↓ A41 in both cases:
L (E8) ↓ A41 = (1, 1, 1, 1)/(1, 1, 0, 1)4/(1, 0, 1, 1)4/(1, 0, 0, 1)6/(1, 0, 0, 3)/(2, 0, 0, 0)/
(1, 0, 0, 3)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)7/(0, 0, 1, 2)4/(0, 0, 0, 2)7/
(0, 0, 1, 2)4/(0, 0, 1, 0)4/(0, 0, 0, 0)10/(0, 1, 1, 0)5/(0, 1, 1, 2)/(0, 1, 1, 0)5/(0, 1, 1, 2)/
(0, 1, 0, 2)4/(0, 1, 0, 0)4;
L (E8) ↓ A41 = (1, 1, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)/(1, 0, 1, 1)2/(1, 0, 1, 2)/
(1, 0, 1, 1)2/(1, 0, 1, 2)/(1, 0, 1, 0)/(1, 0, 0, 2)2/(1, 0, 0, 0)2/(1, 0, 0, 1)4/(1, 0, 0, 0)2/
(1, 0, 0, 1)4/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 0, 2)3/(0, 0, 1, 2)2/(0, 0, 0, 2)3/(0, 0, 1, 2)2/
(0, 0, 0, 3)2/(0, 0, 0, 1)4/(0, 0, 0, 0)6/(0, 0, 2, 0)/(0, 0, 0, 0)6/(0, 0, 2, 0)/(0, 0, 1, 1)4/
(0, 0, 1, 0)2/(0, 1, 1, 1)2/(0, 1, 1, 2)/(0, 1, 1, 1)2/(0, 1, 1, 2)/(0, 1, 1, 0)/(0, 1, 0, 2)2/
(0, 1, 0, 0)2/(0, 1, 0, 1)4/(0, 1, 0, 0)2/(0, 1, 0, 1)4.
These A41 do not have the same composition factors on L (E8). Hence they are not conjugate to
each other in E8. Any A
4
1 in E8 of the form A¯1
3
A¯1 A¯1 A¯1 is conjugate to one of these A
4
1.
Similarly A41 ⊆ A¯1A¯1D6 with embeddings (1, 1, (1, 0)4/(0, 1)2) and (1, 1, (1, 1)/(1, 0)2/(0, 0)4) are
A41 in E8 of the form A¯1
3
A¯1 A¯1 and have distinct composition factors on L (E8). Any such A41 in
E8 is conjugate to one of these A
4
1.
1. A41 = A¯1A
3
1 ⊆ A¯1E7
Suppose A41 = A¯1A
3
1 ⊆ A¯1E7. By Theorem 6.1, there are 84 conjugacy classes of A31 in E7 with each
factor restricted. The first 82 cases of Table 7.15 are in A¯1D6; these are listed in Table 7.15. Using
our calculations from Chapter 6 and (7.5), we find L (E8) ↓ A51 in each of these cases. We note
that a few of these cases have the same composition factors on L (E8) and we prove that these are
conjugate.
Table 7.15: A¯1A
3
1 in A¯1A¯1D6 ⊆ A¯1E7 in E8
VA¯1A¯1D6 ↓ A41
1 (1, 1, (2, 2)/(2, 0))
Continued on next page
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VA¯1A¯1D6 ↓ A41
2 (1, 1, (8, 0)/(0, 2))
3 (1, 1, (3, 1)/(1, 1))
4 (1, 1, (3, 1)/(1, 1))
5 (1, 1, (3, 1)/(1, 0)2)
6 (1, 1, (3, 1)/(1, 0)2)
7 (1, 1, (3, 1)/(0, 1)2)
8 (1, 1, (3, 1)/(0, 1)2)
9 (1, 1, (3, 0)2/(1, 1))
10 (1, 1, (3, 0)2/(0, 1)2)
11 (1, 1, (3, 1)/(2, 0)/(0, 0))
12 (1, 1, (3, 1)/(0, 2)/(0, 0))
13 (1, 1, (3, 0)2/(0, 2)/(0, 0))
14 (1, 1, (3, 1)/(0, 0)4)
15 (1, 1, (6, 0)/(0, 4))
16 (1, 1, (6, 0)/(1, 1)/(0, 0))
17 (1, 1, (6, 0)/(0, 1)2/(0, 0))
18 (1, 1, (6, 0)/(0, 2)/(0, 0)2)
19 (1, 1, (4, 0)/(0, 4)/(0, 0)2)
20 (1, 1, (4, 0)/(1, 1)/(2, 0))
21 (1, 1, (4, 0)/(1, 1)/(0, 2))
22 (1, 1, (4, 0)/(0, 1)2/(2, 0))
23 (1, 1, (4, 0)/(0, 1)2/(0, 2))
24 (1, 1, (4, 0)/(1, 0)2/(0, 2))
25 (1, 1, (4, 0)/(1, 1)/(0, 0)3)
26 (1, 1, (4, 0)/(0, 1)2/(0, 0)3)
27 (1, 1, (4, 0)/(0, 2)2/(0, 0))
28 (1, 1, (4, 0)/(0, 2)/(2, 0)/(0, 0))
29 (1, 1, (4, 0)/(0, 2)/(0, 0)4)
30 (1, 1, (1, 1)3)
31 (1, 1, (1, 1)2/(0, 1)2)
32 (1, 1, (1, 1)2/(0, 1)2)
33 (1, 1, (1, 1)/(0, 1)4)
Continued on next page
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VA¯1A¯1D6 ↓ A41
34 (1, 1, (1, 1)/(0, 1)2/(1, 0)2)
35 (1, 1, (1, 0)4/(0, 1)2)
36 (1, 1, (1, 1)2/(0, 0)4)
37 (1, 1, (1, 1)/(1, 0)2/(0, 0)4)
38 (1, 1, (1, 0)2/(0, 1)2/(0, 0)4)
39 (1, 1, (1, 1)/(0, 0)8)
40 (1, 1, (1, 1)/(0, 2)2/(0, 0)2)
41 (1, 1, (1, 1)/(2, 0)/(0, 2)/(0, 0)2)
42 (1, 1, (1, 0)2/(2, 0)/(0, 2)/(0, 0)2)
43 (1, 1, (1, 0)2/(0, 2)2/(0, 0)2)
44 (1, 1, (1, 1)/(2, 0)/(0, 0)5)
45 (1, 1, (1, 0)2/(0, 2)/(0, 0)5)
46 (1, 1, (2, 0)3/(0, 2))
47 (1, 1, (2, 0)2/(0, 2)2)
48 (1, 1, (2, 0)2/(0, 2)/(0, 0)3)
49 (1, 1, (2, 0)/(0, 2)/(0, 0)6)
50 (1, 1, (1, 1)/(2, 0)/(0, 1)2/(0, 0))
51 (1, 1, (0, 2)/(1, 0)2/(0, 1)2/(0, 0))
52 (1, 1, (1, 1)/(2, 0)/(1, 0)2/(0, 0))
53 (1, 1, (1, 1)2/(2, 0)/(0, 0))
54 (1, 1, (1, 0)4/(0, 2)/(0, 0))
55 (1, 1, (2, 1)2)
56 (1, 1, (2, 1)2)
57 (1, 1, (5, 1))
58 (1, 1, (5, 1))
59 (1, 1, (2, 2)/(0, 0)3)
60 (1, 0, (2, 1, 1))
61 (1, 0, (2, 2, 0)/(0, 0, 2)/(0, 0, 0)3)
62 (1, 0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))
63 (1, 0, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0))
64 (1, 0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1))
65 (1, 0, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0))
Continued on next page
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66 (1, 0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3)
67 (1, 0, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2))
68 (1, 1, (2, 1, 1))
69 (1, 1, (2, 1, 1))
70 (1, 1, (2, 1, 1))
71 (1, 1, (2, 2, 0)/(0, 0, 2))
72 (1, 1, (2, 2, 0)/(0, 0, 2))
73 (1, 1, (3, 1, 0)/(0, 1, 1))
74 (1, 1, (3, 1, 0)/(1, 0, 1))
75 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)))
76 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)))
77 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)))
78 (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
79 (1, 1, (1, 1, 0)2/(0, 1, 1))
80 (1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0))
81 (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2))
82 (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2))
First consider cases 5 and 6 of Table 7.15. By Section 6.9, there are two conjugacy classes of
A31 in A¯1D6 with embedding (1, (3, 1)/(1, 0)
2). This is due to the fact that in E7 there is no graph
automorphism on top of A¯1A¯1D6. In E8, there is such a graph automorphism and it fuses these
two conjugacy classes. Hence these two A41 are conjugate in E8.
Similarly the two A41 in A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (3, 1)/(1, 1)), (1, 1, (3, 1)/(0, 1)2),
(1, 1, (2, 1)2) and (1, 1, (5, 1)) are conjugate to each other in E8.
Next consider cases 76 and 77 of Table 7.15. Let EF be in D4 with embedding (4, 0)/(0, 2).
It is conjugate to AB by triality. Consider A¯1
3
A¯1D4, as we saw previously triality acts on D4
and permutes the A¯1 in A¯1
3
. Hence A¯1
3
A¯1AB and A¯1
3
A¯1CD are conjugate. Cases 76 and 77 are
conjugate since they are A¯1A¯1 A¯1 A¯1AB and A¯1A¯1 A¯1 A¯1CD.
Similarly consider cases 75 and 72 of Table 7.15. These A41 are both A¯1 A¯1 A¯1 A¯1 A¯B. We saw
that there is a unique conjugacy class of A¯1
3
A¯1AB. The first three A¯1 are conjugate to each other.
Hence there is a unique conjugacy class of A¯1 A¯1 A¯1 A¯1 A¯B in E8 so cases 75 and 72 of Table 7.15
are conjugate in E8.
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Next consider cases 25 and 9 of Table 7.15. They have the same composition factors on L (E8).
We show that these are conjugate. Let M,N ⊆ D4 with respectively VD4(λ1) ↓ M = 4/03 and
VD4(λ1) ↓ N = 32. Then cases 25 and 9 are respectively A¯13A¯1M and A¯13A¯1N . By Lemma 2.25,
there is a unique A¯1
3 ⊆ E8 and CE8(A¯13)◦ = A¯1D4. Triality acts on D4 and sends A to B while
permuting the three A¯1 of A¯1
3
. Hence A¯1
3
A¯1M is conjugate A¯1
3
A¯1N in E8. These two A
4
1 are
conjugate in E8.
Similarly cases 26 and 10 are A¯1
3
M and A¯1
3
N with M and N as before. Hence they are
conjugate in E8.
Now consider case 44 of Table 7.15 whereA41 ⊆ A¯1A¯1D6 with embedding (1, 1, (1, 1)/(2, 0)/(0, 0)5).
It is A¯1
3
A¯1 A¯1 A¯1. Hence by Lemma 7.7 it is conjugate to A
4
1 ⊆ A¯1A¯1D6 with embedding
(1, 1, (1, 1)/(0, 1)4) or (1, 1, (0, 2)/(1, 0)2/(0, 1)2/(0, 0)) so to cases 33 or 51 of Table 7.15. We find
that it does not have the same composition factors as case 51 of Table 7.15 on L (E8). Hence it is
conjugate to case 33 of Table 7.15.
Similarly case 45 of Table 7.15 is A¯1
3
A¯1 A¯1. By Lemma 7.7, it is conjugate to either case 35 or
case 37 of Table 7.15. By considering L (E8) ↓ A41 in all three cases we find that it is conjugate to
case 35 of Table 7.15.
All other cases have distinct composition factors to each other on L (E8). Thus they are not
conjugate to each other in E8. They are cases 1 to 70 of Table 9.13. In Table 9.13, we give one A
3
1
in each conjugacy class of A31 in E7. For the classification of all A
3
1 in E7 see Table 9.6.
It remains to consider the two A31 in E7 which are not in A¯1D6. Consider case 83 of Table 7.15
where A31 ⊆ A2A5 with embedding (2, (2, 0)/(0, 2)). By Theorem 2.21, we have L (E8) ↓ A¯1E7 and
L (E7) ↓ A2A5. By [17, Proposition 2,3], VE7(λ7) ↓ A2A5 = (λ1, λ1)/(λ2, λ5)/(0, λ3). Thus we find
the restriction of L (E8) to A¯1A2A5:
L (E8) ↓ A¯1A2A5 = (1, λ1, λ1)/(1, λ2, λ5)/(1, 0, λ3)/(2, 0, 0)/(0, λ1, λ2)/(0, λ2, λ4)/
(0, 11, 0)/(0, 0, 10001).
Hence for A41 ⊆ A¯1A2A5 with embedding (1, 2, (2, 0)/(0, 2)), we find
L (E8) ↓ A41 = (1, 2, 2, 0)2/(1, 2, 0, 2)2/(1, 0, 2, 2)2/(1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 2, 2, 0)2/
(0, 2, 0, 2)2/(0, 2, 2, 2)2/(0, 4, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 2, 0)/(0, 0, 2, 2)2/
(0, 0, 0, 4)/(0, 0, 0, 2)/(0, 0, 0, 0).
This does not have the same composition factors onL (E8) as any of the A41 we have seen previously.
Hence it is not conjugate to any of the A41 we have seen previously. It is case 71 of Table 9.13.
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Next consider case 84 of Table 7.15 where A31 ⊆ G2C3 with embedding (6, (2, 1)). As before,
using Theorem 2.21 and [17, Proposition 2.3], we find the restriction of L (E8) to A¯1G2C3:
L (E8) ↓ A¯1G2C3 = (1, 10, 100)/(1, 00, 001)/(2, 00, 000)/(0, 10, 010)/(0, 01, 000)/
(0, 00, 200).
Hence if A41 ⊆ A¯1G2C3 with embedding (1, 6, (2, 1)) then we have
L (E8) ↓ A41 = (1, 6, 2, 1)/(1, 0, 4, 1)/(1, 0, 0, 3)/(2, 0, 0, 0)/(0, 6, 2, 2)/(0, 6, 4, 0)/(0, 10, 0, 0)/
(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 0, 2)/(0, 0, 2, 0).
This does not have the same composition factors onL (E8) as any of the A41 we have seen previously.
It is case 72 of Table 9.13.
2. A41 ⊆ E7
By Theorem 6.1, there are 36 conjugacy classes of A41 in E7 with each factor restricted. These are
listed in Table 7.16. We have considered all of these in Section 7.14 and calculated L (E8) ↓ A¯1A41
for each of these. Hence we can easily find L (E8) ↓ A41 in each of these cases.
In cases 1 to 34 of Table 7.16, the first factor of A41 is A¯1. By Theorem 2.24, CE8(A¯1)
◦ = E7.
Hence these are all conjugate to an A41 = A¯1A1 ⊆ A¯1E7. By considering the composition factors of
L (E8) ↓ A41 for each of these A41 we find which of cases 1 to 72 of Table 9.13 they are conjugate to;
these are listed in Table 7.16.
Cases 35 and 36 of Table 7.16 do not have the same composition factors on L (E8) as any of
the A41 we have already seen. They are cases 73 and 74 of Table 9.13.
3. A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A¯1E7
By Table 9.12, there are 28 conjugacy classes of A¯1A
4
1 in E8. For each of these we consider all
possible A¯1 A1A
3
1 ⊆ A¯1A41. We can reduce the number of options we need to consider by noting
that in each A41, some of the factors are conjugate to each other. All of these options are listed in
Table 7.17. Using Table 9.12, we find L (E8) ↓ A41 in each of these cases.
All cases of Table 7.17 except cases 7(i), 8(i), 12(i), 15(i), 16(i), 18(i), 21(i), 22(i), 27(i), 28(i)
and 28(ii) have at least one factor which is a generated by long root subgroups. Hence these A41
are conjugate to one of cases 1 to 72 of Table 9.13 since CE8(A¯1)
◦ = E7. In Table 7.17, we use the
composition factors of L (E8) ↓ A41 to find the conjugacy class of each of these.
Now consider case 21(i) of Table 7.17 whereA41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (2, 0, 0)/
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VA¯1D6 ↓ A41 n
1 (1, (3, 0, 0)2/(0, 1, 1)) 7
2 (1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2) 33
3 (1, (1, 1, 0)/(0, 0, 1)2/(0, 0, 0)4) 32
4 (1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 26
5 (1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 31
6 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)4) 29
7 (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) 29
8 (1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 30
9 (1, (2, 1, 1)) 50
10 (1, (2, 2, 0)/(0, 0, 2)) 51
11 (1, (3, 1, 0)/(0, 1, 1)) 5
12 (1, (3, 1, 0)/(1, 0, 1)) 21
13 (1, (3, 1, 0)/(0, 0, 1)2) 24
14 (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 52
15 (1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) 14
16 (1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)) 4
17 (1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) 19
18 (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2)) 5
19 (1, (4, 0, 0)/(0, 1, 0)2/(0, 0, 2)) 11
20 (1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 53
21 (1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) 54
22 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) 28
23 (1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 55
24 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 42
25 (1, (1, 1, 0)/(1, 0, 0)2/(0, 0, 2)/(0, 0, 0)) 28
26 (1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0)) 43
27 (1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3) 56
28 (1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) 57
29 (1, (1, 1, 0)/(0, 0, 2)2/(0, 0, 0)2) 37
30 (1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/(0, 0, 0)) 44
31 (1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 27
32 (1, (1, 1, 0)2/(0, 0, 1)2) 41
33 (1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2) 27
34 (1, (1, 1, 0)2/(0, 1, 1)) 26
35 (0, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) none
36 (1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) none
Table 7.16: A41 in A¯1D6 ⊆ E7 in E8. Each A41 has the same composition factors on L (E8) as case
n of Table 9.13.
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(0, 2, 0)/(0, 0, 2)). Note that clearly this A41 is in D8 with VD8(λ1) ↓ A41 = (2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)4. Hence it is conjugate to A41 ⊆ D6 with VD6(λ1) ↓ A41 = (2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2) which is case 73 of Table 9.13.
Next consider case 27(i) of Table 7.17 where A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 0,
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)). The two A¯1 factors in A¯1A¯1D6 are conjugate. Hence this is conju-
gate to A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (0, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)) which is case
74 of Table 9.13.
Now consider case 28(i) of Table 7.17 whereA41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (2, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)). It has the same composition factors as case 22(i) of Table 7.17 where
A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)). Note that Y1Y2Y3Y4Y5 =
A51 ⊆ D8 with VD8(λ1) ↓ A51 = (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2) is
conjugate to A51 ⊆ A¯1A¯1D6 with embedding (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)). Fur-
thermore Y1, Y2, Y3, Y4 and Y5 are conjugate. Clearly case 28(i) is Y1 Y2Y3Y4Y5 and case 22(i) is
Y1Y2 Y3Y4Y5. Hence they are conjugate to each other.
Cases 7(i), 8(i), 12(i), 15(i), 16(i), 18(i), 22(i) and 28(ii) have different composition factors than
each other and to all the A41 we have seen previously on L (E8). They are cases 75 to 82 of Table
9.13.
Table 7.17: A41 = A¯1 A1A
3
1 ⊆ A¯1A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 in
E8. Each A
4
1 has the same composition factors on L (E8)
as case n of Table 9.13.
VA¯1A¯1D6 ↓ A41 n
1 (i) (1, 1, (3, 0, 0)2/(0, 1, 1)) 10
(ii) (1, 1, (3, 0, 0)2/(0, 1, 1)) 6
(iii) (1, 1, (3, 0, 0)2/(0, 1, 1)) 10
(iv) (1, 1, (3, 0, 0)2/(0, 1, 1)) 24
2 (i) (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2) 31
(ii) (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2) 31
3 (i) (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 68
(ii) (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 67
(iii) (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 45
(iv) (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 25
4 (i) (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 30
(ii) (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 28
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VA¯1A¯1D6 ↓ A41 n
(iii) (1, 1, (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 27
5 (i) (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) 41
(ii) (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) 46
(iii) (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)5) 27
6 (i) (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 56
(ii) (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 55
(iii) (1, 1, (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2) 26
7 (i) (1, 1, (2, 1, 1)) none
(ii) (1, 1, (2, 1, 1)) 58
(iii) (1, 1, (2, 1, 1)) 59
(iii) (1, 1, (2, 1, 1)) 60
8 (i) (1, 1, (2, 2, 0)/(0, 0, 2)) none
(ii) (1, 1, (2, 2, 0)/(0, 0, 2)) 61
(iii) (1, 1, (2, 2, 0)/(0, 0, 2)) 62
9 (i) (1, 1, (3, 1, 0)/(0, 1, 1)) 63
(ii) (1, 1, (3, 1, 0)/(0, 1, 1)) 3
(iii) (1, 1, (3, 1, 0)/(0, 1, 1)) 9
(iv) (1, 1, (3, 1, 0)/(0, 1, 1)) 66
10 (i) (1, 1, (3, 1, 0)/(1, 0, 1)) 65
(ii) (1, 1, (3, 1, 0)/(1, 0, 1)) 23
(iii) (1, 1, (3, 1, 0)/(1, 0, 1)) 18
(iv) (1, 1, (3, 1, 0)/(1, 0, 1)) 65
11 (i) (1, 1, (3, 1, 0)/(0, 0, 1)2) 52
(ii) (1, 1, (3, 1, 0)/(0, 0, 1)2) 21
(iii) (1, 1, (3, 1, 0)/(0, 0, 1)2) 20
(iv) (1, 1, (3, 1, 0)/(0, 0, 1)2) 52
12 (i) (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) none
(ii) (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 65
(iii) (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 63
(iv) (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 66
13 (i) (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) 15
(ii) (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) 13
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VA¯1A¯1D6 ↓ A41 n
(iii) (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) 15
14 (i) (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) 23
(ii) (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) 17
(iii) (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) 23
15 (i) (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) none
(ii) (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 64
(iii) (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 66
16 (i) (1, 1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) none
(ii) (1, 1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) 67
17 (i) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) 54
(ii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) 55
(iii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) 42
(iv) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)2) 26
18 (i) (1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) none
(ii) (1, 1, (1, 1, 0)2/(1, 0, 2)/(0, 0, 0)) 67
(iv) (1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) 68
19 (i) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 67
(ii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 67
(iii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 35
(iv) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 45
20 (i) (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0)) 36
(ii) (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0)) 44
(iii) (1, 1, (0, 1, 1)/(1, 0, 0)2/(2, 0, 0)/(0, 0, 0)) 36
21 (i) (1, 1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3) 73
(ii) (1, 1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3) 68
22 (i) (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) none
(ii) (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) 69
(iii) (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) 70
23 (i) (1, 1, (1, 1, 0)/(0, 0, 2)2/(0, 0, 0)2) 40
(ii) (1, 1, (1, 1, 0)/(0, 0, 2)2/(0, 0, 0)2) 40
(iii) (1, 1, (1, 1, 0)/(0, 0, 2)2/(0, 0, 0)2) 34
24 (i) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/(0, 0, 0)) 45
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VA¯1A¯1D6 ↓ A41 n
(ii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/(0, 0, 0)) 45
(iii) (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/(0, 0, 0)) 34
25 (i) (1, 1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2) 26
(ii) (1, 1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2) 47
(ii) (1, 1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2) 42
26 (i) (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 42
(ii) (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 42
(iii) (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 42
(iv) (1, 1, (1, 0, 0)2/(0, 1, 1)/(0, 0, 2)/(0, 0, 0)) 44
27 (i) (1, 0, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) 74
28 (i) (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) none
(ii) (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)) none
7.15.2 A41 in E6A2
Suppose A41 is in E6A2. We are in one of the following cases:
1. A41 = A1A
3
1 ⊆ A¯2E6 with A1 ⊆ A¯2 and A31 ⊆ E6
2. A41 ⊆ E6
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ A¯2E6.
We will consider each of these individually.
1. A41 = A1A
3
1 ⊆ A¯2E6 with A31 ⊆ E6
By Theorem 5.1, there are 10 conjugacy classes of A31 in E6 with each factor restricted. By Theorem
2.21,
L (E8) ↓ A¯2E6 = (λ1, λ6)/(λ2, λ1)/(0, λ2)/(11, 0). (7.6)
In Chapter 5, we found L (E6) ↓ A31 in each of these cases. There are two restricted A1 subgroups
in A2. Either VA2(λ1) ↓ A1 = 2 or VA2(λ1) ↓ A1 = 1/0. Thus for each possible A41 we find some of
the composition factors of L (E8) ↓ A41; these are listed in Table 7.18.
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All cases of Table 7.18 except for case 19 and 20 are in A2A¯1A5 in A2E6. The factor A1 is A¯1
in E6. Hence by Lemma 2.26, it is also A¯1 in E8. By Theorem 2.24, CE8(A¯1)
◦ = E7. Therefore
A2A¯1A5 ⊆ A¯1E7 so these A41 are conjugate to an A41 in A¯1E7.
Next consider case 20 of Table 7.18. Clearly A1 ⊆ A2 is A¯1 in A2. Hence by Lemma 2.26, it is
A¯1 in E8. So this A
4
1 is conjugate to an A
4
1 in A¯1E7 since CE8(A¯1)
◦ = E7.
In each of these cases we find that A41 can only have the same composition factors as exactly
one of cases 1 to 82 of Table 9.13. Thus we know exactly which of these cases each of these A41 is
conjugate to.
Case 19 cannot have the same composition factors as any of the A41 we have seen previously.
Thus it is not conjugate to any of the A41 we have seen previously. It is case 83 of Table 9.13.
Table 7.18: A41 = A1A
3
1 ⊆ M ⊆ A¯2E6 with A31 ⊆ E6.
Each A41 has the same composition factors on L (E8) as
case n of Table 9.13.
M VM ↓ A41 L (E8) ↓ A41 n
1 A2A1A5 (2, 1, (2, 1)) (4, 0, 0, 0)/(2, 0, 0, 0)/(0, 1, 4, 1)/(0, 1, 2, 1)/(0, 1, 0, 3)/ 59
(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 4, 0)/(0, 0, 2, 2)/(0, 0, 2, 0)/
(0, 0, 0, 2)
2 A2A1A5 (1/0, 1, (2, 1)) (0, 1, 4, 1)/(0, 1, 2, 1)/(0, 1, 0, 3)/(0, 2, 0, 0)/(0, 0, 4, 2)/ 47
(0, 0, 4, 0)/(0, 0, 2, 2)/(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 0, 0, 0)/
(1, 0, 0, 0)/(0, 0, 0, 0)/ . . .
3 A2A1A5 (2, 1, (2, 0)/ (0, 1, 2, 2)
2/(0, 1, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)/ 71
(0, 2)) (0, 0, 0, 0)/(4, 0, 0, 0)/(2, 0, 0, 0)
(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 2, 2)2/ . . .
4 A2A1A5 (1/0, 1, (2, 0)/ (0, 1, 2, 2)
2/(0, 1, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)/ 39
(0, 2)) (0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 2, 2)2/(0, 0, 0, 0)/(2, 0, 0, 0)/
(1, 0, 0, 0)/(0, 0, 0, 0)/ . . .
5 A2A1A5 (2, 1, (2, 0)/(0, 1)/ (0, 1, 2, 1)
2/(0, 1, 2, 0)2/(0, 1, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/ 39
(0, 0)) (0, 0, 0, 2)/(0, 0, 0, 1)2/(0, 0, 0, 0)2/(4, 0, 0, 0)/(2, 0, 0, 0)
(0, 0, 2, 1)2/(0, 0, 2, 0)3/ . . .
6 A2A1A5 (1/0, 1, (2, 0)/ (0, 1, 2, 1)
2/(0, 1, 2, 0)2/(0, 1, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/ 37
(0, 1)/(0, 0)) (0, 0, 0, 2)/(0, 0, 0, 1)2/(0, 0, 0, 0)2/(2, 0, 0, 0)/(1, 0, 0, 0)/
(0, 0, 2, 1)2/(0, 0, 2, 0)3/(0, 0, 0, 0)/ . . .
7 A2A1A5 (2, 1, (1, 1)/(1, 0)) (0, 1, 1, 1)
2/(0, 1, 3, 0)/(0, 1, 1, 0)/(0, 1, 1, 2)/(0, 2, 0, 0)/ 70
(0, 0, 2, 1)2/(0, 0, 0, 1)2/(0, 0, 0, 0)/(4, 0, 0, 0)/(2, 0, 0, 0)
Continued on next page
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Table 7.18 – continued from previous page
M VM ↓ A41 L (E8) ↓ A41 n
(0, 0, 2, 2)/(0, 0, 2, 0)2/(0, 0, 0, 2)/ . . .
8 A2A1A5 (1/0, 1, (1, 1)/ (0, 1, 1, 1)
2/(0, 1, 3, 0)/(0, 1, 1, 0)/(0, 1, 1, 2)/(0, 2, 0, 0)/ 26
(1, 0)) (0, 0, 2, 1)2/(0, 0, 0, 1)2/(0, 0, 0, 0)/(2, 0, 0, 0)/(1, 0, 0, 0)/
(0, 0, 2, 2)/(0, 0, 2, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0)/ . . .
9 A2A1A5 (2, 1, (1, 1)/(0, 0)
2) (0, 1, 1, 1)2/(0, 1, 2, 0)2/(0, 1, 0, 2)2/(0, 2, 0, 0)/(0, 0, 2, 0)/ 57
(0, 0, 0, 0)4/(4, 0, 0, 0)/(2, 0, 0, 0)
(0, 0, 0, 2)/(0, 0, 2, 2)/(0, 0, 1, 1)4/ . . .
10 A2A1A5 (1/0, 1, (1, 1)/ (0, 1, 1, 1)
2/(0, 1, 2, 0)2/(0, 1, 0, 2)2/(0, 2, 0, 0)/(0, 0, 2, 0)/ 30
(0, 0)2) (0, 0, 0)4/(2, 0, 0, 0)/(1, 0, 0, 0)/(0, 0, 0, 0)/
(0, 0, 0, 2)/(0, 0, 2, 2)/(0, 0, 1, 1)4/ . . .
11 A2A1A5 (2, 1, (1, 0)/(0, 1)
2) (0, 1, 1, 2)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)4/(0, 1, 1, 0)3/ 40
(0, 1, 0, 1)4/(0, 0, 1, 1)4/(0, 0, 0, 0)4/(4, 0, 0, 0)/(2, 0, 0, 0)
12 A2A1A5 (1/0, 1, (1, 0)/ (0, 1, 1, 2)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)
4/(0, 1, 1, 0)3/ 29
(0, 1)2) (0, 1, 0, 1)4/(0, 0, 1, 1)4/(0, 0, 0, 0)4/(2, 0, 0, 0)/
(1, 0, 0, 0)/ . . .
13 A2A1A5 (2, 1, (1, 0)/(0, 1)/ (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)
2/(0, 1, 1, 0)2/ 37
(0, 0)2) (0, 0, 1, 0)4/(0, 0, 0, 1)4/(0, 0, 0, 0)5/(4, 0, 0, 0)/(2, 0, 0, 0)/
(0, 1, 0, 1)2/(0, 0, 1, 1)2/(0, 1, 0, 0)4/ . . .
14 A2A1A5 (1/0, 1, (1, 0)/ (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)
2/(0, 1, 1, 0)2/ 32
(0, 1)/(0, 0)2) (0, 0, 1, 0)4/(0, 0, 0, 1)4/(0, 0, 0, 0)5/(2, 0, 0, 0)/(1, 0, 0, 0)/
(0, 1, 0, 1)2/(0, 0, 1, 1)2/(0, 1, 0, 0)4/(0, 0, 0, 0)/ . . .
15 A2A1A5 (2, 1, (3, 0)/(0, 1)) (0, 0, 6, 0)/(0, 1, 4, 1)/(0, 0, 4, 0)/(0, 1, 3, 0)
2/(0, 0, 3, 1)2/ 22
(0, 1, 0, 1)/(0, 0, 0, 0)/(4, 0, 0, 0)/(2, 0, 0, 0)
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ . . .
16 A2A1A5 (1/0, 1, (3, 0)/ (0, 0, 6, 0)/(0, 1, 4, 1)/(0, 0, 4, 0)/(0, 1, 3, 0)
2/(0, 0, 3, 1)2/ 7
(0, 1)) (0, 1, 0, 1)/(0, 0, 0, 0)/(2, 0, 0, 0)/(1, 0, 0, 0)/(0, 0, 0, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ . . .
17 A2A1A5 (2, 1, (1, 1, 0)/ (0, 1, 1, 1)
4/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(0, 0, 2, 0)2/ 81
(0, 0, 1)) (0, 0, 0, 2)2/(0, 2, 0, 0)2/(0, 0, 0, 0)/(4, 0, 0, 0)/(2, 0, 0, 0)
18 A2A1A5 (1/0, 1, (1, 1, 0)/ (0, 1, 1, 1)
4/(0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(0, 0, 2, 0)2/ 56
(0, 0, 1)) (0, 0, 0, 2)2/(0, 2, 0, 0)2/(0, 0, 0, 0)/(2, 0, 0, 0)/(1, 0, 0, 0)/
(0, 0, 0, 0)/ . . .
19 A2A
3
2 (2, 2, 2, 2) (0, 2, 2, 2)
2/(0, 4, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)/(0, 2, 0, 0)/ none
Continued on next page
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M VM ↓ A41 L (E8) ↓ A41 n
(0, 0, 2, 0)/(0, 0, 0, 2)/(4, 0, 0, 0)/(2, 0, 0, 0)
20 A2A
3
2 (1/0, 2, 2, 2) (0, 2, 2, 2)
2/(0, 4, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)/(0, 2, 0, 0)/ 71
(0, 0, 2, 0)/(0, 0, 0, 2)/(2, 0, 0, 0)/(1, 0, 0, 0)/
(0, 0, 0, 0)/ . . .
2. A41 ⊆ E6
By Theorem 5.1, there are two conjugacy classes of A41 in E6 with each factor restricted. They are
both in A¯1A5. As in the previous section, A¯1A5 ⊆ A¯1E7 since CE8(A¯1)◦ = E7. Hence both of these
A41 are conjugate to an A
4
1 in A¯1E7
By Theorem 5.1 we have L (E6) ↓ A41. Hence by (7.6), we find some of the composition factors
of L (E8) ↓ A41 in both cases.
L (E8) ↓ A41 = (1, 1, 1, 0)/(1, 2, 0, 1)/(1, 0, 2, 1)/(1, 1, 1, 0)/(2, 0, 0, 0)/(0, 2, 2, 0)/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)2/(0, 0, 0, 0)/ . . .
L (E8) ↓ A41 = (1, 0, 1, 0)2/(1, 0, 0, 1)2/(1, 1, 0, 0)2/(0, 1, 1, 0)2/(0, 1, 0, 1)2/(0, 0, 1, 1)2/
(1, 1, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)2/ . . .
These A41 are respectively conjugate to cases 41 and 33 of Table 9.13 since these are the only ones
of cases 1 to 82 of Table 9.13 that could have the same composition factors as these A41 on L (E8).
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ A¯2E6
By Theorem 5.1, there are two conjugacy classes of A41 in E6 with each factor restricted. There are
two conjugacy classes of restricted A1 in A2. Hence there are 4 conjugacy classes of A
5
1 in A2E6
with each factor restricted.
Note that in each case at least two of the factors of A51 are A¯1. Hence whichever A
4
1 = A1 A1A
3
1 ⊆
A51 we pick, one of the factors of A
4
1 is A¯1. Hence these A
4
1 are in A¯1E7.
Using (7.6) and Theorem 5.1, we find some composition factors of L (E8) ↓ A41 in each case.
Thus we find which of cases 1 to 82 of Table 9.13 each of these A41 is conjugate to as there is a
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VA2A¯1A5 ↓ A41 n
(2, 1, (1, 1, 0)/(0, 0, 1)) 69
(2, 1, (1, 1, 0)/(0, 0, 1)) 38
(2, 1, (1, 1, 0)/(0, 0, 1)) 69
(1/0, 1, (1, 1, 0)/(0, 0, 1)) 55
(1/0, 1, (1, 1, 0)/(0, 0, 1)) 36
(1/0, 1, (1, 1, 0)/(0, 0, 1)) 55
(2, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 34
(2, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 34
(1/0, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 31
(1/0, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) 31
Table 7.19: A41 = A1 A1A
3
1 ⊆ A¯2A¯1A5 ⊆ A¯2E6. Each A41 could have the same composition factors
on L (E8) as case n of Table 9.13.
unique one that could have the same composition factors as these A41 on L (E8). These are listed
in Table 7.19.
7.15.3 A41 in G2F4
Suppose A41 is in G2F4. We are in one of the following cases:
1. A41 = A1A
3
1 with A1 in G2 and A
3
1 in F4
2. A41 = A
2
1A
2
1 with A
2
1 in G2 and A
2
1 in F4
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ G2F4.
We will consider each of these individually.
1. A41 = A1A
3
1 with A1 in G2 and A
3
1 in F4
By Theorem 4.1, there are 5 conjugacy classes of A31 in F4 with each factor restricted. By Lemma
2.30, there are four conjugacy classes of restricted A1 in G2. Thus we need to consider twenty A
4
1
in G2F4. They are listed in Table 7.20.
Note that all A31 in F4 except A
3
1 ⊆ B4 with VB4(λ1) ↓ A31 = (2, 0, 0)/(0, 2, 0)/(0, 0, 2) have a
factor which is A¯1 in F4. It is also A¯1 in E6 so, by Lemma 2.26, it is also A¯1 in E8. Hence cases
1 to 16 of Table 7.20 have a factor A¯1. Therefore these are all conjugate to an A
4
1 in A¯1E7 since
CE8(A¯1)
◦ = E7.
By Lemma 2.30, in cases 17, 18 and 20 of Table 7.20, the A1 in G2 is in A¯1A1 ⊆ G2. By [17,
Table 8.1], G2 is in a subsystem D4 in E8. Therefore by Lemma 2.26, A¯1A1 ⊆ G2 is also A¯1A1 in
E8. Thus A
4
1 is contained in A¯1A1F4 so in A¯1E7 since CE8(A¯1)
◦ = E7.
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M VM ↓ A41 n
1 G2A1C3 (1
2/03, 1, (1, 0)/(0, 1)/(0, 0)2) 32
2 G2A1C3 (2/1
2, 1, (1, 0)/(0, 1)/(0, 0)2) 43
3 G2A1C3 (6, 1, (1, 0)/(0, 1)/(0, 0)
2) 14
4 G2A1C3 (2
2/0, 1, (1, 0)/(0, 1)/(0, 0)2) 37
5 G2A1C3 (1
2/03, 1, (1, 0)2/(0, 1)) 29
6 G2A1C3 (2/1
2, 1, (1, 0)2/(0, 1)) 36
7 G2A1C3 (6, 1, (1, 0)
2/(0, 1)) 15
8 G2A1C3 (2
2/0, 1, (1, 0)2/(0, 1)) 40
9 G2A1C3 (1
2/03, 1, (2, 1)) 47
10 G2A1C3 (2/1
2, 1, (2, 1)) 50
11 G2A1C3 (6, 1, (2, 1)) 72
12 G2A1C3 (2
2/0, 1, (2, 1)) 59
13 G2A1C3 (1
2/03, 1, (3, 0)/(0, 1)) 7
14 G2A1C3 (2/1
2, 1, (3, 0)/(0, 1)) 20
15 G2A1C3 (6, 1, (3, 0)/(0, 1)) 12
16 G2A1C3 (2
2/0, 1, (3, 0)/(0, 1)) 22
17 G2B4 (1
2/03, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) 56
18 G2B4 (2/1
2, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) 74
19 G2B4 (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) none
20 G2B4 (2
2/0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) 81
Table 7.20: A41 = A1A
3
1 ⊆ M ⊆ G2F4 with A1 in G2 and A31 in F4. Each A41 could have the same
composition factors on L (E8) as case n of Table 9.13.
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By Theorem 2.21,
L (E8) ↓ G2F4 = (10, 0001)/(01, 0000)/(00, 1000). (7.7)
In Chapter 4, we calculated L (F4) ↓ A31 for each A31 in F4. By Lemma 2.30, we know VG2(λ2) ↓ A1
for each restricted A1 in G2. Thus for each A
4
1, we find some composition factors of L (E8) ↓ A41.
In each of these cases there is only one of cases 1 to 82 of Table 9.13 that could have the same
composition factors as these A41 on L (E8). These are listed in Table 7.20. Thus we know exactly
which of cases 1 to 82 of Table 9.13 each of these is conjugate to.
Case 19 does not have the same composition factors on L (E8) as any of the A41 we have seen
previously. Hence it is not conjugate to any of the A41 we have seen previously. It is case 84 of Table
9.13.
2. A41 = A
2
1A
2
1 with A
2
1 in G2 and A
2
1 in F4
By Theorem 4.1, there are 15 conjugacy classes of A21 in F4 with each factor restricted. There is a
unique conjugacy class of A21 in G2 with both factors restricted. It is A¯1A1 in G2. By [17, Table
8.1], G2 is in a subsystem D4 in E8. Hence A¯1A1 ⊆ G2 is also A¯1A1 in E8 by Lemma 2.26. Thus
all of these A41 have a factor which is A¯1. Therefore they are conjugate to an A
4
1 in A¯1E7 since
CE8(A¯1)
◦ = E7. By Table 9.1 and (7.7), we find some composition factors of L (E8) ↓ A41. By
comparing composition factors of L (E8) ↓ A41, we find which of cases 1 to 82 each of these A41 is
conjugate to. These are listed in Table 7.21.
3. A41 = A1 A1A
3
1 ⊆ A51 ⊆ G2F4
In Section 7.14, we looked at all A51 in G2F4 with each factor restricted. We saw that they are all
conjugate to an A51 in A¯1E7. Hence we have already considered all A
4
1 = A1 A1A
3
1 ⊆ A51 ⊆ G2F4 in
Section 7.15.1.
7.15.4 A41 in A
2
4
There are three conjugacy classes of A21 in A4 with both factors restricted:
• VA4(λ1) ↓ A21 = (1, 1)/(0, 0);
• VA4(λ1) ↓ A21 = (1, 0)/(0, 1)/(0, 0);
• VA4(λ1) ↓ A21 = (2, 0)/(0, 1).
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M VM ↓ A41 n
1 G2A1C3 ((0, 2)/(1, 1), 1, 5) 48
2 G2A1C3 ((0, 2)/(1, 1), 1, 3/1) 3
3 G2A1C3 ((0, 2)/(1, 1), 1, 3/0
2) 5
4 G2A1C3 ((0, 2)/(1, 1), 1, 2
2) 47
5 G2A1C3 ((0, 2)/(1, 1), 1, 1
3) 25
6 G2A1C3 ((0, 2)/(1, 1), 1, 1
2/02) 26
7 G2A1C3 ((0, 2)/(1, 1), 1, 1/0
4) 27
8 G2A1C3 ((0, 2)/(1, 1), 0, (2, 1)) 50
9 G2A1C3 ((0, 2)/(1, 1), 1, (1, 0)
2/(0, 1)) 68
10 G2A1C3 ((0, 2)/(1, 1), 1, (2, 1)) 58
11 G2A1C3 ((0, 2)/(1, 1), 1, (2, 1)) 60
12 G2A1C3 ((0, 2)/(1, 1), 1, (3, 0)/(0, 1)) 66
13 G2B4 ((0, 2)/(1, 1), (2, 2)) 62
14 G2B4 ((0, 2)/(1, 1), 2, 0)/(0, 2)
2 70
15 G2A1G2 ((0, 2)/(1, 1), 1, 6) 72
Table 7.21: A41 = A
2
1A
2
1 ⊆ M ⊆ G2F4 with A21 in G2 and A21 in F4. Each A41 could have the same
composition factors on L (E8) as case n of Table 9.13
VA4(λ1) ↓ A21 VA4(λ1) ↓ A21 n
1 (1, 1)/(0, 0) (1, 1)/(0, 0) 80
2 (1, 1)/(0, 0) (1, 0)/(0, 1)/(0, 0) 30
3 (1, 1)/(0, 0) (2, 0)/(0, 1) 57
4 (1, 0)/(0, 1)/(0, 0) (1, 1)/(0, 0) 30
5 (1, 0)/(0, 1)/(0, 0) (1, 0)/(0, 1)/(0, 0) 32
6 (1, 0)/(0, 1)/(0, 0) (2, 0)/(0, 1) 37
7 (2, 0)/(0, 1) (1, 1)/(0, 0) 57
8 (2, 0)/(0, 1) (1, 0)/(0, 1)/(0, 0) 37
9 (2, 0)/(0, 1) (2, 0)/(0, 1) 39
Table 7.22: A41 in A
2
4. Each A
4
1 has the same composition factors on L (E8) as case n of Table 9.13
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VA8(λ1) ↓ A41 n
1 (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 80
2 (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1)/(0, 0, 0, 0) 30
3 (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 2) 57
4 (1, 0, 0, 0)/(0, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1)/(0, 0, 0, 0) 32
5 (1, 0, 0, 0)/(0, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 2) 37
Table 7.23: A41 in A8. Each A
4
1 could have the same composition factors on L (E8) as case n of
Table 9.13.
Therefore we need to consider nine A41, see Table 7.22.
All of these A41 except the first case of Table 7.22 have a factor which is A¯1 in A4. Hence by
Lemma 2.26, they have a factor A¯1 in E8. Thus these A
4
1 are all conjugate to an A
4
1 in A¯1E7 since
CE8(A¯1)
◦ = E7. By Theorem 2.21,
L (E8) ↓ A24 = (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(1001, 0000)/(0000, 1001).
Hence we can easily calculate L (E8) ↓ A41 in each of these cases. In each case there is only one of
cases 1 to 82 of Table 9.13 that has the same composition factors as these A41 on L (E8). These are
listed in Table 7.22. Thus we know exactly which of cases 1 to 82 each of these A41 is conjugate to.
The first case has the same composition factors as case 80 of Table 9.13. We claim that these
are conjugate. In case 80 of Table 9.13, we have X = A41 ⊆ A¯1A¯1D6 ⊆ A¯1E7 with embedding
(1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)). Hence X is in D8 with VD8(λ1) ↓ A41 = (2, 0, 0, 0)/(0, 1, 1, 0)2/
(0, 0, 0, 2)/(0, 0, 0, 0)2. Let AB = A23 ⊆ D8 with VD8(λ1) ↓ AB = (010, 000)/(000, 100)/(000, 001)/
(000, 000)2 (case 2 of Table 9.9 for A23). Then X is in AB with embedding ((1, 1), (1, 1)). In Section
7.7, we proved that AB was conjugate to A23 ⊆ A24. Hence X is conjugate to A41 ⊆ A23 ⊆ A24 with
embedding ((1, 1), (1, 1)). So it is conjugate to A41 ⊆ A4 with embedding ((1, 1)/(0, 0), (1, 1)/(0, 0))
which is case 1 of Table 7.22.
7.15.5 A41 in A8
There are five conjugacy classes of A145 in A8 with each factor restricted; they are listed in Table
7.23. Note that one of the factors of each of these A41, except case 1 of Table 7.23, is A¯1 in A8. By
Lemma 2.26, it is also A¯1 in E8. Hence these are conjugate to an A
4
1 in A¯1E7 since CE8(A¯1)
◦ = E7.
By Theorem 2.21, L (E8) ↓ A8 = 10000001/λ3/λ6. Thus, in each case, we find some of the
composition factors of L (E8) ↓ A41. In each case we find that there is only one of cases 1 to 82 that
has the same factors on L (E8) as these A41. These are given in Table 7.23. Hence we find exactly
which of cases 1 to 82 of Table 9.13 each of these are conjugate to.
Note that in the first case we have VA8(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0). Clearly A41 ⊆
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A3A3 with embedding ((1, 1), (1, 1)). Hence it is in A
2
4 with embedding ((1, 1)/(0, 0), (1, 1)/(0, 0))
so it is conjugate to case 80 of Table 9.14.
7.15.6 A41 in D8
Suppose A41 is in D8. There are 158 conjugacy classes of A
4
1 in D8 with each factor restricted. They
are listed in Table 7.24.
All of these A41 have a factor which is generated by long root subgroups except cases 13, 41, 42,
43, 52, 53, 65, 66, 68, 79, 80, 81, 110, 115, 116, 125, 127, 128, 141 and 147 of Table 7.24. By Lemma
2.26, A¯1 ⊆ D8 is also A¯1 in E8. Hence these A41 are in A¯1E7 since CE8(A¯1)◦ = E7. Therefore they
are conjugate to one of the A41 we have seen previously. By Theorem 2.21, L (E8) ↓ D8 = λ2/λ7.
Since ∧2(VD8(λ1)) = λ2, we can easily find some of the composition factors of L (E8) ↓ A41. We can
then use these composition factors to find which of cases 1 to 82 of Table 9.13 each of these A41 is
conjugate to. These results are displayed in Table 7.24.
Now consider cases 13 and 41 of Table 7.24. Let M1M2M3M4M5 = A
5
1 in D8 with VD8(λ1) ↓
M1M2M3M4M5 = (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(1, 0, 0, 0, 1). We have proved
in Section 7.14.4 that M1M2M3M4M5 is conjugate to an A
5
1 in A¯1E7. Clearly cases 13 and 41 of
Table 7.24 are respectively M2M3M4M5 and M1M2M3M4M5. Hence these A
4
1 are conjugate to an
A41 in A¯1E7. As before we calculate some composition factors of L (E8) ↓ A41 to find which of cases
1 to 82 of Table 9.13 each of these A41 is conjugate to. We find that cases 13 and 41 of Table 7.24
are respectively conjugate to cases 74 and and 82 of Table 9.9.
Similarly cases 13, 41, 52, 65, 66, 68, 110, 115, 116, 125, 127, 128, 141 and 147 of Table 7.24
are all in an A51 which we proved was in A¯1E7 in Section 7.14.4. Hence they are conjugate to one
of cases 1 to 82 of Table 9.13. By comparing composition factors on L (E8) we find the conjugacy
class of each of these A41. These results are given in Table 7.24.
Next consider case 42 of Table 7.24. This A41 has the same composition factors as case 84 of
Table 9.13. We show that these are conjugate. In case 84 of Table 9.13, we have X = A41 ⊆ G2B4
with embedding (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)). By [17, Table 8.1], CE8(B4)
◦ = B3. Hence X ⊆ B3B4
so X ⊆ D8. By Table 7.24, case 42 of Table 7.24 is the only A41 ⊆ D8 which could have the same
composition factors as X on L (E8). Therefore X is conjugate to case 42 of Table 7.24.
Now consider cases 43, 53 and 79 of Table 7.24 where A41 ⊆ D8 with embeddings (2, 0, 0, 0)/
(0, 4, 0, 0)/(0, 0, 1, 3), (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4) and (1, 3, 0, 0)/(0, 0, 1, 3). Clearly
these are all in D24 ⊆ D8. All A21 ⊆ D4 with VD4(λ1) ↓ A21 = (1, 3) or (2, 0)/(0, 4) are conjugate by
triality. By Lemma 2.27, NE8(D
2
4) = D
2
4.S3× 2. An element of order three in D4 induces triality on
both D24 simultaneously. Hence if pick an A
2
1 with VD4(λ1) ↓ A21 = (1, 3) or (2, 0)/(0, 4) in the first
D4 then the A
2
1 with VD4(λ1) ↓ A21 = (1, 3) or (2, 0)/(0, 4) in the second D4 are no longer conjugate.
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Thus there are two conjugacy classes of A41 ⊆ D24 ⊆ D8 with VD4(λ1) ↓ A21 = (1, 3) or (2, 0)/(0, 4)
in each D4. Hence two of cases 43, 53 and 79 of Table 7.24 must be conjugate to each other. By
comparing composition factors on L (E8) ↓ A41 we find that case 53 is conjugate to case 79.
Finally consider cases 43, 79, 80 and 81 of Table 7.24. These do not have the same composition
factors on L (E8) as any of the A41 we have considered previously (except case 53 of Table 7.24).
Hence they are not conjugate to any of the A41 we have considered previously (except case 53 of
Table 7.24). They are cases 85 to 88 of Table 9.13.
Table 7.24: A41 in D8 in E8. Each A
4
1 has the same com-
position factors on L (E8) as case n of Table 9.13.
VD8(λ1) ↓ A41 n
1 (1, 0, 0, 0)4/(0, 1, 0, 0)2/(0, 0, 1, 1) 29
2 (1, 0, 0, 0)4/(1, 1, 0, 0)/(0, 0, 1, 1) 27
3 (1, 0, 0, 0)4/(0, 1, 1, 0)/(0, 1, 0, 1) 46
4 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(0, 0, 0, 1)2 32
5 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(1, 0, 0, 1) 31
6 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 4) 11
7 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1) 28
8 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(1, 0, 1, 0)/(1, 0, 0, 1) 27
9 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(1, 0, 1, 0)/(0, 1, 0, 1) 30
10 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(1, 0, 1, 0)/(0, 0, 1, 1) 28
11 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 1)2 30
12 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 3) 11
13 (1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2) 74
14 (1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1) 20
15 (1, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2) 57
16 (1, 0, 0, 0)2/(0, 2, 0, 0)/(4, 0, 0, 0)/(0, 0, 1, 1) 21
17 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1) 19
18 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/(1, 0, 0, 1) 52
19 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 1, 0, 1) 5
20 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 1, 1) 4
21 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 2) 51
22 (1, 0, 0, 0)2/(0, 3, 0, 0)2/(0, 0, 1, 1) 7
23 (1, 0, 0, 0)2/(1, 1, 0, 0)2/(0, 0, 1, 1) 26
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24 (1, 0, 0, 0)2/(1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1) 44
25 (1, 0, 0, 0)2/(1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1) 26
26 (1, 0, 0, 0)2/(1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1) 42
27 (1, 0, 0, 0)2/(1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1) 54
28 (1, 0, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1)2 55
29 (1, 0, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 3) 52
30 (1, 0, 0, 0)2/(0, 1, 1, 0)2/(0, 1, 0, 1) 26
31 (1, 0, 0, 0)2/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1) 54
32 (1, 0, 0, 0)2/(0, 1, 1, 0)/(1, 0, 0, 3) 5
33 (1, 0, 0, 0)2/(0, 1, 1, 0)/(0, 1, 0, 3) 20
34 (1, 0, 0, 0)2/(0, 1, 1, 0)/(3, 0, 0, 1) 4
35 (1, 0, 0, 0)2/(0, 1, 1, 0)/(0, 3, 0, 1) 21
36 (1, 0, 0, 0)2/(0, 1, 1, 2) 50
37 (2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 1, 1) 38
38 (2, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 1, 1) 39
39 (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(1, 0, 0, 1) 69
40 (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 1, 0, 1) 70
41 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 0, 0) 82
42 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 6) 84
43 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4) none
44 (2, 0, 0, 0)/(4, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1) 17
45 (2, 0, 0, 0)/(4, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1) 23
46 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1) 18
47 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1) 9
48 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1) 3
49 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/(0, 0, 1, 1) 63
50 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1) 8
51 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1) 65
52 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)2 77
53 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 3) none
54 (2, 0, 0, 0)/(0, 8, 0, 0)/(0, 0, 1, 1) 2
55 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 2, 2) 62
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56 (2, 0, 0, 0)/(0, 1, 1, 0)/(2, 0, 0, 2) 1
57 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 2, 0, 2) 61
58 (3, 0, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1) 6
59 (3, 0, 0, 0)2/(0, 1, 1, 0)/(0, 1, 0, 1) 10
60 (4, 0, 0, 0)/(0, 6, 0, 0)/(0, 0, 1, 1) 12
61 (1, 1, 0, 0)3/(0, 0, 1, 1) 25
62 (1, 1, 0, 0)2/(1, 0, 1, 0)/(1, 0, 0, 1) 45
63 (1, 1, 0, 0)2/(1, 0, 1, 0)/(0, 1, 0, 1) 35
64 (1, 1, 0, 0)2/(1, 0, 1, 0)/(0, 0, 1, 1) 67
65 (1, 1, 0, 0)2/(0, 0, 1, 1)2 73
66 (1, 1, 0, 0)2/(0, 0, 1, 3) 77
67 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 1, 0) 67
68 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1) 79
69 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 3) 9
70 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 3) 63
71 (1, 1, 0, 0)/(1, 0, 1, 0)/(3, 0, 0, 1) 8
72 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 3, 0, 1) 64
73 (1, 1, 0, 0)/(0, 0, 1, 1)/(1, 3, 0, 0) 3
74 (1, 1, 0, 0)/(0, 0, 1, 1)/(1, 0, 3, 0) 18
75 (1, 1, 0, 0)/(0, 0, 1, 2)2 47
76 (1, 1, 0, 0)/(0, 0, 1, 5) 48
77 (1, 1, 0, 0)/(1, 0, 1, 2) 59
78 (1, 1, 0, 0)/(2, 0, 1, 1) 58
79 (1, 3, 0, 0)/(0, 0, 1, 3) none
80 (1, 1, 1, 1) none
81 (1, 1, 1, 1) none
82 (1, 0, 0, 0)4/(0, 2, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 46
83 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0) 31
84 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(2, 0, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 43
85 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)2 30
86 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 2, 0)/(1, 0, 0, 1)/(0, 0, 0, 0) 28
87 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 2, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 27
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88 (1, 0, 0, 0)2/(0, 1, 0, 0)2/(0, 0, 1, 1)/(0, 0, 0, 0)4 32
89 (1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 36
90 (1, 0, 0, 0)2/(2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 44
91 (1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 36
92 (1, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 1, 1)/(0, 0, 0, 0)2 37
93 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)3 56
94 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 4)/(0, 0, 0, 0) 53
95 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(1, 0, 0, 1)/(0, 0, 0, 0)2 55
96 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)2 26
97 (1, 0, 0, 0)2/(0, 2, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 42
98 (1, 0, 0, 0)2/(0, 2, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 0, 0, 0) 42
99 (1, 0, 0, 0)2/(0, 2, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 26
100 (1, 0, 0, 0)2/(0, 2, 0, 0)/(1, 0, 1, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 54
101 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 44
102 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 42
103 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 1, 1)2/(0, 0, 0, 0) 55
104 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)5 29
105 (1, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 1, 3)/(0, 0, 0, 0) 52
106 (1, 0, 0, 0)2/(0, 4, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)3 7
107 (1, 0, 0, 0)2/(0, 6, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 14
108 (1, 0, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)4 31
109 (1, 0, 0, 0)2/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)4 29
110 (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0) 81
111 (2, 0, 0, 0)2/(0, 2, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)3 40
112 (2, 0, 0, 0)2/(0, 4, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 22
113 (2, 0, 0, 0)2/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 34
114 (2, 0, 0, 0)2/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)2 40
115 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)4 73
116 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 4)/(0, 0, 0, 0)2 78
117 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(1, 0, 0, 1)/(0, 0, 0, 0)3 68
118 (2, 0, 0, 0)/(0, 2, 0, 0)/(4, 0, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 23
119 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(1, 0, 0, 1)/(0, 0, 0, 0) 66
Continued on next page
7.15 R1 . . . Rn = A
4
1 292
Table 7.24 – continued from previous page
VD8(λ1) ↓ A41 n
120 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 64
121 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 35
122 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 0, 0, 0)2 45
123 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)2 25
124 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 67
125 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)2/(0, 0, 0, 0)2 80
126 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)6 41
127 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 3)/(0, 0, 0, 0)2 77
128 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 2)/(0, 0, 0, 0) 76
129 (2, 0, 0, 0)/(0, 3, 0, 0)2/(0, 0, 1, 1)/(0, 0, 0, 0) 10
130 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)4 24
131 (2, 0, 0, 0)/(0, 6, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 15
132 (2, 0, 0, 0)/(1, 1, 0, 0)2/(0, 0, 1, 1)/(0, 0, 0, 0) 45
133 (2, 0, 0, 0)/(1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 0, 0, 0) 34
134 (2, 0, 0, 0)/(1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 45
135 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 35
136 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 67
137 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)2/(0, 0, 0, 0) 68
138 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)5 27
139 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 3)/(0, 0, 0, 0) 66
140 (2, 0, 0, 0)/(0, 1, 1, 0)2/(0, 1, 0, 1)/(0, 0, 0, 0) 67
141 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1)/(0, 0, 0, 0) 79
142 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)5 46
143 (2, 0, 0, 0)/(0, 1, 1, 0)/(1, 0, 0, 3)/(0, 0, 0, 0) 9
144 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 3)/(0, 0, 0, 0) 63
145 (2, 0, 0, 0)/(0, 1, 1, 0)/(3, 0, 0, 1)/(0, 0, 0, 0) 8
146 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 3, 0, 1)/(0, 0, 0, 0) 65
147 (2, 0, 0, 0)/(0, 1, 1, 2)/(0, 0, 0, 0) 75
148 (4, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)2 16
149 (4, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)3 6
150 (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)3 10
151 (6, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) 13
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152 (6, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0) 15
153 (1, 1, 0, 0)2/(0, 0, 1, 1)/(0, 0, 0, 0)4 30
154 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 0, 0, 0)4 43
155 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/(0, 0, 0, 0)4 28
156 (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)8 33
157 (1, 1, 0, 0)/(0, 0, 1, 3)/(0, 0, 0, 0)4 11
158 (1, 1, 0, 0)/(0, 0, 2, 2)/(0, 0, 0, 0)3 49
7.16 R1 . . . Rn = A
3
1
By Lemma 2.23, the A31 in E8 are in D8, E6A2, G2F4, A8, A
2
4 or A¯1E7.
7.16.1 A31 in A¯1E7
Suppose A31 is in A¯1E7. We are in one of the following cases:
1. A31 = A¯1A
2
1 ⊆ A¯1E7
2. A31 ⊆ E7
3. A31 = A¯1 A1A
3
1 ⊆ A¯1A31 ⊆ A¯1E7
1. A31 = A¯1A
2
1 ⊆ A¯1E7
By Theorem 6.1, there are 100 conjugacy classes of A21 in E7 with each factor restricted; these are
listed in Table 7.25. By Theorem 2.21,
L (E8) ↓ A¯1E7 = (1, λ7)/(2, 0)/(0, λ1). (7.8)
Using our calculations from Section 6.10, we calculate L (E8) ↓ A31 in each case.
Consider cases 23 and 24 of Table 7.25. These are both A¯1A¯1A1 with A1 ⊆ D6 such that
VD6(λ1) ↓ A1 = 32/12. As in Section 7.15, the A¯1A1 in A¯1D6 are not conjugate in E7 but yield
conjugate A31 in E8. Similarly cases 25 and 26 and cases 30 and 31 are conjugate to each other in
E8.
7.16 R1 . . . Rn = A
3
1 294
All other A31 = A¯1A
2
1 ⊆ A¯1E7 have distinct composition factors on L (E8) so are not conjugate
to each other. They are cases 1 to 98 of Table 9.14.
Table 7.25: A¯1A
2
1 ⊆M ⊆ A¯1E7 in E8.
M VM ↓ A31
1 A¯1A¯1D6 (1, 1, 10/0)
2 A¯1A¯1D6 (1, 1, 8/2)
3 A¯1A¯1D6 (1, 1, 6/4)
4 A¯1A¯1D6 (1, 1, 6/2/0
2)
5 A¯1A¯1D6 (1, 1, 6/0
5)
6 A¯1A¯1D6 (1, 1, 6/0/1
2)
7 A¯1A¯1D6 (1, 1, 4/2
2/0)
8 A¯1A¯1D6 (1, 1, 4/2/0
4)
9 A¯1A¯1D6 (1, 1, 4/2/1
2)
10 A¯1A¯1D6 (1, 1, 4/0
7)
11 A¯1A¯1D6 (1, 1, 4/0
3/12)
12 A¯1A¯1D6 (1, 1, 2
4)
13 A¯1A¯1D6 (1, 1, 2
3/03)
14 A¯1A¯1D6 (1, 1, 2
2/06)
15 A¯1A¯1D6 (1, 1, 2
2/02/12)
16 A¯1A¯1D6 (1, 1, 2/0
9)
17 A¯1A¯1D6 (1, 1, 2/0
5/12)
18 A¯1A¯1D6 (1, 1, 2/0/3
2)
19 A¯1A¯1D6 (1, 1, 2/0/1
4)
20 A¯1A¯1D6 (1, 1, 0
8/12)
21 A¯1A¯1D6 (1, 1, 0
4/32)
22 A¯1A¯1D6 (1, 1, 0
4/14)
23 A¯1A¯1D6 (1, 1, 3
2/12)
24 A¯1A¯1D6 (1, 1, 3
2/12)
25 A¯1A¯1D6 (1, 1, 1
6)
26 A¯1A¯1D6 (1, 1, 1
6)
27 A¯1A¯1D6 (1, 1, 8/0
3)
28 A¯1A¯1D6 (1, 1, 4
2/02)
29 A¯1A¯1D6 (1, 1, 5
2)
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30 A¯1A¯1D6 (1, 1, 5
2)
31 A¯1A¯1D6 (1, 0, (2, 2)/(2, 0))
32 A¯1A¯1D6 (1, 0, (8, 0)/(0, 2))
33 A¯1A¯1D6 (1, 0, (3, 1)/(1, 1))
34 A¯1A¯1D6 (1, 0, (3, 1)/(1, 1))
35 A¯1A¯1D6 (1, 0, (3, 1)/(1, 0)
2)
36 A¯1A¯1D6 (1, 0, (3, 1)/(1, 0)
2)
37 A¯1A¯1D6 (1, 0, (3, 1)/(0, 1)
2)
38 A¯1A¯1D6 (1, 0, (3, 1)/(0, 1)
2)
39 A¯1A¯1D6 (1, 0, (3, 1)/(2, 0)/(0, 0))
40 A¯1A¯1D6 (1, 0, (3, 1)/(0, 2)/(0, 0))
41 A¯1A¯1D6 (1, 0, (3, 0)
2/(0, 2)/(0, 0))
42 A¯1A¯1D6 (1, 0, (3, 1)/(0, 0)
4)
43 A¯1A¯1D6 (1, 0, (6, 0)/(0, 4))
44 A¯1A¯1D6 (1, 0, (6, 0)/(0, 2)/(0, 0)
2)
45 A¯1A¯1D6 (1, 0, (4, 0)/(0, 4)/(0, 0)
2)
46 A¯1A¯1D6 (1, 0, (4, 0)/(1, 1)/(0, 2))
47 A¯1A¯1D6 (1, 0, (4, 0)/(0, 2)
2/(0, 0))
48 A¯1A¯1D6 (1, 0, (4, 0)/(0, 2)/(2, 0)/(0, 0))
49 A¯1A¯1D6 (1, 0, (1, 1)
3)
50 A¯1A¯1D6 (1, 0, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2)
51 A¯1A¯1D6 (1, 0, (1, 1)
2/(0, 1)2)
52 A¯1A¯1D6 (1, 0, (1, 1)/(0, 1)
2/(1, 0)2)
53 A¯1A¯1D6 (1, 0, (1, 1)
2/(0, 0)4)
54 A¯1A¯1D6 (1, 0, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2)
55 A¯1A¯1D6 (1, 0, (2, 0)
3/(0, 2))
56 A¯1A¯1D6 (1, 0, (2, 0)
2/(0, 2)2)
57 A¯1A¯1D6 (1, 0, (2, 0)
2/(0, 2)/(0, 0)3)
58 A¯1A¯1D6 (1, 0, (1, 1)/(2, 0)/(0, 1)
2/(0, 0))
59 A¯1A¯1D6 (1, 0, (1, 1)
2/(2, 0)/(0, 0))
60 A¯1A¯1D6 (1, 0, (2, 1)
2)
61 A¯1A¯1D6 (1, 0, (2, 1)
2)
Continued on next page
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62 A¯1A¯1D6 (1, 0, (5, 1))
63 A¯1A¯1D6 (1, 0, (2, 2)/(0, 0)
3)
64 A¯1A¯1D6 (1, 1, (2, 2)/(2, 0))
65 A¯1A¯1D6 (1, 1, (2, 2)/(2, 0))
66 A¯1A¯1D6 (1, 1, (8, 0)/(0, 2))
67 A¯1A¯1D6 (1, 1, (8, 0)/(0, 2))
68 A¯1A¯1D6 (1, 1, (4, 0)/(2, 0)/(0, 2)/(0, 0))
69 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1))
70 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1))
71 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1))
72 A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1))
73 A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0))
74 A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0))
75 A¯1A¯1D6 (1, 1, (6, 0)/(0, 4))
76 A¯1A¯1D6 (1, 1, (6, 0)/(0, 4))
77 A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0))
78 A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2)
79 A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2)
80 A¯1A¯1D6 (1, 1, (1, 1)
3)
81 A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3)
82 A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2)
83 A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2))
84 A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2))
85 A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2)
86 A¯1A¯1D6 (1, (1, (2, 1)
2)
87 A¯1A¯1D6 (1, 1, (2, 1)
2)
88 A¯1A¯1D6 (1, 1, (2, 1)
2)
89 A¯1A¯1D6 (1, 1, (2, 1)
2)
90 A¯1A¯1D6 (1, 1, (5, 1)
91 A¯1A¯1D6 (1, 1, (5, 1))
92 A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3)
93 A¯1A2A5 (2, 4/0)
Continued on next page
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94 A¯1A
2
1 (1, 1, 1)
95 A¯1A1G2 (1, 1, 6)
96 A¯1G2C3 (1, 5, 6)
97 A¯1G2C3 (1, 2
2, 6)
98 A¯1G2C3 (1, 6, (2, 1))
99 A¯1G2C3 (1, 6, (2, 1))
100 A¯1A1A1 ⊆ A1F4 (1, 1, 1)
2. A31 ⊆ E7
By Theorem 6.1, there are 84 conjugacy classes of A31 in E7 with each factor restricted; these are
listed in Table 7.26. In each case we use (7.8) and our calculations in Chapter 6 to find L (E8) ↓ A31.
First consider cases 1 to 59 of Table 7.26. They each have a factor which is generated by long
root subgroups. By Theorem 2.24, CE8(A¯1)
◦ = E7 so these A31 are conjugate to one of the A
3
1
we have seen previously. By comparing the composition factors of L (E8) ↓ A31 for these A31 and
the ones we have seen previously, we find which of cases 1 to 98 of Table 9.14 each of these A31 is
conjugate to.
All remaining cases except for cases 83 and 84 have distinct composition factors on L (E8) to
each other and to all of the A31 we have seen previously. Hence they are not conjugate to each other
or to one of the A31 we have seen previously. They are cases 99 to 121 of Table 9.14.
Consider case 83 of Table 7.26 where A31 ⊆ A¯1D6 with embedding (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))).
It has the same composition factors on L (E8) as case 73 of Table 7.26. We show that these are
conjugate. In case 73 of Table 7.26 we have A31 ⊆ A¯1D6 with embedding (1, (3, 1, 0)/(0, 1, 1)).
Hence these are both A¯1 A¯1 A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1). By Lemma
2.25, there is a unique conjugacy class of A¯1
2
in E8 and CE8(A¯1
2
)◦ = D6. Clearly there is a
unique conjugacy class of A¯1D4 in D6. Hence there is a unique conjugacy class in D6 of A¯1 XY
with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1). Therefore there is a unique conjugacy class of
A¯1 A¯1 A¯1 XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) in E8. Cases 83 and 73 of Table
7.26 are conjugate. They are conjugacy class 112 of Table 9.14.
Finally consider case 84 of Table 7.26 where A31 ⊆ A¯1D6 with embedding (1, (4, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0). It has the same composition factors as case 76 of Table 7.26 on L (E8). We
prove that these are conjugate. In case 76 of Table 7.26 we have A31 ⊆ A¯1D6 with embedding
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(1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))). These are both A¯1 A¯1 A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓
XY = (3, 1) or (4, 0)/(0, 2). By Lemma 7.2, all A51 ⊆ A¯1A¯1D6 such that A51 = A¯13XY with XY ⊆
D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are conjugate. So clearly all A31 ⊆ A¯1A¯1D6
such that A31 = A¯1 A¯1 A¯1XY with XY ⊆ D4 such that VD4(λ1) ↓ XY = (3, 1) or (4, 0)/(0, 2) are
conjugate. Therefore these two A31 are conjugate to each other. They are in conjugacy class 115 of
Table 9.14.
Table 7.26: A31 ⊆ M ⊆ E7 in E8. Each A31 has the same
composition factors on L (E8) as case n of Table 9.14.
M VM ↓ A31 n
1 A¯1D6 (1, (2, 2)/(2, 0)) 28
2 A¯1D6 (1, (8, 0)/(0, 2)) 29
3 A¯1D6 (1, (3, 1)/(1, 1)) 31
4 A¯1D6 (1, (3, 1)/(1, 1)) 30
5 A¯1D6 (1, (3, 1)/(1, 0)
2) 70
6 A¯1D6 (1, (3, 1)/(1, 0)
2) 32
7 A¯1D6 (1, (3, 1)/(0, 1)
2) 35
8 A¯1D6 (1, (3, 1)/(1, 0)
2) 34
9 A¯1D6 (1, (3, 0)
2/(1, 1)) 11
10 A¯1D6 (1, (3, 0)
2/(0, 1)2) 10
11 A¯1D6 (1, (3, 1)/(2, 0)/(0, 0)) 36
12 A¯1D6 (1, (3, 1)/(0, 2)/(0, 0)) 37
13 A¯1D6 (1, (3, 0)
2/(0, 2)/(0, 0)) 38
14 A¯1D6 (1, (3, 1)/(0, 0)
4) 39
15 A¯1D6 (1, (6, 0)/(0, 4)) 40
16 A¯1D6 (1, (6, 0)/(1, 1)/(0, 0)) 6
17 A¯1D6 (1, (6, 0)/(0, 1)
2/(0, 0)) 5
18 A¯1D6 (1, (6, 0)/(0, 2)/(0, 0)
2) 41
19 A¯1D6 (1, (4, 0)/(0, 4)/(0, 0)
2) 42
20 A¯1D6 (1, (4, 0)/(1, 1)/(2, 0)) 9
21 A¯1D6 (1, (4, 0)/(1, 1)/(0, 2)) 43
22 A¯1D6 (1, (4, 0)/(0, 1)
2/(2, 0)) 8
23 A¯1D6 (1, (4, 0)/(0, 1)
2/(0, 2)) 35
24 A¯1D6 (1, (4, 0)/(1, 0)
2/(0, 2)) 32
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25 A¯1D6 (1, (4, 0)/(0, 2)
2/(0, 0)) 44
26 A¯1D6 (1, (4, 0)/(0, 2)/(2, 0)/(0, 0)) 45
27 A¯1D6 (1, (4, 0)/(0, 2)/(0, 0)
4) 39
28 A¯1D6 (1, (1, 1)
3) 46
29 A¯1D6 (1, (1, 1)
2/(0, 1)2) 47
30 A¯1D6 (1, (1, 1)/(0, 1)
4) 17
31 A¯1D6 (1, (1, 1)/(0, 1)
2/(1, 0)2) 49
32 A¯1D6 (1, (1, 0)
4/(0, 1)2) 16
33 A¯1D6 (1, (1, 1)
2/(0, 0)4) 50
34 A¯1D6 (1, (1, 1)/(1, 0)
2/(0, 0)4) 22
35 A¯1D6 (1, (1, 0)
2/(0, 1)2/(0, 0)4) 20
36 A¯1D6 (1, (1, 1)/(0, 0)
8) 20
37 A¯1D6 (1, (1, 1)/(0, 2)
2/(0, 0)2) 15
38 A¯1D6 (1, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2) 51
39 A¯1D6 (1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) 47
40 A¯1D6 (1, (1, 0)
2/(0, 2)2/(0, 0)2) 14
41 A¯1D6 (1, (2, 0)
3/(0, 2)) 52
42 A¯1D6 (1, (2, 0)
2/(0, 2)2) 53
43 A¯1D6 (1, (2, 0)
2/(0, 2)/(0, 0)3) 54
44 A¯1D6 (1, (2, 0)/(0, 2)/(0, 0)
6) 50
45 A¯1D6 (1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) 55
46 A¯1D6 (1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0)) 17
47 A¯1D6 (1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) 19
48 A¯1D6 (1, (1, 1)
2/(2, 0)/(0, 0)) 56
49 A¯1D6 (1, (1, 0)
4/(0, 2)/(0, 0)) 49
50 A¯1D6 (1, (2, 1)
2) 58
51 A¯1D6 (1, (2, 1)
2) 57
52 A¯1D6 (1, (5, 1)) 60
53 A¯1D6 (1, (5, 1)) 59
54 A¯1D6 (1, (2, 2)/(0, 0)
3) 61
55 A¯1D6 (1, (4, 0)/(1, 1)/(0, 0)
3) 23
56 A¯1D6 (1, (4, 0)/(0, 1)
2/(0, 0)3) 21
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57 A¯1D6 (1, (1, 1)
2/(0, 1)2) 47
58 A¯1D6 (1, (1, 1)/(2, 0)/(0, 0)
5) 24
59 A¯1D6 (1, (1, 0)
2/(0, 2)/(0, 0)5) 22
60 A¯1D6 (0, (2, 1, 1)) none
61 A¯1D6 (0, (2, 2, 0)/(0, 0, 2)/(0, 0, 0)
3) none
62 A¯1D6 (0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) none
63 A¯1D6 (0, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) none
64 A¯1D6 (0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) none
65 A¯1D6 (0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) none
66 A¯1D6 (0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3) none
67 A¯1D6 (0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) none
68 A¯1D6 (1, (2, 1, 1)) none
69 A¯1D6 (1, (2, 1, 1)) none
70 A¯1D6 (1, (2, 1, 1)) none
71 A¯1D6 (1, (2, 2, 0)/(0, 0, 2)) none
72 A¯1D6 (1, (2, 2, 0)/(0, 0, 2)) none
73 A¯1D6 (1, (3, 1, 0)/(0, 1, 1)) none
74 A¯1D6 (1, (3, 1, 0)/(1, 0, 1)) none
75 A¯1D6 (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) none
76 A¯1D6 (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) none
77 A¯1D6 (1, (1, 1, 0)
2/(0, 1, 1)) none
78 A¯1D6 (1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) none
79 A¯1D6 (1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) none
80 A¯1D6 (1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) none
81 A2A5 (2, (2, 0)/(0, 2)) none
82 G2C3 (6, (2, 1)) none
83 A¯1D6 (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) none
84 A¯1D6 (1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0) none
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3. A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A¯1E7
By Section 7.15, there are 72 conjugacy classes of A¯1A
3
1 in A¯1E7. They are cases 1 to 72 of Table
9.13. We can easily compute L (E8) ↓ A31 in each of these cases.
The following cases do not have the same composition factors as each other or as any of the A31
we have seen previously on L (E8): 1(i), 2(i), 3(i), 6(i), 8(i), 9(i), 10(i), 12(i), 15(i), 16(i), 18(i),
22(i), 23(i), 25(i), 35(i), 38(i), 39(i), 45(i), 47(i), 48(i), 58(i), 58(ii), 58(iii), 59(i), 59(iii), 60(i),
61(ii), 61(iii), 62(i), 63(i), 69(ii), 70(iii), 71(i), 72(i), 72(ii), 72(iii). They are conjugacy classes 122
to 157 of Table 9.14.
Using similar methods as in Sections 7.13.1, 7.14.1 and 7.15.1, we can prove that all other A31
in Table 7.27 are conjugate to one of cases 1 to 121 of Table 9.14.
Table 7.27: A31 = A¯1 A1A
2
1 ⊆ A¯1A31 ⊆ A¯1E7 in E8. Each
A31 has the same composition factors on L (E8) as case
n of Table 9.14.
M VM ↓ A31 n
1 (i) A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) none
(ii) A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) 62
(iii) A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) 63
2 (i) A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) none
(ii) A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) 64
(iii) A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) 65
3 (i) A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) 68
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) 69
4 (i) A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2) 114
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2) 36
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2) 30
5 (i) A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2) 112
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2) 43
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2) 44
6 (i) A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) 8
(iii) A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) 125
7 (i) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2) 38
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(ii) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2) 11
(iii) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2) 38
8 (i) A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) 71
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) 66
9 (i) A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0)) 69
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0)) 72
10 (i) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0)) 125
(iii) A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0)) 34
11 (i) A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4) 101
(ii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4) 32
(iii) A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4) 35
12 (i) A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) none
(ii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) 73
(iii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) 74
13 (i) A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0)) 75
(ii) A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0)) 4
(iii) A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0)) 75
14 (i) A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0)) 41
(ii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0)) 6
(iii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0)) 41
15 (i) A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) none
(ii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) 75
(iii) A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) 76
16 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) none
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) 77
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) 77
17 (i) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0)) 71
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0)) 7
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0)) 71
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18 (i) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2)) none
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2)) 66
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2)) 69
19 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0)) 45
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0)) 9
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0)) 45
20 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2)) 115
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2)) 30
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2)) 37
21 (i) A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2)) 113
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2)) 36
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2)) 31
22 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) 67
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) 72
23 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(2, 0)/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(2, 0)/(0, 0)) 71
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(2, 0)/(0, 0)) 68
24 (i) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4) 102
(ii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4) 70
(iii) A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4) 34
25 (i) A¯1A¯1D6 (1, 1, (1, 1)
3) none
(ii) A¯1A¯1D6 (1, 1, (1, 1)
3) 79
(iii) A¯1A¯1D6 (1, 1, (1, 1)
3) 78
26 (i) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2) 116
(ii) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2) 51
(iii) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2) 54
27 (i) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4) 55
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4) 55
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4) 14
28 (i) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2) 103
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2) 47
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(iii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2) 55
29 (i) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2) 49
(ii) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2) 17
(iii) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2) 49
30 (i) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 0)4) 104
(ii) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 0)4) 47
(iii) A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 0)4) 47
31 (i) A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4) 49
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4) 17
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4) 49
32 (i) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 1)2/(0, 0)4) 22
(ii) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 1)2/(0, 0)4) 22
(iii) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 1)2/(0, 0)4) 22
33 (i) A¯1A¯1D6 (1, 1, (1, 1)/(0, 0)
8) 16
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 0)
8) 16
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 0)
8) 16
34 (i) A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2) 80
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2) 80
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2) 13
35 (i) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2) none
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2) 79
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2) 79
36 (i) A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) 117
(ii) A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) 56
(iii) A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) 46
37 (i) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2) 54
(ii) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2) 54
(iii) A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2) 15
38 (i) A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) none
(ii) A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) 81
(iii) A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) 82
39 (i) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) none
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(ii) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) 83
(iii) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) 83
40 (i) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3) 106
(ii) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3) 80
(iii) A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3) 78
41 (i) A¯1A¯1D6 (1, 1, (2, 0)/(0, 2)/(0, 0)
6) 105
(ii) A¯1A¯1D6 (1, 1, (2, 0)/(0, 2)/(0, 0)
6) 48
(iii) A¯1A¯1D6 (1, 1, (2, 0)/(0, 2)/(0, 0)
6) 48
42 (i) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) 116
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) 56
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) 51
43 (i) A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0)) 47
(ii) A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0)) 47
(iii) A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0)) 19
44 (i) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) 56
(ii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) 15
(iii) A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) 56
45 (i) A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/(0, 0)) none
(ii) A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/(0, 0)) 80
(iii) A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/(0, 0)) 79
46 (i) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0)) 104
(ii) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0)) 55
(iii) A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0)) 48
47 (i) A¯1A¯1D6 (1, 1, (2, 1)
2) none
(ii) A¯1A¯1D6 (1, 1, (2, 1)
2) 86
(iii) A¯1A¯1D6 (1, 1, (2, 1)
2) 87
48 (i) A¯1A¯1D6 (1, 1, (5, 1)) none
(ii) A¯1A¯1D6 (1, 1, (5, 1)) 88
(iii) A¯1A¯1D6 (1, 1, (5, 1)) 89
49 (i) A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) 100
(ii) A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) 90
(iii) A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) 90
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50 (i) A¯1A¯1D6 (1, 0, (2, 1, 1)) 107
(ii) A¯1A¯1D6 (1, 0, (2, 1, 1)) 108
(iii) A¯1A¯1D6 (1, 0, (2, 1, 1)) 109
51 (i) A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2)) 110
(ii) A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2)) 110
(iii) A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2)) 111
52 (i) A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 114
(ii) A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 112
(iii) A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 115
53 (i) A¯1A¯1D6 (1, 0, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 113
(ii) A¯1A¯1D6 (1, 0, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 115
(iii) A¯1A¯1D6 (1, 0, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)) 115
54 (i) A¯1A¯1D6 (1, 0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) 116
(ii) A¯1A¯1D6 (1, 0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) 116
(iii) A¯1A¯1D6 (1, 0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) 116
55 (i) A¯1A¯1D6 (1, 0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 116
(ii) A¯1A¯1D6 (1, 0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 116
(iii) A¯1A¯1D6 (1, 0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 117
56 (i) A¯1A¯1D6 (1, 0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3) 117
(ii) A¯1A¯1D6 (1, 0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3) 117
(iii) A¯1A¯1D6 (1, 0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3) 117
57 (i) A¯1A¯1D6 (1, 0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 118
(ii) A¯1A¯1D6 (1, 0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 119
(iii) A¯1A¯1D6 (1, 0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 119
58 (i) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
(iii) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
59 (i) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (2, 1, 1)) 143
(iii) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
60 (i) A¯1A¯1D6 (1, 1, (2, 1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (2, 1, 1)) 144
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(iii) A¯1A¯1D6 (1, 1, (2, 1, 1)) 146
61 (i) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) 122
(ii) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) none
(iii) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) none
62 (i) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) none
(ii) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) 149
(iii) A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) 149
63 (i) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) none
(ii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) 124
(iii) A¯1A¯1D6 1, 1, (3, 1, 0)/(0, 1, 1)) 127
64 (i) A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1)) 132
(ii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1)) 134
(iii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1)) 132
65 (i) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 126
(ii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 124
(iii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 132
66 (i) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 133
(ii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 132
(iii) A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) 151
67 (i) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) 136
(ii) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) 139
(iii) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) 135
68 (i) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 106
(ii) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 136
(iii) A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) 136
69 (i) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 137
(ii) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) none
(iii) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 152
70 (i) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 138
(ii) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) 152
(iii) A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) none
71 (i) A¯1A2A5 (1, 2, (2, 0)/(0, 2)) none
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(ii) A¯1A2A5 (1, 2, (2, 0)/(0, 2)) 154
72 (i) A¯1G2C3 (1, 6, (2, 1)) none
(i) A¯1G2C3 (1, 6, (2, 1)) none
(i) A¯1G2C3 (1, 6, (2, 1)) none
7.16.2 A31 in E6A2
Suppose A31 is in A2E6. We are in one of the following cases:
1. A31 = A1A
2
1 ⊆ A2E6 with A1 ⊆ A2 and A21 ⊆ E6
2. A31 ⊆ E6
3. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A2E6.
1. A31 = A1A
2
1 ⊆ A2E6 with A21 ⊆ E6
By Theorem 5.1, there are 24 conjugacy classes of A21 in E6 with each factor restricted. There are
two restricted A1 subgroups in A2. Thus there are 48 different A
3
1 we need to consider; these are
listed in Table 7.28.
The first 40 cases of Table 7.28 have A21 ⊆ A¯1A5 ⊆ E6 so A31 ⊆ A2A¯1A5. By Theorem 2.24,
CE8(A¯1)
◦ = E7. Hence A2A¯1A5 ⊆ A¯1E7 so these A31 are in A¯1E7.
Next consider cases 42, 44, 46 and 48 of Table 7.28. In these cases, the A1 in A2 is A¯1 in A2.
Hence by Lemma 2.26, it is also A¯1 in E8. Therefore these A
3
1 are in A¯1E7.
By Theorem 2.21,
L (E8) ↓ A¯2E6 = (λ1, λ6)/(λ2, λ1)/(11, 0)/(0, λ2). (7.9)
Hence for the first 40 cases of Table 7.28 and cases 42, 44, 46 and 28 of Table 7.28, we calculate
L (E8) ↓ A31. Thus we find which of cases 1 to 157 of Table 9.14 each of these A31 is conjugate to.
Now consider case 47 of Table 7.28. We have A21 ⊆ A2B4 ⊆ A2F4 with embedding (2, (2, 2)).
By [17, Table 8.1], CE8(B4) = B3. Hence A
2
1 is contained in B3B4 which is in D8. We have VD8(λ1) ↓
B3B4 = (λ1, 0)/(0, λ1). Hence if we takeA2 ⊆ B3 then VD8(λ1) ↓ A2B4 = (10, 0)/(01, 0)/(00, 0)/(0, λ1).
Thus VD8(λ1) ↓ A31 = (2, 0, 0)2/(0, 2, 2)/(0, 0, 0) . Hence this A31 is conjugate to A31 in A¯1A¯1D6 with
embedding (1, 1, (2, 2, 0)/(0, 0, 2)) which is case 150 of Table 9.14.
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Next consider cases 41 and 45 of Table 7.28. These A31 do not have the same composition factors
on L (E8) as any of the A31 we have seen previously. They are cases 158 and 159 of Table 9.14.
Finally consider case 43 of Table 7.28 where A31 ⊆ A2A2G2 ⊆ A2E6 with embedding (2, 2, 6). It
has the same composition factors on L (E8) as A31 ⊆ A¯1G2C3 in A¯1E7 with embedding (1, 6, (2, 1))
(conjugacy class 157 of Table 9.14). We prove that these are conjugate. By [17, Table 8.1], the
G2 factor in A1A2G2 ⊆ A2E6 is conjugate to the G2 factor of A¯1G2C3 and CE8(G2)◦ = F4. By
Theorem 4.1, the A21 ⊆ A2A2 ⊆ F4 with embedding (2, 2) is conjugate to the A21 ⊆ A¯1C3 ⊆ F4 with
embedding (1, (2, 1)). Thus cases 43 of Table 7.28 is conjugate to case 157 of Table 9.14.
Table 7.28: A31 = A1A
2
1 ⊆ M ⊆ A2E6 with A21 ⊆ E6.
Each A31 has the same composition factors on L (E8) as
case n of Table 9.14.
M VM ↓ A31 n
1 A2A1A5 (2, (1, 5)) 89
2 A2A1A5 (1/0, (1, 5)) 27
3 A2A1A5 (2, (1, 4/0)) 91
4 A2A1A5 (1/0, (1, 4/0)) 26
5 A2A1A5 (2, (1, 3/1)) 67
6 A2A1A5 (1/0, (1, 3/1)) 23
7 A2A1A5 (2, (1, 3/0
2)) 44
8 A2A1A5 (1/0, (1, 3/0
2)) 21
9 A2A1A5 (2, (1, 2
2)) 85
10 A2A1A5 (1/0, (1, 2
2)) 12
11 A2A1A5 (2, (1, 2/1/0)) 83
12 A2A1A5 (1/0, (1, 2/1/0)) 15
13 A2A1A5 (2, (1, 1
3)) 78
14 A2A1A5 (1/0, (1, 1
3)) 24
15 A2A1A5 (2, (1, 1
2/02)) 54
16 A2A1A5 (1/0, (1, 1
2/02)) 22
17 A2A1A5 (2, (1, 1/0
4)) 14
18 A2A1A5 (1/0, (1, 1/0
4)) 20
19 A2A1A5 (2, (1, 2/0
3)) 53
20 A2A1A5 (1/0, (1, 2/0
3)) 14
21 A2A1A5 (2, (0, (2, 1))) 108
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22 A2A1A5 (1/0, (0, (2, 1))) 57
23 A2A1A5 (2, (0, (2, 0)/(0, 2))) 120
24 A2A1A5 (1/0, (0, (2, 0)/(0, 2))) 53
25 A2A1A5 (2, (0, (1, 1)/(1, 0))) 119
26 A2A1A5 (1/0, (0, (1, 1)/(1, 0))) 47
27 A2A1A5 (2, (0, (1, 1)/(0, 0)
2)) 106
28 A2A1A5 (1/0, (0, (1, 1)/(0, 0)
2)) 50
29 A2A1A5 (2, (1, (2, 1))) 143
30 A2A1A5 (1/0, (1, (2, 1))) 84
31 A2A1A5 (2, (1, (2, 1))) 142
32 A2A1A5 (1/0, (1, (2, 1))) 85
33 A2A1A5 (2, (1, (2, 0)/(0, 2))) 154
34 A2A1A5 (1/0, (1, (2, 0)/(0, 2))) 83
35 A2A1A5 (2, (1, (2, 0)/(0, 1)/(0, 0))) 138
36 A2A1A5 (1/0, (1, (2, 0)/(0, 1)/(0, 0))) 54
37 A2A1A5 (2, (1, (1, 1)/(1, 0))) 153
38 A2A1A5 (1/0, (1, (1, 1)/(1, 0))) 51
39 A2A1A5 (2, (1, (3, 0)/(0, 1))) 133
40 A2A1A5 (1/0, (1, (3, 0)/(0, 1))) 39
41 A2C
2
2 ⊆ A2C4 (2, (3, 3)) none
42 A2C
2
2 ⊆ A2C4 (1/0, (3, 3)) 42
43 A2A2G2 (2, (2, 6)) 157
44 A2A2G2 (1/0, (2, 6)) 95
45 A2A2G2 (2, (1/0, 6)) none
46 A2A2G2 (1/0, (1/0, 6)) 41
47 A2B4 ⊆ A2F4 (2, (2, 2)) 150
48 A2B4 ⊆ A2F4 (1/0, (2, 2)) 61
2. A31 ⊆ E6
By Theorem 5.1, there are 10 conjugacy classes of A31 in E6 with each factor restricted. By [17,
Table 8.1], there is a unique conjugacy class of E6 in E8. Hence this E6 is conjugate to the E6 in
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M VM ↓ A31 n
1 A¯1A5 (1, (2, 1)) 58
2 A¯1A5 (1, (2, 0)/(0, 2)) 53
3 A¯1A5 (1, (2, 0)/(0, 1)/(0, 0)) 14
4 A¯1A5 (1, (1, 1)/(1, 0)) 48
5 A¯1A5 (1, (1, 1)/(0, 0)
2) 50
6 A¯1A5 (1, (1, 0)/(0, 1)
2) 16
7 A¯1A5 (1, (1, 0)/(0, 1)/(0, 0)
2) 20
8 A¯1A5 (1, (3, 0)/(0, 1)) 10
9 A¯1A5 (1, (1, 1, 0)/(0, 0, 1)) 105
10 A32 (2, 2, 2) 120
Table 7.29: A31 ⊆M ⊆ E6. Each A31 has the same composition factors on L (E8) as case n of Table
9.14.
E7. Thus these A
3
1 are in E7.
In Chapter 5, we calculated L (E6) ↓ A31 for each of these A31. Hence by (7.9), we have some of
the composition factors of L (E8) ↓ A31 so we can find which of cases 1 to 157 of Table 9.14 each of
these A31 is conjugate to. These results are displayed in Table 7.29.
3. A31 = A1 A1A
2
1 ⊆ A41 ⊆ A2E6
Let ABCD = A41 ⊆ A2A32 ⊆ A2E6 with embedding (2, 2, 2, 2). By Section 7.15.2, all A41 ⊆ E6A2
are conjugate to an A41 in A¯1E7 except for ABCD. Hence we have considered all possible A
3
1 =
A¯1 A1A
2
1 ⊆ A41 ⊆ A2E6, except those in ABCD, in Section 7.16.1.
By Lemma 2.27, NE8(A
4
2) = A
4
2.GL3(2). Hence all A
3
1 = A¯1 A1A
2
1 ⊆ ABCD are conjugate.
Using our calculations in Section 7.15.2, we find
L (E8) ↓ A31 = (2, 2, 2)4/(4, 0, 2)2/(2, 0, 2)2/(0, 0, 2)3/(4, 2, 0)2/(2, 2, 0)2/(0, 2, 0)3/
(4, 0, 0)2/(0, 4, 0)/(0, 0, 4)/(2, 0, 0)2.
This A31 does not have the same composition factors as any of the A
3
1 we have seen previously on
L (E8). It is conjugacy class 160 of Table 9.14.
7.16.3 A31 in G2F4
Suppose A31 is in G2F4. We are in one of the following cases:
1. A31 ⊆ F4
2. A31 = A1A
2
1 with A1 in G2 and A
2
1 in F4
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M VM ↓ A31 n
1 A¯1C3 (1, (1, 0)/(0, 1)/(0, 0)
2) 20
2 A¯1C3 (1, (1, 0)
2/(0, 1)) 16
3 A¯1C3 (1, (2, 1)) 58
4 A¯1C3 (1, (3, 0)/(0, 1)) 10
5 B4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2) 105
Table 7.30: A31 ⊆M ⊆ F4. Each A31 has the same composition factors on L (E8) as case n of Table
9.14.
3. A31 = A
2
1A1 with A
2
1 in G2 and A1 in F4
4. A31 = A1 A1A
2
1 ⊆ A41 ⊆ G2F4.
We will consider each of these individually.
1. A31 ⊆ F4
By Theorem 4.1, there are five conjugacy classes of A31 in F4 with each factor restricted. By [17,
Table 8.1], there is a unique conjugacy class of F4 in E8. Hence this F4 is conjugate to the F4 in
E7. Thus these A
3
1 are conjugate to an A
3
1 in E7.
By Theorem 2.21,
L (E8) ↓ G2F4 = (λ1, λ4)/(λ2, 0)/(0, λ1). (7.10)
In Chapter 4, we calculated VF4(λ1) ↓ A31 for each of these A31. Hence we have some of the compo-
sition factors of L (E8) ↓ A31 so we can find which of cases 1 to 157 of Table 9.14 each of these A31
is conjugate to; these are listed in Table 7.30.
2. A31 = A1A
2
1 with A1 in G2 and A
2
1 in F4
By Theorem 4.1, there are fifteen conjugacy classes of A21 in F4 with each factor restricted. By
Lemma 2.30, there are four conjugacy classes of restricted A1 in G2. Thus we need to consider 60
cases; these are listed in Table 7.31.
First consider cases 1 to 12 of Table 7.31. These A31 are in G2A¯1C3 ⊆ G2F4. The A1 factor is
A¯1 in F4 so in E6. Hence by Lemma 2.26, it is also A¯1 in E8. Therefore G2A¯1C3 ⊆ A¯1E7 since
CE8(A¯1)
◦ = E7.
By Lemma 2.30, the A1 subgroups in G2 with embeddings VG2(λ1) ↓ A1 = 12/03, 2/12 and 22/0
are in A¯1A1 ⊆ G2. Hence any A31 with one of these A1 in G2 is in A¯1A1F4 so in A¯1E7.
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We use (7.10) and our calculations from Chapter 4 to find which of cases 1 to 157 of Table 9.14
each of these A31 are conjugate to. These are listed in Table 7.31.
Now suppose X = A31 ⊆ G2B4 ⊆ G2F4 with embedding (6, (2, 0)/(0, 2)2). Using our calculations
from Chapter 4 we find that X has the same composition factors as case 159 of Table 9.14 on
L (E8). We prove that these are conjugate. In case 159 of Table 9.14, A31 ⊆ A2A2G2 ⊆ A2E6 with
embedding (2, 1/0, 6). By Theorem 2.21, L (E8) ↓ A2E6 = (λ1, λ6)/(λ2, λ1)/(λ1 + λ2, 0)/(0, λ2),
VE6(λ1) ↓ A2G2 = (λ1, λ1)/(2λ2, 0) and L (E6) ↓ A2G2 = (λ1 + λ2, λ,λ1 + λ2, 0)/(0, λ2). Therefore
L (E8) ↓ G2 = 1026/01/0052. By [17, Table 8.1], CE8(G2)◦ = F4. Therefore in case 159 of Table
9.14, A31 ⊆ G2F4 with A1 ⊆ G2 and A21 ⊆ F4. So this A31 is conjugate to one of the A31 listed in
Table 7.31. Note that X is the only A31 in Table 7.31 that could have the same composition factors
as case 159 of Table 9.14 on L (E8). Therefore X is conjugate to case 159 of Table 9.14.
We are left with A31 ⊆ G2A1G2 ⊆ G2F4 with embedding (6, 1, 6) and A31 ⊆ G2B4 ⊆ G2F4 with
embedding (6, (2, 2)). These A31 do not have the same composition factors on L (E8) as any of the
A31 we have seen previously. They are cases 161 and 162 of Table 9.14.
Table 7.31: A31 = A1A
2
1 ⊆ M ⊆ G2F4 with A21 ⊆ F4.
Each A31 has the same composition factors on L (E8) as
case n of Table 9.14.
M VM ↓ A31 n
1 G2A¯1C3 (1
2/03, 1, 5) 27
G2A¯1C3 (2/1
2, 1, 5) 60
G2A¯1C3 (2
2/0, 1, 5) 89
G2A¯1C3 (6, 1, 5) 94
2 G2A¯1C3 (1
2/03, 1, 3/1) 23
G2A¯1C3 (2/1
2, 1, 3/1) 30
G2A¯1C3 (2
2/0, 1, 3/1) 67
G2A¯1C3 (6, 1, 3/1) 74
3 G2A¯1C3 (1
2/03, 1, 3/02) 21
G2A¯1C3 (2/1
2, 1, 3/02) 35
G2A¯1C3 (2
2/0, 1, 3/02) 44
G2A¯1C3 (6, 1, 3/0
2) 40
4 G2A¯1C3 (1
2/03, 1, 22) 12
G2A¯1C3 (2/1
2, 1, 22) 57
G2A¯1C3 (2
2/0, 1, 22) 85
Continued on next page
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Table 7.31 – continued from previous page
M VM ↓ A31 n
G2A¯1C3 (6, 1, 2
2) 95
5 G2A¯1C3 (1
2/03, 1, 13) 24
G2A¯1C3 (2/1
2, 1, 13) 46
G2A¯1C3 (2
2/0, 1, 13) 78
G2A¯1C3 (6, 1, 1
3) 76
6 G2A¯1C3 (1
2/03, 1, 12/02) 22
G2A¯1C3 (2/1
2, 1, 12/02) 47
G2A¯1C3 (2
2/0, 1, 12/02) 54
G2A¯1C3 (6, 1, 1
2/02) 41
7 G2A¯1C3 (1
2/03, 1, 1/04) 20
G2A¯1C3 (2/1
2, 1, 1/04) 17
G2A¯1C3 (2
2/0, 1, 1/04) 14
G2A¯1C3 (6, 1, 1/0
4) 5
8 G2A¯1C3 (1
2/03, 1, 0, (2, 1)) 57
G2A¯1C3 (2/1
2, 0, (2, 1)) 99
G2A¯1C3 (2
2/0, 0, (2, 1)) 108
G2A¯1C3 (6, 1, 0, (2, 1)) 121
9 G2A¯1C3 (1
2/03, (1, (1, 0)2/(0, 1))) 50
G2A¯1C3 (2/1
2, (1, (1, 0)2/(0, 1))) 117
G2A¯1C3 (2
2/0, (1, (1, 0)2/(0, 1))) 106
G2A¯1C3 (6, (1, (1, 0)
2/(0, 1))) 130
10 G2A¯1C3 (1
2/03, (1, (2, 1))) 84
G2A¯1C3 (2/1
2, (1, (2, 1))) 107
G2A¯1C3 (2
2/0, (1, (2, 1))) 143
G2A¯1C3 (6, (1, (2, 1))) 156
11 G2A¯1C3 (1
2/03, (1, (2, 1))) 85
G2A¯1C3 (2/1
2, (1, (2, 1))) 109
G2A¯1C3 (2
2/0, (1, (2, 1))) 160
G2A¯1C3 (6, (1, (2, 1))) 157
12 G2A¯1C3 (1
2/03, (1, (3, 0)/(0, 1))) 39
G2A¯1C3 (2/1
2, (1, (3, 0)/(0, 1))) 115
Continued on next page
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Table 7.31 – continued from previous page
M VM ↓ A31 n
G2A¯1C3 (2
2/0, (1, (3, 0)/(0, 1))) 133
G2A¯1C3 (6, (1, (3, 0)/(0, 1))) 129
13 G2B4 (1
2/03, (2, 2)) 61
G2B4 (2/1
2, (2, 2)) 111
G2B4 (2
2/0, (2, 2)) 150
G2B4 (6, (2, 2)) none
14 G2B4 (1
2/03, (2, 0)/(0, 2)2) 54
G2B4 (2/1
2, (2, 0)/(0, 2)2) 119
G2B4 (2
2/0, (2, 0)/(0, 2)2) 138
G2B4 (6, (2, 0)/(0, 2)
2) 159
15 G2A1G2 (1
2/03, 1, 6) 95
G2A1G2 (2/1
2, 1, 6) 121
G2A1G2 (2
2/0, 1, 6) 157
G2A1G2 (6, 1, 6) none
3. A31 = A
2
1A1 with A
2
1 in G2 and A1 in F4
There is a unique conjugacy class of A21 in G2 with both factors restricted. It is A¯1A1 in G2. By
[17, Table 8.1], G2 is in a subsystem D4 in E8. Hence by Lemma 2.26, A¯1A1 ⊆ G2 is also A¯1A1 in
E8. Therefore all of these A
3
1 are conjugate to an A
3
1 in A¯1E7 since CE8(A¯1)
◦ = E7. So they are
conjugate to an A31 we have already considered.
4. A31 = A1 A1A
2
1 ⊆ A41 ⊆ G2F4
By Section 7.14.2, all A41 ⊆ G2F4 are conjugate to an A41 in A¯1E7 except X = A41 ⊆ G2F4 with
embedding (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)). Hence we have considered all possible A31 = A¯1 A1A
2
1 ⊆
A41 ⊆ G2F4 in Section 7.16.1 except those inside X.
Consider A31 = A1 A1A
2
1 ⊆ X. Clearly there are only two conjugacy classes of such A31 and
they have embedding (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) and (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)). The first case
is A31 ⊆ G2F4 with embedding (6, (2, 0)2/(0, 2)) which is case 14 of Table 7.31 so has already been
considered.
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Suppose we are in the second case where A31 ⊆ G2F4 with embedding (6, (2, 0, 0)/(0, 2, 0)/
(0, 0, 2)). Using our calculations in Section 7.14.2, we find:
L (E8) ↓ A31 = (8, 0, 0)/(6, 0, 0)/(4, 0, 0)/(6, 2, 0)/(6, 0, 2)/(7, 1, 1)2/(5, 1, 1)2/(2, 0, 0)2/
(1, 1, 1)2/(2, 2, 0)/(0, 2, 0)/(0, 0, 2)/(6, 0, 0)/(10, 0, 0)/(2, 0, 2)/(0, 2, 2).
This A31 does not have the same composition factors as any of the A
3
1 we have seen previousy on
L (E8). It is case 163 of Table 9.14.
7.16.4 A31 in A8
There are 21 conjugacy classes of restricted A31 in A8; these are listed in Table 7.32.
In cases 2, 9, 10, 12, 13, 14, 16, 17, 18, 19, 20 and 21, one of the factors of A31 is A¯1 in A8. By
Lemma 2.26, it is also A¯1 in E8. Hence these A
3
1 are in A¯1E7 since CE8(A¯1)
◦ = E7. By Theorem
2.21, L (E8) ↓ A8 = 10000001/λ3/λ6. Hence we calculate L (E8) ↓ A31 in each of these cases and
find which of cases 1 to 157 each of these A31 is conjugate to. These results are displayed in Table
7.32.
Now consider case 15 of Table 7.32 where X = A31 ⊆ A8 with embedding (2, 0, 0)/(0, 2, 0)/
(0, 0, 2). Clearly X is in A32 ⊆ A8 with embedding (2, 2, 2). We saw in Section 7.9 that A32 ⊆ A8 is
conjugate to A32 in A2A5. Hence X is conjugate to A
3
1 ⊆ A32 ⊆ A2A5 with embedding (2, 2, 2). So
X is conjugate to A31 ⊆ A2A5 with embedding (2, (2, 0)/(0, 2)) which is case 120 of Table 9.14.
Next consider cases 3, 6, 7, 8 and 11 of Table 7.32. Let ABCD,EFGH, IJKL = A41 ⊆ A8
with respectively VA8(λ1) ↓ A41 = (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0), (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 2)
and (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1)/(0, 0, 0, 0). We proved in Section 7.15.5 that ABCD,EFGH
and IJKL are conjugate to an A41 in A¯1E7. Cases 3, 6, 7, 8 and 11 are respectively AB CD, EFH,
EFG H, EFGH and IJK L. Thus they are conjugate to an A31 in A¯1E7. As before we calculate
L (E8) ↓ A31 in each case to find which. This is given in Table 7.32.
Now consider case 5 of Table 7.32. We have A31 ⊆ A8 with (1, 1, 0)/(0, 0, 3)/(0, 0, 0). Clearly
A31 ⊆ A3A3 so it is in D8. We find that VD8(λ1) ↓ A31 = (2, 0, 0)/(0, 2, 0)/(0, 0, 3)2/(0, 0, 0)2. Hence
this A31 is conjugate to A
3
1 ⊆ A¯1A¯1D6 with embedding (1, 1, (2, 0)/(0, 3)2/(0, 0)) which is case 128
of Table 9.14.
Finally consider cases 1 and 4 of Table 7.32. These A31 do not have the same composition factors
as any if the A31 we have seen previously on L (E8). They are cases 164 and 165 of Table 9.14.
7.16.5 A31 in A
2
4
Suppose A31 is in A
2
4. Either A
3
1 = A1A
2
1 ⊆ A4A4 or A31 = A1 A1A21 ⊆ A41 ⊆ A24.
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VA8(λ1) ↓ A31 n
1 (1, 1, 1)/(0, 0, 0) none
2 (2, 1, 0)/(0, 0, 1)/(0, 0, 0) 57
3 (1, 1, 0)/(0, 1, 1)/(0, 0, 0) 139
4 (1, 1, 0)/(0, 0, 4) none
5 (1, 1, 0)/(0, 0, 3)/(0, 0, 0) 128
6 (1, 1, 0)/(0, 0, 2)/(0, 0, 0)2 106
7 (1, 1, 0)/(0, 0, 2)/(0, 0, 1) 118
8 (1, 1, 0)/(0, 0, 2)/(1, 0, 0) 119
9 (1, 1, 0)/(0, 0, 1)/(0, 0, 0)3 50
10 (1, 1, 0)/(0, 0, 1)/(1, 0, 0)/(0, 0, 0) 47
11 (1, 1, 0)/(0, 0, 1)2/(0, 0, 0) 104
12 (4, 0, 0)/(0, 1, 0)/(0, 0, 1) 26
13 (3, 0, 0)/(0, 2, 0)/(0, 0, 1) 44
14 (3, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0) 21
15 (2, 0, 0)/(0, 2, 0)/(0, 0, 2) 120
16 (2, 0, 0)/(0, 2, 0)/(0, 0, 1)/(0, 0, 0) 53
17 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)2 14
18 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)2 54
19 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)/(1, 0, 0) 15
20 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)3 20
21 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)2/(0, 0, 0) 22
Table 7.32: A31 ⊆ A8. Each A31 has the same composition factors on L (E8) as case n of Table 9.14.
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By Section 7.15.4, all of A41 in A
2
4 are in A¯1E7. Hence we have considered all possible A
3
1 =
A1 A1A
2
1 ⊆ A41 ⊆ A24 in Section 7.16.1.
Now suppose A31 = A1A
2
1 ⊆ A4A4. There are three conjugacy classes of A21 with both factors
restricted in A4. There are 6 restricted conjugacy classes of A1 subgroups in A4. The two A4 are
conjugate so order does not matter. Hence there are 18 cases to consider; these are listed in Table
7.33.
First consider all cases of Table 7.33 except cases 1, 4, 7, 10 and 16. One of the factors of each
of these A31 is A¯1 in A4. It is also A¯1 in E8 by Lemma 2.26. Hence these A
3
1 are conjugate to an A
3
1
in A¯1E7 since CE8(A¯1)
◦ = E7. By Theorem 2.21,
L (E8) ↓ A24 = (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(1001, 0)/(0, 1001).
In each case we calculate L (E8) ↓ A31 to find which of cases 1 to 157 of Table 9.14 each of these A31
is conjugate to. These results are given in Table 7.33.
Next consider cases 7, 10 and 16 of Table 7.33. Let ABCD and EFGH = A41 ⊆ A24 with
embeddings ((2, 0)/(0, 1), (1, 1)/(0, 0)) and ((1, 0)/(0, 1)/(0, 0), (1, 1)/(0, 0)). We proved in Section
7.15.4 that ABCD and EFGH are conjugate to an A41 in A¯1E7. Cases 7, 10 and 16 of Table 7.33
are respectively ACD, A BCD and E FGH. Thus they are conjugate to an A31 in A¯1E7. As before
we calculate L (E8) ↓ A31 to find which.
Now consider case 1 of Table 7.33. Note that A31 ⊆ A8 with embedding (1, 1, 0)/(0, 0, 4) is clearly
in A4A4. Case 1 of Table 7.33 is the only A
3
1 in A
2
4 which has the same composition as this A
3
1 on
L (E8). Hence these two A31 are conjugate. Thus case 1 of Table 7.33 is in conjugacy class 164 of
Table 9.14.
Similarly consider case 4 of Table 7.33. The A31 ⊆ A8 with embedding (1, 1, 0)/(0, 0, 3)/(0, 0, 0)
is clearly in A4A4. Case 4 of Table 7.33 is the only A
3
1 in A
2
4 which has the same composition as
this A31 on L (E8). Thus case 4 of Table 7.33 is conjugate to case 128 of Table 9.14.
7.16.6 A31 in D8
Suppose A31 is in D8. There are 116 conjugacy classes of A
3
1 in D8 with each factor restricted. They
are listed in Table 7.34.
All of these A31 subgroups have a factor which is generated by long root subgroups except cases
5, 8, 9, 17, 20, 21, 25, 32, 33, 36, 44, 45, 47, 49, 56, 57, 62, 63, 64, 65, 66, 67, 68, 69, 72, 73, 76,
77, 78, 79, 80, 81, 82, 87, 89, 92, 93, 98, 100, 101, 102, 103, 105, 111, 112, 113, 114, 115, 116, 119,
129, 136, 137, 142, 144, 149, 151, 159, 160, 164, 166, 181, 183, 184, 185, 193, 195, 196, 197, 198,
199, 200, 203, 204, 205, 206, 207, 209, 210, 212, 213, 214, 217, 219, 220, 228, 230, 233, 235, 236,
237, 239, 242, 243, 244, 245, 246, 247, 250, 253, 254, 256, 257, 260, 262, 266 and 271 of Table 7.34.
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VA4A4 ↓ A31 n
1 (4, (1, 1)/(0, 0)) 164
2 (4, (1, 0)/(0, 1)/(0, 0)) 26
3 (4, (2, 0)/(0, 1)) 91
4 (3/0, (1, 1)/(0, 0)) 128
5 (3/0, (1, 0)/(0, 1)/(0, 0)) 21
6 (3/0, (2, 0)/(0, 1)) 44
7 (2/02, (1, 1)/(0, 0)) 106
8 (2/02, (1, 0)/(0, 1)/(0, 0)) 14
9 (2/02, (2, 0)/(0, 1)) 53
10 (2/1, (1, 1)/(0, 0)) 118
11 (2/1, (1, 0)/(0, 1)/(0, 0)) 15
12 (2/1, (2, 0)/(0, 1)) 83
13 (1/03, (1, 1)/(0, 0)) 50
14 (1/03, (1, 0)/(0, 1)/(0, 0)) 20
15 (1/03, (2, 0)/(0, 1)) 14
16 (12/0, (1, 1)/(0, 0)) 104
17 (12/0, (1, 0)/(0, 1)/(0, 0)) 22
18 (12/0, (2, 0)/(0, 1)) 54
Table 7.33: A31 ⊆ A24. Each A31 has the same composition factors on L (E8) as case n of Table 9.14.
By Lemma 2.26, A¯1 ⊆ D8 is also A¯1 in E8. Hence these A31 are in A¯1E7 since CE8(A¯1)◦ = E7 by
Theorem 2.24. Therefore they are conjugate to one of cases 1 to 157 of Table 9.14. By Theorem
2.21, L (E8) ↓ D8 = λ2/λ7. Since ∧2(VD8(λ1)) = λ2, we find some of the composition factors of
L (E8) ↓ A41 and thus find the conjugacy class of each of these A31. These results are listed in Table
7.34.
Now consider case 5 of Table 7.34 whereX = A31 ⊆ D8 such that VD8(λ1) ↓ X = (1, 0, 0)4/(0, 2, 0)/
(0, 0, 4). In Section 7.15.6, we proved that A41 = ABCD ⊆ D8 such that VD8(λ1) ↓ A41 = (1, 0, 0, 0)2/
(0, 1, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 4) is conjugate to an A41 in A¯1E7. Clearly X = A BCD. Hence X is
conjugate to an A31 ⊆ A¯1E7 so to one of cases 1 to 157 of Table 9.14.
Similarly cases 8, 9, 17, 20, 21, 25, 32, 33, 36, 44, 45, 47, 49, 56, 57, 62, 63, 66, 72, 76, 77, 78, 87,
89, 92, 100, 101, 102, 103, 105, 111, 112, 113, 119, 129, 136, 137, 142, 144, 149, 151, 159, 160, 164,
166, 181, 183, 184, 185, 193, 195, 196, 197, 198, 199, 200, 203, 204, 205, 206, 207, 209, 210, 212,
213, 214, 217, 219, 220, 228, 230, 233, 235, 236, 237, 239, 242, 243, 244, 245, 246, 247, 253, 254,
260, 262, 266 and 271 of Table 7.34 are contained in an A41 ⊆ D8 which is in A8, G2F4 or A¯1E7 by
Section 7.15.6. Thus these A31 are also conjugate to one of cases 1 to 165 of Table 9.14. As before
we calculate ∧2(VD8(λ1)) to find the conjugacy class of each of these A31 by comparing composition
factors on L (E8).
Now consider case 64 of Table 7.34 whereX = A31 ⊆ D8 such that VD8(λ1) ↓ X = (2, 0, 0)2/(0, 2, 0)/(0, 0, 6).
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By Section 7.15.6, A41 = EFGH ⊆ D8 such that VD8(λ1) ↓ EFGH = (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 6)
is conjugate to A41 ⊆ G2B4 ⊆ G2F4 with embedding (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)). Clearly X =
E FGH. Hence X is conjugate to A31 ⊆ G2B4 with embedding (6, (2, 0)2/(0, 2)) which is case 159
of Table 9.14.
Next we consider cases 68 and 116 of Table 7.34 and prove that they are conjugate. In Section
7.15.6, we proved that A41 ⊆ D8 with embedding (1, 3, 0, 0)/(0, 0, 1, 3) is conjugate to A41 ⊆ D8
with embedding (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 4). So clearly A31 ⊆ D8 with embedding
(1, 3, 0)/(0, 3, 1) is conjugate to A31 ⊆ D8 with embedding (2, 0, 0)/(0, 2, 0)/(0, 0, 4)2. Thus cases 68
and 116 of Table 7.34 are conjugate.
We now prove that they are conjugate to case 165 of Table 9.14. In case 165 of Table 9.14,
we have X = A31 ⊆ A24 with embedding (4, (1, 1)/(0, 0)). Hence X ⊆ A3A4. By [17, Table 8.1],
CE8(A3)
◦ = D5. Hence X is in A3D5 so in D8. Case 68 and 116 of Table 7.34 are the only A31 ⊆ D8
which could have the same composition factors as X on L (E8). Hence they are conjugate to X.
Similarly we show that cases 65 and 114 of Table 7.34 are conjugate. Clearly A31 ⊆ D8 with
embedding (1, 3, 0)/(1, 0, 3) is conjugate to A31 ⊆ D8 with embedding (2, 0, 0)2/(0, 4, 0)/(0, 0, 4).
These are cases 65 and 114 of Table 7.34.
We now prove that cases 65 and 114 are conjugate to case 158 of Table 9.14. Case 158 of Table
9.14 is A31 ⊆ A2C22 with embedding (2, (3, 3)). By Table 9.9, there is a unique conjugacy class of
C22 such that A2 ⊆ CE8(C22)◦. It is C22 ⊆ D8 with VD8(λ1) ↓ C22 = (01, 00)/(00, 01)/(00, 00)6. Hence
C22 ⊆ D5. By [17, Table 8.1], CE8(D5)◦ = A3. Therefore this A31 is in A3D5 so in D8. Hence it is
conjugate to cases 65 and 114 of Table 7.34 since these are the only A31 ⊆ D8 which have the same
composition factors as this A31 on L (E8).
Similarly cases 67 and 115 of Table 7.34 are A31 ⊆ D8 with embeddings respectively (2, 0, 0)/
(0, 2, 0)/(4, 0, 0)/(0, 0, 4) and (1, 3, 0)/(0, 1, 3) in D8. Hence they are conjugate to each other in E8.
Next consider cases 69, 80, 81 and 256 of Table 7.34. These four A31 are in ABCD = A
4
1 ⊆ D4D4
with VD4(λ1) ↓ AB = (1, 3) and VD4(λ1) ↓ CD = (2, 0)/(0, 4). By Lemma 2.27, there is a S3 × 2
acting on D4D4. It swaps the two D4 and by triality sends AB to CD. Cases 69 and 256 of Table
7.34 are respectively BCD and ABD so they are conjugate. Similarly cases 80 and 81 of Table 7.34
are respectively ABCD and AB CD so they are conjugate.
Now consider case 93 of Table 7.34. We show that it is conjugate to case 131 of Table 9.14. In
case 131 of Table 9.14, we have X = A31 ⊆ A¯1A¯1D6. Hence X ⊆ D8. Case 93 of Table 7.34 is the
only A31 ⊆ D8 which could have the same composition factors as X on L (E8). Therefore case 93
of Table 7.34 is conjugate to case 131 of Table 9.14.
Similarly consider case 262 of Table 7.34. Case 129 of Table 9.14 is in A¯1A¯1D6 so in D8. Hence
it is conjugate to one of the A31 in Table 7.34. Case 262 of Table 7.34 is the only A
3
1 ⊆ D8 which
could have the same composition factors as case 129 of Table 9.14. Hence case 129 of Table 9.14 is
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conjugate to case 262 of Table 7.34.
We now consider case 98 of Table 7.34 which has the same composition factors as case 161 of
Table 9.14. We claim that these are conjugate. In case 161 of Table 9.14, A31 ⊆ G2B4. By [17, Table
8.1], CE8(B4)
◦ = B3. Hence A31 ⊆ B3B4 so is in D8. Therefore it is conjugate to case 98 of Table
7.34 since it is the only A31 ⊆ D8 which has the same composition factors as this A31 on L (E8).
Finally consider cases 67, 69, 73, 79, 80, 82, 250 and 257 of Table 7.24. These do not have the
same composition factors onL (E8) as each other or as any of the A31 we have considered previously.
They are cases 166 to 173 of Table 9.13.
Table 7.34: A41 in D8 in E8. Each A
3
1 has the same com-
position factors on L (E8) as case n of Table 9.14.
VD8(λ1) ↓ A31 n
1 (1, 0, 0)6/(0, 1, 1) 24
2 (1, 0, 0)4/(0, 1, 0)2/(0, 0, 1)2 22
3 (1, 0, 0)4/(0, 1, 0)2/(1, 0, 1) 17
4 (1, 0, 0)4/(0, 1, 0)2/(0, 1, 1) 49
5 (1, 0, 0)4/(0, 2, 0)/(0, 0, 4) 101
6 (1, 0, 0)4/(1, 1, 0)/(1, 0, 1) 19
7 (1, 0, 0)4/(1, 1, 0)/(0, 1, 1) 48
8 (1, 0, 0)4/(0, 1, 1)2 104
9 (1, 0, 0)4/(0, 1, 3) 101
10 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(1, 1, 0) 49
11 (1, 0, 0)2/(0, 1, 0)2/(2, 0, 0)/(0, 0, 4) 35
12 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(4, 0, 0) 32
13 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 4) 8
14 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 3)2 21
15 (1, 0, 0)2/(0, 1, 0)2/(1, 1, 0)/(1, 0, 1) 55
16 (1, 0, 0)2/(0, 1, 0)2/(1, 0, 1)2 48
17 (1, 0, 0)2/(0, 1, 0)2/(1, 0, 1)/(0, 1, 1) 104
18 (1, 0, 0)2/(0, 1, 0)2/(1, 0, 3) 35
19 (1, 0, 0)2/(0, 1, 0)2/(3, 0, 1) 33
20 (1, 0, 0)2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2) 118
21 (1, 0, 0)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2) 119
22 (1, 0, 0)2/(2, 0, 0)/(4, 0, 0)/(0, 1, 1) 9
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23 (1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/(1, 0, 1) 37
24 (1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/(0, 1, 1) 30
25 (1, 0, 0)2/(2, 0, 0)/(0, 2, 2) 111
26 (1, 0, 0)2/(0, 2, 0)3/(0, 0, 2) 52
27 (1, 0, 0)2/(0, 2, 0)2/(0, 0, 2)2 53
28 (1, 0, 0)2/(0, 2, 0)/(4, 0, 0)/(1, 0, 1) 36
29 (1, 0, 0)2/(0, 2, 0)/(4, 0, 0)/(0, 1, 1) 31
30 (1, 0, 0)2/(0, 2, 0)/(0, 4, 0)/(1, 0, 1) 45
31 (1, 0, 0)2/(0, 2, 0)/(0, 4, 0)/(0, 1, 1) 9
32 (1, 0, 0)2/(0, 2, 0)/(0, 0, 4)/(1, 1, 0) 112
33 (1, 0, 0)2/(0, 2, 0)/(0, 0, 4)/(1, 0, 1) 114
34 (1, 0, 0)2/(0, 2, 0)/(0, 0, 4)/(0, 1, 1) 43
35 (1, 0, 0)2/(0, 2, 0)/(0, 0, 8) 29
36 (1, 0, 0)2/(0, 2, 0)/(2, 0, 2) 110
37 (1, 0, 0)2/(0, 2, 0)/(0, 2, 2) 28
38 (1, 0, 0)2/(3, 0, 0)2/(0, 1, 1) 23
39 (1, 0, 0)2/(0, 3, 0)2/(1, 0, 1) 38
40 (1, 0, 0)2/(0, 3, 0)2/(0, 1, 1) 11
41 (1, 0, 0)2/(0, 4, 0)/(0, 0, 6) 40
42 (1, 0, 0)2/(1, 1, 0)2/(1, 0, 1) 56
43 (1, 0, 0)2/(1, 1, 0)2/(0, 1, 1) 46
44 (1, 0, 0)2/(1, 1, 0)/(1, 0, 1)/(0, 1, 1) 116
45 (1, 0, 0)2/(1, 1, 0)/(0, 1, 1)2 117
46 (1, 0, 0)2/(1, 1, 0)/(1, 0, 3) 37
47 (1, 0, 0)2/(1, 1, 0)/(0, 1, 3) 115
48 (1, 0, 0)2/(1, 1, 0)/(3, 0, 1) 36
49 (1, 0, 0)2/(1, 1, 0)/(0, 3, 1) 113
50 (1, 0, 0)2/(0, 1, 1)3 46
51 (1, 0, 0)2/(0, 1, 1)/(1, 3, 0) 31
52 (1, 0, 0)2/(0, 1, 1)/(0, 1, 3) 30
53 (1, 0, 0)2/(0, 1, 1)/(3, 1, 0) 43
54 (1, 0, 0)2/(0, 1, 2)2 57
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55 (1, 0, 0)2/(0, 1, 5) 59
56 (1, 0, 0)2/(1, 1, 2) 108
57 (1, 0, 0)2/(2, 1, 1) 107
58 (2, 0, 0)4/(0, 1, 1) 12
59 (2, 0, 0)3/(0, 2, 0)/(1, 0, 1) 81
60 (2, 0, 0)3/(0, 2, 0)/(0, 1, 1) 82
61 (2, 0, 0)2/(0, 2, 0)2/(1, 0, 1) 83
62 (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(1, 1, 0) 152
63 (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 1, 1) 153
64 (2, 0, 0)2/(0, 2, 0)/(0, 0, 6) 159
65 (2, 0, 0)2/(0, 4, 0)/(0, 0, 4) 158
66 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(6, 0, 0) 163
67 (2, 0, 0)/(0, 2, 0)/(4, 0, 0)/(0, 0, 4) none
68 (2, 0, 0)/(0, 2, 0)/(0, 0, 4)2 165
69 (2, 0, 0)/(0, 3, 0)2/(0, 0, 4) none
70 (2, 0, 0)/(4, 0, 0)/(1, 1, 0)/(1, 0, 1) 7
71 (2, 0, 0)/(4, 0, 0)/(1, 1, 0)/(0, 1, 1) 71
72 (2, 0, 0)/(4, 0, 0)/(0, 1, 1)2 134
73 (2, 0, 0)/(4, 0, 0)/(0, 1, 3) none
74 (2, 0, 0)/(0, 4, 0)/(1, 1, 0)/(1, 0, 1) 69
75 (2, 0, 0)/(0, 4, 0)/(1, 1, 0)/(0, 1, 1) 66
76 (2, 0, 0)/(0, 4, 0)/(1, 0, 1)2 127
77 (2, 0, 0)/(0, 4, 0)/(1, 0, 1)/(0, 1, 1) 124
78 (2, 0, 0)/(0, 4, 0)/(0, 1, 1)2 126
79 (2, 0, 0)/(0, 4, 0)/(1, 0, 3) none
80 (2, 0, 0)/(0, 4, 0)/(0, 1, 3) none
81 (2, 0, 0)/(0, 4, 0)/(3, 0, 1) none
82 (2, 0, 0)/(0, 4, 0)/(0, 3, 1) none
83 (2, 0, 0)/(8, 0, 0)/(0, 1, 1) 2
84 (2, 0, 0)/(0, 8, 0)/(1, 0, 1) 65
85 (2, 0, 0)/(0, 8, 0)/(0, 1, 1) 64
86 (2, 0, 0)/(1, 1, 0)/(2, 0, 2) 62
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87 (2, 0, 0)/(1, 1, 0)/(0, 2, 2) 149
88 (2, 0, 0)/(0, 1, 1)/(2, 2, 0) 63
89 (2, 0, 0)/(0, 1, 1)/(0, 2, 2) 148
90 (3, 0, 0)2/(1, 1, 0)/(1, 0, 1) 18
91 (3, 0, 0)2/(1, 1, 0)/(0, 1, 1) 70
92 (3, 0, 0)2/(0, 1, 1)2 128
93 (3, 0, 0)2/(0, 1, 3) 131
94 (4, 0, 0)/(6, 0, 0)/(0, 1, 1) 3
95 (4, 0, 0)/(0, 6, 0)/(1, 0, 1) 74
96 (4, 0, 0)/(0, 6, 0)/(0, 1, 1) 73
97 (5, 0, 0)2/(0, 1, 1) 27
98 (6, 0, 0)/(0, 2, 2) 161
99 (1, 1, 0)3/(1, 0, 1) 78
100 (1, 1, 0)2/(1, 0, 1)2 139
101 (1, 1, 0)2/(1, 0, 1)/(0, 1, 1) 135
102 (1, 1, 0)2/(1, 0, 3) 127
103 (1, 1, 0)2/(3, 0, 1) 126
104 (1, 1, 0)/(1, 0, 1)/(1, 3, 0) 67
105 (1, 1, 0)/(1, 0, 1)/(0, 1, 3) 124
106 (1, 1, 0)/(1, 0, 1)/(3, 1, 0) 68
107 (1, 1, 0)/(1, 0, 2)2 87
108 (1, 1, 0)/(2, 0, 1)2 86
109 (1, 1, 0)/(1, 0, 5) 89
110 (1, 1, 0)/(5, 0, 1) 88
111 (1, 1, 0)/(1, 1, 2) 146
112 (1, 1, 0)/(1, 2, 1) 144
113 (1, 1, 1)2 120
114 (1, 3, 0)/(1, 0, 3) 158
115 (1, 3, 0)/(0, 1, 3) none
116 (1, 3, 0)/(0, 3, 1) 165
117 (1, 0, 0)4/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0) 49
118 (1, 0, 0)4/(2, 0, 0)/(0, 1, 1)/(0, 0, 0) 19
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119 (1, 0, 0)4/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)2 104
120 (1, 0, 0)4/(0, 2, 0)/(1, 0, 1)/(0, 0, 0) 55
121 (1, 0, 0)4/(0, 2, 0)/(0, 1, 1)/(0, 0, 0) 48
122 (1, 0, 0)4/(0, 1, 1)/(0, 0, 0)4 22
123 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(2, 0, 0)/(0, 0, 0) 17
124 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)4 20
125 (1, 0, 0)2/(0, 1, 0)2/(2, 0, 0)/(0, 0, 2)/(0, 0, 0)2 47
126 (1, 0, 0)2/(0, 1, 0)2/(2, 0, 0)/(1, 0, 1)/(0, 0, 0) 19
127 (1, 0, 0)2/(0, 1, 0)2/(2, 0, 0)/(0, 1, 1)/(0, 0, 0) 47
128 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)2/(0, 0, 0)2 14
129 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(1, 1, 0)/(0, 0, 0) 103
130 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(1, 0, 1)/(0, 0, 0) 55
131 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 0)5 22
132 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 4)/(0, 0, 0)3 21
133 (1, 0, 0)2/(0, 1, 0)2/(0, 0, 6)/(0, 0, 0) 5
134 (1, 0, 0)2/(0, 1, 0)2/(1, 0, 1)/(0, 0, 0)4 22
135 (1, 0, 0)2/(2, 0, 0)2/(0, 1, 1)/(0, 0, 0)2 15
136 (1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3 117
137 (1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 4)/(0, 0, 0) 115
138 (1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(1, 0, 1)/(0, 0, 0)2 56
139 (1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 1, 1)/(0, 0, 0)2 46
140 (1, 0, 0)2/(2, 0, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0) 15
141 (1, 0, 0)2/(2, 0, 0)/(1, 1, 0)/(0, 1, 1)/(0, 0, 0) 56
142 (1, 0, 0)2/(2, 0, 0)/(0, 1, 1)2/(0, 0, 0) 117
143 (1, 0, 0)2/(2, 0, 0)/(0, 1, 1)/(0, 0, 0)5 17
144 (1, 0, 0)2/(2, 0, 0)/(0, 1, 3)/(0, 0, 0) 115
145 (1, 0, 0)2/(0, 2, 0)2/(0, 0, 2)/(0, 0, 0)3 54
146 (1, 0, 0)2/(0, 2, 0)2/(0, 0, 4)/(0, 0, 0) 44
147 (1, 0, 0)2/(0, 2, 0)2/(1, 0, 1)/(0, 0, 0)2 54
148 (1, 0, 0)2/(0, 2, 0)2/(0, 1, 1)/(0, 0, 0)2 15
149 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(4, 0, 0)/(0, 0, 0) 113
150 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 4, 0)/(0, 0, 0) 45
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151 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(0, 0, 0)2 116
152 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)/(0, 0, 0)2 51
153 (1, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)6 50
154 (1, 0, 0)2/(0, 2, 0)/(0, 0, 3)2/(0, 0, 0) 38
155 (1, 0, 0)2/(0, 2, 0)/(0, 0, 4)/(0, 0, 0)4 39
156 (1, 0, 0)2/(0, 2, 0)/(0, 0, 6)/(0, 0, 0)2 41
157 (1, 0, 0)2/(0, 2, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0) 51
158 (1, 0, 0)2/(0, 2, 0)/(1, 1, 0)/(0, 1, 1)/(0, 0, 0) 56
159 (1, 0, 0)2/(0, 2, 0)/(1, 0, 1)2/(0, 0, 0) 116
160 (1, 0, 0)2/(0, 2, 0)/(1, 0, 1)/(0, 1, 1)/(0, 0, 0) 116
161 (1, 0, 0)2/(0, 2, 0)/(1, 0, 1)/(0, 0, 0)5 49
162 (1, 0, 0)2/(0, 2, 0)/(0, 1, 1)2/(0, 0, 0) 56
163 (1, 0, 0)2/(0, 2, 0)/(0, 1, 1)/(0, 0, 0)5 24
164 (1, 0, 0)2/(0, 2, 0)/(1, 0, 3)/(0, 0, 0) 112
165 (1, 0, 0)2/(0, 2, 0)/(0, 1, 3)/(0, 0, 0) 37
166 (1, 0, 0)2/(0, 2, 0)/(3, 0, 1)/(0, 0, 0) 114
167 (1, 0, 0)2/(0, 2, 0)/(0, 3, 1)/(0, 0, 0) 36
168 (1, 0, 0)2/(4, 0, 0)/(0, 1, 1)/(0, 0, 0)3 11
169 (1, 0, 0)2/(0, 4, 0)/(0, 0, 4)/(0, 0, 0)2 42
170 (1, 0, 0)2/(0, 4, 0)/(1, 0, 1)/(0, 0, 0)3 38
171 (1, 0, 0)2/(0, 4, 0)/(0, 1, 1)/(0, 0, 0)3 23
172 (1, 0, 0)2/(6, 0, 0)/(0, 1, 1)/(0, 0, 0) 6
173 (1, 0, 0)2/(0, 6, 0)/(1, 0, 1)/(0, 0, 0) 41
174 (1, 0, 0)2/(0, 6, 0)/(0, 1, 1)/(0, 0, 0) 6
175 (1, 0, 0)2/(1, 1, 0)/(1, 0, 1)/(0, 0, 0)4 17
176 (1, 0, 0)2/(1, 1, 0)/(0, 1, 1)/(0, 0, 0)4 49
177 (1, 0, 0)2/(0, 1, 1)2/(0, 0, 0)4 50
178 (1, 0, 0)2/(0, 1, 1)/(0, 0, 0)8 20
179 (1, 0, 0)2/(0, 1, 3)/(0, 0, 0)4 39
180 (1, 0, 0)2/(0, 2, 2)/(0, 0, 0)3 61
181 (2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(0, 0, 0) 137
182 (2, 0, 0)3/(0, 1, 1)/(0, 0, 0)3 13
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183 (2, 0, 0)2/(0, 2, 0)2/(0, 0, 2)/(0, 0, 0) 138
184 (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)4 106
185 (2, 0, 0)2/(0, 2, 0)/(0, 0, 4)/(0, 0, 0)2 133
186 (2, 0, 0)2/(0, 2, 0)/(1, 0, 1)/(0, 0, 0)3 80
187 (2, 0, 0)2/(0, 2, 0)/(0, 1, 1)/(0, 0, 0)3 78
188 (2, 0, 0)2/(4, 0, 0)/(0, 1, 1)/(0, 0, 0) 7
189 (2, 0, 0)2/(0, 4, 0)/(1, 0, 1)/(0, 0, 0) 72
190 (2, 0, 0)2/(0, 4, 0)/(0, 1, 1)/(0, 0, 0) 67
191 (2, 0, 0)2/(1, 1, 0)/(1, 0, 1)/(0, 0, 0)2 13
192 (2, 0, 0)2/(1, 1, 0)/(0, 1, 1)/(0, 0, 0)2 80
193 (2, 0, 0)2/(0, 1, 1)2/(0, 0, 0)2 106
194 (2, 0, 0)2/(0, 1, 1)/(0, 0, 0)6 14
195 (2, 0, 0)2/(0, 1, 3)/(0, 0, 0)2 133
196 (2, 0, 0)2/(0, 2, 2)/(0, 0, 0) 150
197 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(4, 0, 0)/(0, 0, 0)2 134
198 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(0, 0, 0)3 136
199 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)7 105
200 (2, 0, 0)/(0, 2, 0)/(0, 0, 3)2/(0, 0, 0)2 128
201 (2, 0, 0)/(0, 2, 0)/(4, 0, 0)/(1, 0, 1)/(0, 0, 0) 71
202 (2, 0, 0)/(0, 2, 0)/(4, 0, 0)/(0, 1, 1)/(0, 0, 0) 68
203 (2, 0, 0)/(0, 2, 0)/(0, 0, 4)/(1, 1, 0)/(0, 0, 0) 151
204 (2, 0, 0)/(0, 2, 0)/(0, 0, 4)/(1, 0, 1)/(0, 0, 0) 132
205 (2, 0, 0)/(0, 2, 0)/(0, 0, 4)/(0, 0, 0)5 102
206 (2, 0, 0)/(0, 2, 0)/(0, 0, 6)/(0, 0, 0)3 130
207 (2, 0, 0)/(0, 2, 0)/(0, 0, 8)/(0, 0, 0) 123
208 (2, 0, 0)/(0, 2, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0)2 79
209 (2, 0, 0)/(0, 2, 0)/(1, 0, 1)2/(0, 0, 0)2 139
210 (2, 0, 0)/(0, 2, 0)/(1, 0, 1)/(0, 1, 1)/(0, 0, 0)2 135
211 (2, 0, 0)/(0, 2, 0)/(1, 0, 1)/(0, 0, 0)6 48
212 (2, 0, 0)/(0, 2, 0)/(1, 0, 3)/(0, 0, 0)2 127
213 (2, 0, 0)/(0, 2, 0)/(3, 0, 1)/(0, 0, 0)2 126
214 (2, 0, 0)/(0, 2, 0)/(2, 0, 2)/(0, 0, 0) 122
Continued on next page
7.16 R1 . . . Rn = A
3
1 328
Table 7.34 – continued from previous page
VD8(λ1) ↓ A31 n
215 (2, 0, 0)/(3, 0, 0)2/(0, 1, 1)/(0, 0, 0) 18
216 (2, 0, 0)/(0, 3, 0)2/(1, 0, 1)/(0, 0, 0) 34
217 (2, 0, 0)/(0, 3, 0)2/(0, 1, 1)/(0, 0, 0) 125
218 (2, 0, 0)/(4, 0, 0)/(0, 1, 1)/(0, 0, 0)4 8
219 (2, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 0, 0)3 131
220 (2, 0, 0)/(0, 4, 0)/(0, 0, 6)/(0, 0, 0) 129
221 (2, 0, 0)/(0, 4, 0)/(1, 0, 1)/(0, 0, 0)4 34
222 (2, 0, 0)/(0, 4, 0)/(0, 1, 1)/(0, 0, 0)4 33
223 (2, 0, 0)/(6, 0, 0)/(0, 1, 1)/(0, 0, 0)2 4
224 (2, 0, 0)/(0, 6, 0)/(1, 0, 1)/(0, 0, 0)2 76
225 (2, 0, 0)/(0, 6, 0)/(0, 1, 1)/(0, 0, 0)2 75
226 (2, 0, 0)/(1, 1, 0)2/(1, 0, 1)/(0, 0, 0) 79
227 (2, 0, 0)/(1, 1, 0)2/(0, 1, 1)/(0, 0, 0) 79
228 (2, 0, 0)/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(0, 0, 0) 139
229 (2, 0, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0)5 19
230 (2, 0, 0)/(1, 1, 0)/(0, 1, 1)2/(0, 0, 0) 136
231 (2, 0, 0)/(1, 1, 0)/(0, 1, 1)/(0, 0, 0)5 55
232 (2, 0, 0)/(1, 1, 0)/(1, 0, 3)/(0, 0, 0) 72
233 (2, 0, 0)/(1, 1, 0)/(0, 1, 3)/(0, 0, 0) 151
234 (2, 0, 0)/(1, 1, 0)/(3, 0, 1)/(0, 0, 0) 71
235 (2, 0, 0)/(1, 1, 0)/(0, 3, 1)/(0, 0, 0) 132
236 (2, 0, 0)/(0, 1, 1)3/(0, 0, 0) 135
237 (2, 0, 0)/(0, 1, 1)2/(0, 0, 0)5 104
238 (2, 0, 0)/(0, 1, 1)/(1, 3, 0)/(0, 0, 0) 69
239 (2, 0, 0)/(0, 1, 1)/(0, 1, 3)/(0, 0, 0) 124
240 (2, 0, 0)/(0, 1, 1)/(3, 1, 0)/(0, 0, 0) 66
241 (2, 0, 0)/(0, 1, 1)/(0, 0, 0)9 16
242 (2, 0, 0)/(0, 1, 2)2/(0, 0, 0) 87
243 (2, 0, 0)/(0, 1, 3)/(0, 0, 0)5 101
244 (2, 0, 0)/(0, 1, 5)/(0, 0, 0) 141
245 (2, 0, 0)/(0, 2, 2)/(0, 0, 0)4 100
246 (2, 0, 0)/(1, 1, 2)/(0, 0, 0) 145
Continued on next page
Chapter 7. Products of restricted subgroups of the same type in E8 329
Table 7.34 – continued from previous page
VD8(λ1) ↓ A31 n
247 (2, 0, 0)/(2, 1, 1)/(0, 0, 0) 142
248 (3, 0, 0)2/(0, 1, 1)/(0, 0, 0)4 21
249 (4, 0, 0)2/(0, 1, 1)/(0, 0, 0)2 26
250 (4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 0, 0) none
251 (4, 0, 0)/(0, 4, 0)/(1, 0, 1)/(0, 0, 0)2 77
252 (4, 0, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0)3 18
253 (4, 0, 0)/(1, 1, 0)/(0, 1, 1)/(0, 0, 0)3 125
254 (4, 0, 0)/(0, 1, 1)2/(0, 0, 0)3 128
255 (4, 0, 0)/(0, 1, 1)/(0, 0, 0)7 10
256 (4, 0, 0)/(0, 1, 3)/(0, 0, 0)3 none
257 (4, 0, 0)/(0, 2, 2)/(0, 0, 0)2 none
258 (6, 0, 0)/(1, 1, 0)/(1, 0, 1)/(0, 0, 0) 4
259 (6, 0, 0)/(1, 1, 0)/(0, 1, 1)/(0, 0, 0) 75
260 (6, 0, 0)/(0, 1, 1)2/(0, 0, 0) 130
261 (6, 0, 0)/(0, 1, 1)/(0, 0, 0)5 5
262 (6, 0, 0)/(0, 1, 3)/(0, 0, 0) 129
263 (8, 0, 0)/(0, 1, 1)/(0, 0, 0)3 25
264 (10, 0, 0)/(0, 1, 1)/(0, 0, 0) 1
265 (1, 1, 0)2/(1, 0, 1)/(0, 0, 0)4 47
266 (1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(0, 0, 0)4 103
267 (1, 1, 0)/(1, 0, 1)/(0, 0, 0)8 16
268 (1, 1, 0)/(1, 0, 3)/(0, 0, 0)4 35
269 (1, 1, 0)/(3, 0, 1)/(0, 0, 0)4 32
270 (1, 1, 0)/(2, 0, 2)/(0, 0, 0)3 90
271 (1, 1, 2)/(0, 0, 0)4 99
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Chapter 8
Proof of Theorem 8 and 9 and
Corollaries 2 to 6
Throughout this chapter, let G be a simple exceptional algebraic group over an algebraically closed
field k of good characteristic p.
8.1 Proof of Corollary 2
In this section we prove Corollary 2 by using Theorem 4.
Let G be a simple algebraic group over k. Let X be a simple connected restricted subgroup
of G. Then X is in a product R1 . . . Rn as in Theorem 4, where n = 1 and X = R1. Hence by
Theorem 4, either X is G-cr or it is case 2 or case 3 of Theorem 4.
8.2 Proof of Theorem 8
First suppose that X is a connected non-restricted G-cr simple subgroup of G, with X 6= A1 if G =
E8. Since X is G-cr, by Corollary 1, there is a product R1 . . . Rn ⊆ G such that X ⊆ R1 . . . Rn and
the Ri are simple restricted subgroups of the same type as X with each projection X → Ri/Z(Ri)
non trivial and involving different field twists. Since X is non-restricted, n ≥ 2. Hence R1 . . . Rn is a
product of more than one simple restricted subgroup of the same type in G. Therefore by Theorem
6 and Theorem 7, R1 . . . Rn is one of the subgroups listed in Tables 9.1-9.9. So there is a subgroup
Y of G in Tables 9.1-9.9 such that X is a diagonal subgroup of Y with distinct field twists on each
factor.
Conversely, suppose Y is one of the subgroups listed in Tables 9.1 - 9.14. Let X be a diagonal
subgroups of Y with distinct field twists on each factor. Then by Theorem 4, X is G-cr except in
the two exceptional cases stated in this theorem.
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8.3 Proof of Corollary 3
Let R1 . . . Rn and S1 . . . Sn be two products of simple restricted subgroups of the same type in G
with n ≥ 2 (n ≥ 3 if G = E8 and Ri = A1).
Clearly if R1 . . . Rn is conjugate to S1 . . . Sn then they have the same composition factors as each
other on L (G).
Conversely, suppose R1 . . . Rn and S1 . . . Sn have the same composition factors as each other on
L (G). By Tables 9.1-9.9, any two products of more than one simple restricted subgroup of the
same type in G (more than two if G = E8 and the factors are of type A1) which have the same
composition factors on L (G) are conjugate in G. Hence R1 . . . Rn is conjugate to S1 . . . Sn.
8.4 Proof of Corollary 4
Let X and Y be simple non-restricted G-cr subgroups of G with X, Y 6= A1 if G = E8.
Clearly if X and Y are conjugate in G thenL (G) ↓ X andL (G) ↓ Y have the same composition
factors.
Now suppose L (G) ↓ X and L (G) ↓ Y have the same composition factors. By Corollary 1,
since X is G-cr, it is in a product R1 . . . Rn such that X ⊆ R1 . . . Rn and the Ri are simple restricted
subgroups of the same type as X with each projection X → Ri/Z(Ri) non trivial and involving
different field twists. Similarly, Y is in a product S1 . . . Sm with the same properties. Since X and Y
are not restricted, n and m are greater than or equal to 2. Therefore by Theorem 6 and Theorem 7,
R1 . . . Rn and S1 . . . Sm are among the subgroups listed in Tables 9.1 to 9.9. By inspection of Tables
9.1 to 9.9, we find that L (G) ↓ R1 . . . Rn and L (G) ↓ S1 . . . Sm have the same composition factors.
Therefore by Corollary 3, R1 . . . Rn is conjugate to S1 . . . Sm. By further inspection of Tables 9.1 to
9.9, we find that X is conjugate to Y .
8.5 Proof of Theorem 9
To prove this theorem, we consider separately each subgroup R1 . . . Rn in Tables 9.1 to 9.14 and
in each case we find the connected centraliser of R1 . . . Rn in G. We use the following method: we
find the number N of trivial composition factors in L (G) ↓ R1 . . . Rn, we then find a subgroup of
dimension N in CG(R1 . . . Rn)
◦. In all cases such a subgroup can be found in an M in the Tables
9.1 to 9.14. We carry this out for G = F4 and omit the other cases when G = E6, E7 or E8 which
are similar.
Let G = F4 and R = R1 . . . Rn. First suppose R = A
2
2 or A
4
1. By Table 9.1, there are no trivial
composition factors in L (F4) ↓ R hence CG(R)◦ = 1.
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Next suppose R = A31. In the first case of Table 9.1 for A
3
1, we have N = 3 and clearly
A¯1 ⊆ CG(R)◦ so CG(R)◦ = A¯1.
In the second case of Table 9.1 for A31, we have N = 1 and A
3
1 ⊆ B4 with embedding (2, 0, 0)/
(0, 1, 1)/(0, 0, 0)2. Clearly A31 ⊆ B3. Since CB4(B3)◦ = T1, we have CG(R)◦ = T1.
In cases 3, 4 and 5 of Table 9.1 for A31, there are no trivial composition factors in L (F4) ↓ R
hence CG(R)
◦ = 1.
Now suppose R = A21. In cases 1, 2, 10, 11, 12, 13 and 15 of Table 9.1 for A
2
1, there are no trivial
composition factors in L (F4) ↓ R so CG(R)◦ = 1.
In case 3 of Table 9.1 for A21, we have N = 3 and A
2
1 ⊆ A¯1C3 with embedding (0, (3, 0)/(0, 1))
so clearly CG(R)
◦ = A¯1.
In case 4 of Table 9.1 for A21, we have N = 3 and R = A
2
1 ⊆ A¯1C3 with embedding (1, 22).
Clearly R ⊆ A31 ⊆ A¯1C3 with embedding (1, (2, 1)) so CG(R)◦ = A1.
Suppose we are in case 5 of Table 9.1 for A21 where N = 3 and R = A
2
1 ⊆ A¯1C3 with embedding
(1, 13). Since R ⊆ A31 ⊆ A¯1C3 with embedding (1, (2, 1)), we have CG(R)◦ = A1.
Suppose we are in case 6 of Table 9.1 for A21 where R = A
2
1 ⊆ A¯1C3 with embedding (0, (1, 0)2/
(0, 1)) and N = 4. We proved that if A31 ⊆ A¯1C3 with embedding (1, (1, 0)2/(0, 1)) then C◦G(A31) =
T1. Hence CG(R)
◦ = A¯1T1.
In case 7 of Table 9.1 for A21, we have N = 10 and R = A1
2 ⊆ B4 with embedding (1, 1)/(0, 0)5.
Therefore A21 ⊆ SO4 and so CG(R)◦ = CB4(R)◦ = B2.
In case 8 of Table 9.1 for A21, we have N = 3 and A
2
1 ⊆ A¯1C3 with embedding (0, (2, 1)) so
clearly CG(R)
◦ = A¯1.
Suppose we are in case 9 of Table 9.1 forA21 whereR = A
2
1 ⊆ B4 with embedding (2, 0)/(0, 2)/(0, 0)3
and N = 3. Clearly A21 ⊆ A31 ⊆ B4 with embedding (2, 0, 0)/(0, 2, 0)/(0, 0, 2) so CG(R)◦ = A1.
Finally suppose we are in case 14 of Table 9.1 where N = 1 and R = A21 ⊆ A2A2 with embedding
(2, 1/0). Clearly CG(R)
◦ = T1.
8.6 Proof of Corollary 5
Let R1 . . . Rn be a product of simple restricted subgroup of the same type with n ≥ 2 except if
G = E8 and Ri = A1 where n ≥ 3. Let X be a simple subgroup of G that is a diagonal subgroup
in R1 . . . Rn with projections having different field twists.
By Theorem 6 and Theorem 7, the subgroup R1 . . . Rn is one of the subgroups in Table 9.1
to 9.14. Let N = dim(CG(R1 . . . Rn)
◦). As observed in the proof of Theorem 9, each subgroup
R1 . . . Rn in Tables 9.1 to 9.14 has exactly N trivial composition factors on L (G).
Clearly CG(R1 . . . Rn)
◦ ⊆ CG(X)◦ since X ⊆ R1 . . . Rn. Hence dim(CG(X)◦) ≥ N .
Furthermore, since X is the diagonal subgroup of R1 . . . Rn with non trivial different field twists
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on each factor, there are the same number of trivial composition factors in L (G) ↓ R1 . . . Rn and
L (G) ↓ X. So L (G) ↓ X has N trivial composition factors. Therefore dim(CG(X)◦) ≤ N .
Hence dim(CG(X)
◦) = dim(CG(R1 . . . Rn)◦) and CG(R1 . . . Rn)◦ ⊆ CG(X)◦ . Thus CG(R1 . . . Rn)◦ =
CG(X)
◦.
8.7 Proof of Corollary 6
This corollary can be checked straightforwardly from Tables 9.1 to 9.14.
334
Chapter 9
Tables
Let G be an exceptional algebraic group over an algebraically closed field k of good characteristic.
The following tables describe the embeddings of products
X = R1 . . . Rn
into G where the Ri are simple restricted subgroups of the same type and n ≥ 2 except when
G = E8 and Ri ∼= A1, in which case n ≥ 3.
The first column numbers the conjugacy classes of subgroups X = R1 . . . Rn. The next column
gives a semisimple subgroup M such that R1 . . . Rn ⊆M ⊆ G.
Suppose M = M1 . . .Mt with all Mi semisimple. Define VM(λ1) = (VM1(λ1), . . . VMt(λ1)). The
third column gives the embedding of X = R1 . . . Rn into M , denoted by VM(λ1) ↓ R1 . . . Rn as
explained in Section 2.2. The fourth column gives L (G) ↓ R1 . . . Rn. Finally the last column gives
CG(R1 . . . Rn)
◦.
In Tables 9.1, 9.2, 9.3, 9.4 and 9.9, there is an additional column to specify the type of X =
R1 . . . Rn.
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9.1 R1 . . . Rn in F4
The following tables classify products X = R1 . . . Rn in F4 where each Ri is a simple restricted
subgroup of the same type and n ≥ 2.
9
.1
R
1
...R
n
in
F
4
3
3
6
Table 9.1: Products of more than one restricted sub-
groups of same type in F4
X M VM(λ1) ↓ X L (F4) ↓ X CG(X)◦
A2A2 A2A2 (10, 10) (10, 02)/(01, 20)/(11, 00)/(00, 11) 1
A41 A¯1C3 (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (1, 1, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/ 1
B4 (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0) (1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 2)/(1, 1, 0, 0)/(0, 0, 1, 1)
1 A31 A¯1C3 (1, (1, 0)/(0, 1)/(0, 0)
2) (1, 1, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/ A¯1
A¯1C3 (0,(1,0,0)/(0,1,0)/(0,0,1)) (0, 1, 1)/(1, 0, 0)
2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3
B4 (1, 0, 0)
2/(0, 1, 1)/(0, 0, 0)
2 A¯1C3 (1, (1, 0)
2/(0, 1)) (1, 2, 1)/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)/(1, 1, 0)2/(1, 0, 1)2/ T1
A¯1C3 (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 1, 1)
2/(0, 0, 0)
B4 (2, 0, 0)/(0, 1, 1)/(0, 0, 0)
2
B4 (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
3 A¯1C3 (1, (2, 1)) (1, 4, 1)/(0, 4, 2)/(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2) 1
A1G2 (1, (0, 2)/(1, 1))
4 A¯1C3 (1, (3, 0)/(0, 1)) (0, 6, 0)/(1, 4, 1)/(1, 3, 0)/(0, 3, 1)/(2, 0, 0)/(0, 2, 0)/ 1
B4 (4, 0, 0)/(0, 1, 1) (0, 0, 2)
5 B4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2) (2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ 1
(1, 1, 1)2
1 A21 A¯1C3 (1, 5) (0, 10)/(1, 9)/(0, 6)/(1, 3)/(2, 0)/(0, 2) 1
2 A¯1C3 (1, 3/1) (0, 6)/(1, 5)/(0, 4)/(1, 3)
2/(2, 0)/(0, 2)3 1
A¯1C3 (1, (3, 0)/(0, 1))
A1G2 (1, (0, 2)/(1, 1))
3 A¯1C3 (1, 3/0
2) (0, 6)/(1, 4)2/(1, 3)/(0, 3)2/(2, 0)/(0, 2)/(0, 0)3 A¯1
A¯1C3 (0, (3, 0)/(0, 1))
Continued on next page
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Table 9.1 – continued from previous page
X M VM(λ1) ↓ X L (F4) ↓ X CG(X)◦
4 A¯1C3 (1, 2
2) (1, 4)2/(0, 4)3/(2, 0)/(0, 2)/(1, 0)4/(0, 0)3 A1
A2A2 (1/0, 2)
A1G2 (1, 1
2/03)
5 A¯1C3 (1, 1
3) (1, 3)/(2, 0)/(0, 2)6/(1, 1)5/(0, 0)3 A1
A¯1C3 (1, (1, 0)
2/(0, 1))
B4 (1, 1)/(0, 2)/(0, 0)
2
6 A¯1C3 (1, 1
2/02) (1, 2)2/(2, 0)/(0, 2)3/(1, 1)2/(1, 0)4/(0, 1)4/(0, 0)4 A¯1T1
A¯1C3 (0, (1, 0)
2/(0, 1))
A¯1C3 (1, (1, 0)/(0, 1)/(0, 0)
2)
B4 (2, 0)/(0, 1)
2/(0, 0)2
B4 (1, 1)/(1, 0)
2/(0, 0)
A2A2 (1/0, 1/0)
7 A¯1C3 (1, 1/0
4) (2, 0)/(0, 2)/(1, 1)5/(1, 0)4/(0, 1)4/(0, 0)10 C2
A¯1C3 (0, (1, 0)/(0, 1)/(0, 0)
2)
B4 (1, 1)/(0, 0)
5
B4 (1, 0)
2/(0, 1)2/(0, 0)
8 A¯1C3 (0, (2, 1)) (4, 1)
2/(4, 2)/(0, 3)2/(2, 0)/(0, 2)/(0, 0)3 A¯1
A1G2 (1, 2/1
2)
A1G2 (0, (0, 2)/(1, 1))
9 A¯1C3 (1, (1, 0)
2/(0, 1)) (2, 2)/(2, 0)4/(0, 2)4/(1, 1)4/(0, 0)3 A1
B4 (2, 0)/(0, 2)/(0, 0)
3
B4 (1, 1)
2/(0, 0)
10 A¯1C3 (1, (2, 1)) (5, 1)/(4, 2)/(3, 1)/(1, 3)/(2, 0)
2/(0, 2) 1
A1G2 (1, (0, 2)/(1, 1))
G2 (0, 2)/(1, 1)
Continued on next page
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Table 9.1 – continued from previous page
X M VM(λ1) ↓ X L (F4) ↓ X CG(X)◦
11 A¯1C3 (1, (2, 1)) (2, 4)
2/(4, 0)/(0, 4)/(2, 0)3/(0, 2) 1
A2A2 (2, 2)
A1G2 (1, 2
2/0)
A1G2 (1, (0, 2)/(1, 1))
12 A¯1C3 (1, (3, 0)/(0, 1)) (0, 6)/(2, 4)/(0, 4)/(1, 3)
2/(2, 0)2/(0, 2) 1
B4 (4, 0)/(0, 2)/(0, 0)
B4 (1, 3)/(0, 0)
13 B4 (2, 2) (4, 2)/(2, 4)/(0, 2)/(2, 0)/(3, 1)/(1, 3) 1
14 B4 (2, 0)/(0, 2)
2 (2, 2)2/(2, 1)2/(2, 0)3/(4, 0)/(0, 2)/(0, 1)2/(0, 0) T1
A2A2 (2, 1/0)
15 A1G2 (1, 6) (0, 10)/(4, 6)/(2, 0)/(0, 2) 1
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9.2 R1 . . . Rn in E6
The following tables classify products X = R1 . . . Rn in E6 where each Ri is a simple restricted
subgroup of the same type and n ≥ 2.
9
.2
R
1
...R
n
in
E
6
3
4
0
Table 9.2: Products of more than one restricted sub-
groups of same type in E6
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
B2B2 C4 (01, 00)/(00, 01) (02, 00)/(00, 02)/(01, 01)
2/(10, 10)/(00, 00) T1
D5 (10, 00)/(00, 10)
A2A2A2 A2A2A2 (10, 10, 10) (10, 10, 10)/(01, 01, 01)/(11, 00, 00)/(00, 11, 00)/ 1
(00, 00, 11)
1 A2A2 A2A2A2 (10, 10, 00) (10, 10)
3/(01, 01)3/(11, 00)/(00, 11)/(00, 00)8 A2
A¯1A5 (0, (10, 00)/(00, 10))
2 A2A2A2 (10, 10, 10) (20, 10)/(01, 10)/(02, 01)/(10, 01)/(11, 00)
2/(00, 11) 1
A2A2 ⊆ F4 (10,10)
3 A2A2A2 (10, 01, 10) (11, 10)/(11, 01)/(11, 00)
2/(00, 11)/(00, 10)/(00, 01) 1
A2G2 (10,10/01/00)
1 A41 A¯1A5 (1,(1,1,0)/(0,0,1)) (1, 1, 1, 0)/(1, 2, 0, 1)/(1, 0, 2, 1)/(1, 1, 1, 0)/(2, 0, 0, 0)/ T1
D5 (1, 1, 0, 0)/(0, 0, 2, 0)/ (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)
2/(0, 2, 2, 0)/
(0, 0, 0, 2) (0, 0, 0, 0)
2 A¯1A5 (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (1, 0, 1, 0)
2/(1, 0, 0, 1)2/(1, 1, 0, 0)2/(0, 1, 1, 0)2/ T2
A1C3 ⊆ F4 (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (1, 1, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
C4 (1, 0, 0, 0)/(0, 1, 0, 0)/ (0, 1, 0, 1)
2/(0, 0, 1, 1)2/(0, 0, 0, 2)/(0, 0, 0, 0)2
(0, 0, 1, 0)/(0, 0, 0, 1)
D5 (1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)2
1 A31 A¯1A5 (1, (2, 1)) (1, 4, 1)/(1, 2, 1)/(1, 0, 3)/(2, 0, 0)/(0, 4, 2)/(0, 4, 0)/ 1
A¯1C3 ⊆ F4 (1, (2, 1)) (0, 2, 2)/(0, 2, 0)/(0, 0, 2)
C4 (2, 1, 0)/(0, 0, 1)
A2G2 (2, (0, 2)/(1, 1))
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
2 A¯1A5 (1, (2, 0)/(0, 2)) (1, 2, 2)
2/(1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 2, 0)/ T1
A32 (2, 2, 1/0) (0, 0, 2)/(0, 2, 2)
2/(0, 0, 0)
3 A¯1A5 (1, (2, 0)/(0, 1)/(0, 0)) (1, 2, 1)
2/(1, 2, 0)2/(1, 0, 0)2/(2, 0, 0)/(0, 4, 0)/ T2
A32 (2, 1/0, 1/0) (0, 2, 1)
2/(0, 2, 0)3/(0, 0, 2)/(0, 0, 1)2/(0, 0, 0)2
D5 (1, 1, 0)/(0, 0, 2)
2
4 A¯1A5 (1, (1, 1)/(1, 0)) (1, 1, 1)
2/(1, 3, 0)/(1, 1, 0)/(1, 1, 2)/(2, 0, 0)/(0, 2, 2)/ T1
A¯1A5 (1, (1, 1, 0)/(0, 0, 1)) (0, 2, 0)
2/(0, 0, 2)/(0, 2, 1)2/(0, 0, 1)2/(0, 0, 0)
A2G2 (1/0, (0, 2)/(1, 1))
D5 (1, 1, 0)/(2, 0, 0)/(0, 0, 2)
5 A¯1A5 (1, (1, 1)/(0, 0)
2) (1, 1, 1)2/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ A¯1T1
(0, 2, 2)/(0, 1, 1)4/(0, 0, 0)4
A¯1A5 (0, (1, 1, 0)/(0, 0, 1))
D5 (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)
6 A¯1A5 (1, (1, 0)/(0, 1)
2) (1, 1, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)4/(1, 1, 0)3/(1, 0, 1)4/ A1T1
A¯1A5 (1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 1, 1)
4/(0, 0, 0)4
A¯1C3 ⊆ F4 (1, (1, 0)2/(0, 1))
C4 (1, 0, 0)
2/(0, 1, 0)/(0, 0, 1)
D5 (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
2
D5 (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
3
7 A¯1A5 (1, (1, 0)/(0, 1)/(0, 0)
2) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(1, 1, 1)2/(1, 1, 0)2/(1, 0, 1)2/ T2A¯1
A¯1A5 (0, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 1, 1)
2/(1, 0, 0)4/(0, 1, 0)4/(0, 0, 1)4/(0, 0, 0)5
A32 (1/0, 1/0, 1/0)
A¯1C3 ⊆ F4 (1, (1, 0)/(0, 1)/(0, 0)2)
C4 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)/
(0, 0, 0)2
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
D5 (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)2
8 A¯1A5 (1, (3, 0)/(0, 1)) (0, 6, 0)/(1, 4, 1)/(0, 4, 0)/(1, 3, 0)
2/(0, 3, 1)2/(2, 0, 0)/ T1
A¯1C3 ⊆ F4 (1, (3, 0)/(0, 1)) (0, 2, 0)/(0, 0, 2)/(1, 0, 1)/(0, 0, 0)
C4 (3, 0, 0)/(0, 1, 0)/(0, 0, 1)
D5 (1, 1, 0)/(0, 0, 4)/(0, 0, 0)
9 A¯1A5 (1, (1, 1, 0)/(0, 0, 1)) (1, 1, 1)
4/(2, 2, 0)/(2, 0, 2)/(0, 2, 2)/(0, 2, 0)2/(0, 0, 2)2/ T1
(2, 0, 0)2/(0, 0, 0)
B4 ⊆ F4 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)
D5 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)
10 A32 (2, 2, 2) (2, 2, 2)
2/(4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(2, 0, 0)/(0, 2, 0)/ 1
C4 (1, 1, 1) (0, 0, 2)
1 A21 A¯1A5 (1, 5) (1, 9)/(1, 5)/(1, 3)/(2, 0)/(0, 10)/(0, 8)/(0, 6)/(0, 4)/ 1
A1C3 ⊆ C4 (1, 5) (0, 2)
2 A¯1A5 (1, 4/0) (0, 8)/(1, 6)
2/(0, 6)/(0, 4)3/(1, 2)2/(2, 0)/(0, 2)/(0, 0) T1
3 A¯1A5 (1, 3/1) (0, 6)/(1, 5)/(0, 4)
3/(1, 3)3/(2, 0)/(0, 2)4/(1, 1)/(0, 0) T1
A¯1A5 (1, (3, 0)/(0, 1)))
A¯1C3 ⊆ C4 (1, 3/1)
D5 (1, 1)/(4, 0)/(0, 0)
4 A¯1A5 (1, 3/0
2) (0, 6)/(1, 4)2/(0, 4)/(1, 3)2/(0, 3)4/(2, 0)/(0, 2)/ T1A1
A¯1A5 (0, (3, 0)/(0, 1)) (1, 0)
2/(0, 0)4
A¯1C3 ⊆ C4 (1, 3/02)
C22 ⊆ C4 (1/02, 3)
D5 (1, 0)
2/(0, 4)/(0, 0)
5 A¯1A5 (1, 2
2) (1, 4)2/(0, 4)4/(1, 2)2/(2, 0)/(0, 2)4/(1, 0)4/(0, 0)3 A1
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
A32 (2, 2, 1/0)
A¯1C3 ⊆ C4 (1, 22)
A2G2 (2, 1
2/03)
6 A¯1A5 (1, 2/1/0) (0, 4)/(1, 3)
2/(0, 3)2/(1, 2)2/(2, 0)/(0, 2)4/(1, 1)2/ T2
A¯1A5 (1, (2, 0)/(0, 1)/(0, 0)) (1, 0)
2/(0, 1)4/(0, 0)2
A32 (2, 1/0, 1/0)
D5 (1, 1)/(2, 0)
2
7 A¯1A5 (1, 1
3) (1, 3)/(2, 0)/(0, 2)9/(1, 1)8/(0, 0)8 A2
A¯1A5 (1, (1, 0)/(0, 1)
2))
A¯1C3 ⊆ C4 (1, 13)
A2G2 (0, (0, 2)/(1, 1))
D5 (1, 1)/(2, 0)/(0, 0)
3
8 A¯1A5 (1, 1
2/02) (1, 2)2/(2, 0)/(0, 2)4/(1, 1)4/(1, 0)6/(0, 1)8/(0, 0)7 A21T1
A¯1A5 (0, (1, 0)/(0, 1)
2)
A¯1A5 (1, (1, 0)/(0, 1)/(0, 0)
2))
A32 (1/0, 1/0, 1/0)
A¯1C3 ⊆ C4 (1, 12/02)
C22 ⊆ C4 (1/02, 12)
A2G2 (1/0, 1
2/03)
D5 (1, 1)/(1, 0)
2/(0, 0)2
D5 (1, 0)
2/(0, 2)/(0, 0)3
9 A¯1A5 (1, 1/0
4) (2, 0)/(0, 2)/(1, 1)6/(1, 0)8/(0, 1)8/(0, 0)16 A3T1
A¯1A5 (0, (1, 0)/(0, 1)/(0, 0)
2)
A32 (1/0, 1/0, 0)
A¯1C3 ⊆ C4 (1, 1/04)
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
C22 ⊆ C4 (0, (1, 0)/(0, 1))
C22 ⊆ C4 (1/02, 1/02)
D5 (1, 1)/(0, 0)
6
D5 (1, 0)
2/(0, 1)2/(0, 0)2
10 A¯1A5 (1, 2/0
3) (0, 4)/(1, 2)6/(2, 0)/(0, 2)7/(1, 0)2/(0, 0)9 A2T1
A¯1A5 (0, (2, 0)/(0, 1)/(0, 0))
A32 (2, 1/0, 0)
D5 (1, 0)
2/(0, 2)2
11 A¯1A5 (0, (2, 1)) (4, 1)
2/(4, 2)/(4, 0)/(0, 3)2/(2, 1)2/(2, 2)/(2, 0)/(0, 2)/ A1
A2G2 (2, 2/1
2) (0, 0)3
12 A¯1A5 (0, (2, 0)/(0, 2)) (4, 0)/(0, 4)/(2, 2)
6/(2, 0)/(0, 2)/(0, 0)8 A2
A32 (2, 2, 0)
C4 (1, 1)
2
13 A¯1A5 (0, (1, 1)/(1, 0)) (3, 0)
2/(2, 2)/(2, 1)2/(1, 2)2/(2, 0)2/(0, 2)/(1, 1)4/ A1T1
A¯1A5 (1, (1, 1)/(0, 0)
2)) (1, 0)2/(0, 1)2/(0, 0)4
A2G2 (1/0, 2/1
2)
14 A¯1A5 (0, (1, 1)/(0, 0)
2) (2, 2)/(2, 0)5/(0, 2)5/(1, 1)8/(0, 0)7 A¯1
2
T1
A¯1A5 (1, (1, 0)/(0, 1)
2))
C22 ⊆ C4 (12, 12)
D5 (1, 1)
2/(0, 0)2
D5 (2, 0)/(0, 2)/(0, 0)
4
15 A¯1A5 (1, (2, 1)) (5, 1)/(3, 1)
2/(1, 1)/(1, 3)/(2, 0)2/(4, 2)/(4, 0)/(2, 2)/ 1
(0, 2)
16 A¯1A5 (1, (2, 1)) (2, 4)
2/(0, 4)2/(2, 2)2/(0, 2)2/(4, 0)/(2, 0)3 1
A32 (2, 2, 2)
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
C4 (1, 1, 1)
A2G2 (2, 2
2/0)
G2(p 6= 7) (0, 2)/(1, 1)
17 A1A5 (1, (2, 0)/(0, 2)) (3, 2)
2/(1, 2)2/(1, 0)2/(2, 0)2/(4, 0)/(0, 4)/(0, 2)/ T1
(2, 2)2/(0, 0)
A32 (2, 2, 1/0)
18 A¯1A5 (1, (2, 0)/(0, 1)/(0, 0)) (2, 2)
2/(0, 2)5/(1, 2)2/(1, 0)2/(2, 0)2/(0, 4)/(1, 2)2/ T2
(1, 0)2/(0, 0)2
A¯1A5 (1, (1, 1)/(1, 0))
A32 (2, 1/0, 1/0)
A2G2 (1/0, 2
2/0)
B4 ⊆ F4 (2, 0)/(0, 2)2
D5 (2, 0)
2/(0, 2)/(0, 0)
19 A1A5 (1, (1, 1)/(1, 0)) (2, 1)
2/(0, 1)2/(1, 3)/(1, 1)2/(3, 1)/(2, 0)2/(2, 2)/ T1
(0, 2)2/(1, 2)2/(1, 0)2/(0, 0)
D5 (1, 1)/(2, 0)/(0, 2)
20 A¯1A5 (1, (3, 0)/(0, 1)) (0, 6)/(2, 4)/(0, 4)/(0, 4)/(1, 3)
2/(1, 3)2/(2, 0)2/ T1
(0, 2)/(2, 0)/(0, 0)2
C22 ⊆ C4 (3, 12)
D5 (3, 1)/(0, 0)
2
D5 (2, 0)/(0, 4)/(0, 0)
2
21 C22 ⊆ C4 (3, 3) (6, 0)/(0, 6)/(4, 4)/(3, 3)2/(2, 0)/(0, 2)/(0, 0) T1
D5 (4, 0)/(0, 4)
22 A2G2 (2, 6) (0, 10)/(4, 6)/(2, 6)/(4, 0)/(2, 0)/(0, 2) 1
A1G2 ⊆ F4 (1, 6)
Continued on next page
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Table 9.2 – continued from previous page
X M VM(λ1) ↓ X L (E6) ↓ X CG(X)◦
23 A2G2 (1/0, 6) (2, 6)/(1, 6)
2/(0, 6)/(2, 0)/(1, 0)2/(0, 10)/(0, 2)/(0, 0) T1
D5 (2, 0)/(0, 6)
24 B4 ⊆ F4 (2, 2) (4, 2)/(2, 4)/(0, 2)/(2, 0)/(2, 2)/(3, 1)2/(1, 3)2/(0, 0) T1
D5 (2, 2)/(0, 0)
Chapter 9. Tables 347
9.3 R1 . . . Rn in E7
The following tables classify products X = R1 . . . Rn in E7 where each Ri is a simple restricted
subgroup of the same type and n ≥ 2.
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X M VM(λ1) ↓ X L (E7) ↓ X CG(X)◦
C2C2 A7 (10, 00)/(00, 10) (20, 00)/(00, 20)/(10, 10)
4/(01, 01)/(01, 00)2/ A¯1T1
A¯1D6 (0, (01, 00)/(00, 01)/(00, 00)
2) (00, 01)2/(00, 00)4
A3A3 A7 (100, 000)/(000, 100) (101, 000)/(000, 101)/(010, 010)/(100, 001)
2/ A¯1
A¯1D6 (0, (010, 000)/(000, 010)) (001, 100)
2/(000, 000)3
A32 A¯2A5 (10, (10, 00)/(00, 10)) (10, 10, 10)/(01, 01, 01)/(10, 01, 00)/(10, 00, 01)/ T1
(00, 10, 01)/(00, 01, 10)/(11, 00, 00)/(00, 11, 00)/
(01, 10, 00)/(01, 00, 10)/(00, 00, 11)/(00, 00, 00)
1 A2A2 A¯2A5 (10, 10
2) (10, 20)/(01, 02)/(11, 00)/(00, 11)4/(10, 01)3/(01, 10)3/ A1
A¯2A5 (10, (10, 00)/(00, 10)) (00, 00)
3
A1F4 (0, (10, 02)/(01, 20)/(11, 00)/
(00, 11))
2 A2A2 A¯2A5 (10, 10/01) (00, 20)/(00, 02)/(10, 11)/(01, 11)/(11, 00)/(00, 11)
2/ T1
A¯2A5 (10, (01, 00)/(00, 10)) (01, 10)/(01, 01)/(10, 00)/(01, 00)/(00, 10)/(00, 01)/
G2C3 (10/01/00, 10/01) (10, 10)/(10, 01)/(00, 00)
3 A2A2 A¯2A5 (10, 10/00
3) (11, 00)/(00, 11)/(10, 10)3/(10, 01)/(01, 10)/(01, 01)3/ A2T1
A¯2A5 (00, (10, 00)/(00, 10)/(00, 00)
6) (10, 00)3/(00, 10)3/(01, 00)3/(00, 01)3/(00, 00)9
A7 (10, 00)/(00, 10)/(00, 00)
2
A¯1D6 (0, (10, 00)/(00, 10)/(00, 00)
6)
4 A2A2 A¯2A5 (10, 20) (10, 21)/(01, 12)/(00, 22)/(11, 00)/(00, 11) 1
Table 9.3: C22 , A
2
3, A
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2 and A
2
2 in E7
C
h
a
p
te
r
9
.
T
a
b
le
s
3
4
9
X M VM(λ1) ↓ X L (E7) ↓ X CG(X)◦
A71 A¯1D6 (1, (1, 1, 0, 0, 0, 0)/ (2, 0, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0, 0)/ 1
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) (0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 0, 2)/
(0, 1, 1, 0, 0, 1, 1)/(0, 0, 0, 1, 1, 1, 1)/(1, 1, 0, 1, 0, 0, 1)/
(1, 0, 1, 1, 0, 1, 0)/(1, 0, 1, 0, 1, 0, 1)(0, 0, 0, 2, 0, 0, 0)/
(0, 1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1, 0)
1 A61 A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/ 1
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)) (0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)2/(0, 1, 1, 0, 0, 2)/
A¯1D6 (1, (1, 1, 0, 0, 0, 0)/ (0, 1, 1, 1, 1, 0)/(0, 1, 1, 0, 0, 0)/(0, 0, 0, 1, 1, 0)/
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) (1, 1, 0, 0, 1, 1)/(1, 0, 1, 1, 0, 1)/(1, 0, 1, 0, 1, 1)/
A¯1D6 (1, (1, 1, 0, 0, 0, 0)/ (0, 0, 0, 2, 0, 0)/(0, 0, 0, 1, 1, 2)/(1, 1, 0, 1, 0, 1)
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1))
A¯1D6 (1, (1, 1, 0, 0, 0, 0)/
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1))
2 A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/ (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/ A¯1
(0, 0, 0, 0, 1)2) (0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)/
A¯1D6 (0, (1, 1, 0, 0, 0, 0)/ (0, 0, 0, 1, 1, 1)
2/(1, 1, 0, 1, 0, 0)2/(0, 1, 1, 1, 1, 0)/
(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) (1, 0, 1, 1, 0, 1)/(1, 0, 1, 0, 1, 0)2/(0, 1, 1, 0, 0, 1)2/
(1, 1, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 0)3
Table 9.4: A71 and A
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Table 9.5: A51 in E7
M VM(λ1) ↓ A51 L (E7) ↓ A51 CG(A51)◦
1 A¯1D6(4) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 1)2) (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/ A¯1
2
A¯1D6(8) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)
4) (0, 0, 0, 0, 2)/(0, 1, 1, 1, 1)/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 1)2/
A¯1D6 (0, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 1)
2) (1, 0, 1, 1, 0)2/(1, 0, 1, 0, 1)2/(0, 1, 1, 0, 0)4/(0, 0, 0, 1, 1)4/
(0, 0, 0, 0, 0)6
2 A¯1D6(2) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 1, 1)) (1, 0, 2, 0, 1)/(0, 1, 2, 1, 0)/(0, 0, 1, 1, 2)/(0, 1, 1, 0, 2)/ 1
A¯1D6(6) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)
2/(0, 0, 0, 2, 0)/
(0, 0, 0, 0)) (0, 0, 0, 0, 2)2/(1, 1, 1, 0, 1)/(1, 1, 0, 1, 1)/(1, 0, 1, 1, 1)/
A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/ (1, 0, 0, 0, 1)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 0)/
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)) (0, 0, 1, 1, 0)
3 A¯1D6(7) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 2)/ (0, 1, 1, 0, 2)/(0, 0, 0, 1, 2)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/ A¯1
(0, 0, 0, 0)) (0, 0, 1, 1, 0)(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)2/(0, 1, 1, 1, 0)2/
A¯1D6(13) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)
2) (1, 1, 0, 0, 1)4/(1, 0, 1, 0, 1)4/(0, 1, 1, 0, 0)/(0, 0, 0, 1, 0)2/
A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 1)
2) (0, 0, 2, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 0)3
A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 1)
2)
4 A¯1D6(1) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) (0, 6, 0, 0, 0)/(0, 4, 0, 0, 2)/(0, 4, 1, 1, 0)/(1, 3, 1, 0, 1)/ 1
A¯1D6(11) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (0, 0, 1, 1, 2)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)/(1, 3, 0, 1, 1)/(0, 0, 0, 0, 2)
5 A¯1D6(3) (1, (1, 1, 0, 0)/(0, 0, 1, 1)
2) (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)3/ T1
A¯1D6(9) (1, (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ (0, 0, 0, 2, 2)/(0, 1, 1, 2, 0)/(0, 1, 1, 0, 2)/(1, 1, 0, 2)/
(0, 0, 0, 0)2) (1, 1, 0, 1, 1)2/(1, 0, 1, 1, 1)2/(0, 1, 1, 0, 0)2/
(0, 0, 0, 0, 2)3/(0, 0, 0, 0, 0)
6 A¯1D6(5) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/ (0, 0, 0, 1, 3)/(1, 1, 0, 0, 2)/(1, 0, 1, 0, 2)/(0, 1, 1, 0, 2)/ 1
(0, 0, 0, 0)) (0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)3/
A¯1D6 (1, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/ (0, 1, 1, 1, 1)/(1, 0, 1, 1, 1)/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/
Continued on next page
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Table 9.5 – continued from previous page
M VM(λ1) ↓ A51 L (E7) ↓ A51 CG(A51)◦
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)) (0, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(1, 1, 0, 1, 1)/(0, 1, 1, 0, 0)
G2C3 ((0, 2)/(1, 1), (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
7 A¯1D6(10) (1, (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/ 1
(0, 0, 0, 2)) (0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/(0, 0, 2, 2, 0)/
(0, 0, 2, 0, 2)/(0, 0, 0, 0, 2)/(0, 0, 0, 2, 2)/(1, 1, 1, 1, 1)2
8 A¯1D6(12) (1, (1, 1, 0, 0)/(0, 1, 1, 0) (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)
2/(0, 0, 0, 2, 0)/ A¯1
(0, 0, 0, 1)2) (0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 1)2/(0, 0, 1, 1, 1)2/
A¯1D6 (0, (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)/ (1, 1, 1, 0, 0)
2/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/
(0, 0, 0, 0, 0)) (0, 0, 0, 0, 2)/(1, 0, 1, 1, 0)2/(0, 0, 0, 0, 0)3
9 A¯1D6(14) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)
3/(0, 0, 0, 2, 0)/ 1
(0, 1, 0, 1)) (0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)/
A1B4 ⊆ (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)) (0, 0, 0, 1, 1)/(1, 1, 2, 0, 0)/(1, 1, 0, 0, 0)/(1, 0, 2, 0, 1)/
A1F4 (1, 0, 2, 1, 0)/(1, 0, 0, 1, 0)/(1, 0, 0, 0, 1)/(0, 0, 0, 0, 2)/
(0, 0, 2, 1, 1)/(1, 1, 0, 1, 1)/
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Table 9.6: A41 in E7
M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
1 A¯1D6(7) (1, (3, 0, 0)
2/(0, 1, 1)) (0, 6, 0, 0)/(0, 4, 0, 0)3/(0, 3, 1, 1)2/(2, 0, 0, 0)/ A1
A¯1D6(13) (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 0)
3) (0, 0, 0, 2)/(1, 4, 0, 1)/(1, 3, 1, 0)2/(1, 0, 0, 1)3/
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 0)3
2 A¯1D6(20) (1, (1, 0, 0)
2/(0, 1, 0)2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ A¯1
3
(0, 0, 1)2) (1, 1, 1, 1)/(1, 1, 0, 0)4/(1, 0, 1, 0)4/(1, 0, 0, 1)4
A¯1D6(8b) (0, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)
4) (0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 0, 1, 1)4/(0, 0, 0, 0)9
A7 (1, 0, 0, 0)/(0, 1, 0, 0)/(0, 0, 1, 0)/
(0, 0, 0, 1)
A1B4 ⊆ A1F4 (0, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0))
3 A¯1D6(27) (1, (1, 1, 0)/(0, 0, 1)
2/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ A¯1
3
(0, 0, 0)4) (1, 0, 1, 1)2/(0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 0, 1, 1)4/
A¯1D6(4b) (0, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 1)2) (1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 0, 0)8/(0, 0, 0, 0)9
A2A5 (1 + 0, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
G2C3 (1
2/03, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
4 A¯1D6(28) (1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 0, 2, 2)/(0, 1, 3, 0)/(1, 0, 2, 1)
2/(0, 1, 1, 2)/ T1
(0, 0, 0)2) (0, 0, 2, 0)4/(0, 0, 0, 2)3/(1, 1, 1, 1)2/(1, 0, 0, 1)2/
A¯1D6(2ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 1, 1, 0)
3/(0, 0, 0, 0)
(0, 0, 1, 1))
A¯1D6(3ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)
2)
A¯1D6(5i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/
(0, 0, 0, 0))
G2C3 ((0, 2)/(1, 1), (1, 0)/(0, 1)
2)
5 A¯1D6(25) (1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)2/ A¯1
2
(0, 0, 0)) (0, 1, 1, 0)4/(0, 1, 0, 0)2/(0, 0, 1, 0)2/(1, 1, 1, 1)/
Continued on next page
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M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
A¯1D6(19) (1, (1, 1, 0)/(0, 1, 0)
2/(0, 0, 1)2) (1, 1, 0, 1)2/(1, 0, 1, 1)2/(0, 1, 0, 2)2/(0, 0, 1, 2)2/
A¯1D6(12b) (0, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)
2) (1, 0, 0, 1)4/(0, 0, 0, 0)6
A¯1D6(4i) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/
(0, 0, 0, 1)2)
A¯1D6(8i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)
6)
6 A¯1D6(26) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)) (0, 1, 2, 1)/(1, 0, 2, 0)
2/(2, 0, 0, 0)/(0, 2, 0, 0)/ A¯1
2
(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 1, 1)2/(0, 1, 1, 0)4/
A¯1D6(7b) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 2)/ (0, 1, 0, 1)/(0, 0, 1, 1)4/(0, 0, 2, 0)2/(0, 0, 0, 2)/
(0, 0, 0, 0)) (1, 0, 0, 0)2/(0, 0, 0, 0)6
A¯1D6(11b) (0, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 1)
2)
A¯1D6(4ii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/
(0, 0, 0, 1)2)
7 A¯1D6 (30) (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)6/ B2
A¯1D6(32) (1, (1, 1, 0)/(0, 0, 1)
4) (0, 1, 1, 2)/(0, 1, 1, 0)5/(1, 1, 0, 1)4/
(1, 0, 1, 1)4/(0, 0, 0, 0)10
8 A¯1D6(29) (1, (1, 0, 0)
2/(0, 2, 0)/ (0, 2, 2, 0)/(1, 2, 0, 0)2/(1, 0, 2, 0)2/(2, 0, 0, 0)/ A¯1T1
(0, 0, 2)/(0, 0, 0)2) (0, 0, 0, 2)/(1, 1, 1, 1)2/(0, 1, 1, 1)4/(1, 0, 0, 0)4/
A¯1D6(3b) (0, (1, 1, 0, 0)/(0, 0, 1, 1)
2) (0, 2, 0, 0)3/(0, 0, 2, 0)3/(0, 0, 0, 0)4
A2A5 (1 + 0, (1, 1, 0)/(0, 0, 1))
9 A¯1D6(1) (1, (2, 1, 1)) (0, 4, 2, 0)/(0, 4, 0, 2)/(0, 2, 2, 2)/(2, 0, 0, 0)/ 1
(0, 0, 0, 2)/(1, 2, 2, 1)/(1, 4, 0, 1)/(1, 0, 0, 3)/
G2C3 ((0, 2)/(1, 1), (2, 1)) (0, 2, 0, 0)/(0, 0, 2, 0)
A1A1C3 ⊆ (1, 1, (2, 1))
A1A1F4
10 A¯1D6(2) (1, (2, 2, 0)/(0, 0, 2)) (0, 4, 2, 0)/(0, 2, 4, 0)/(1, 3, 1, 1)/(1, 1, 3, 1)/ 1
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M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(0, 2, 2, 2)/(2, 0, 0, 0)
11 A¯1D6(3) (1, (3, 1, 0)/(0, 1, 1)) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 2, 1)/(0, 3, 0, 1)/ 1
A¯1D6(1iii) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) (0, 0, 2, 0)
2/(0, 0, 0, 2)/(1, 3, 2, 0)/(1, 4, 0, 1)/
A1A1C3 ⊆ (1, 1, (3, 0)/(0, 1)) (1, 0, 2, 1)/(1, 3, 0, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)
A1F4
12 A¯1D6(4) (1, (3, 1, 0)/(1, 0, 1)) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 4, 1, 1)/(0, 2, 1, 1)/ 1
A¯1D6(1i) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) (0, 0, 0, 2)/(1, 4, 1, 0)/(1, 2, 1, 0)/(1, 4, 0, 1)/
(2, 0, 0, 0)/(0, 2, 0, 0)2/(1, 0, 2, 1)
13 A¯1D6(5) (1, (3, 1, 0)/(0, 0, 1)
2) (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 1, 1)2/(1, 3, 1, 0)2/ A¯1
A¯1D6(1b) (0, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(1, 4, 0, 1)/(1, 0, 2, 1)/(0, 0, 0, 0)3
14 A¯1D6(6) (1, (3, 1, 0)/(0, 0, 2)/ (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 3, 1, 2)/(1, 3, 1, 1)/ 1
(0, 0, 0)) (1, 0, 2, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
A¯1D6(1ii) (1, (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2)) (1, 4, 0, 1)/(0, 3, 1, 0)/(0, 0, 0, 2)
2
15 A¯1D6(8) (1, (6, 0, 0)/(0, 1, 1)/ (0, 10, 0, 0)/(1, 6, 1, 0)/(0, 6, 1, 1)/(1, 6, 0, 1)/ 1
(0, 0, 0)) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 1, 1)/
G2C3 (6, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 6, 0, 0)
2/(2, 0, 0, 0)/(1, 0, 0, 1)/(1, 0, 1, 0)
16 A¯1D6(9) (1, (4, 0, 0)/(1, 1, 0)/ (0, 6, 0, 0)/(0, 4, 0, 2)/(1, 4, 0, 1)/(0, 5, 1, 0)/ 1
(0, 0, 2)) (0, 1, 1, 2)/(1, 2, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)2/
A¯1D6(11i) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (1, 3, 1, 1)/(0, 3, 1, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)
17 A¯1D6(10) (1, (4, 0, 0)/(0, 1, 1)/ (0, 6, 0, 0)
2/(1, 4, 1, 0)/(1, 4, 0, 1)/(0, 4, 1, 1)/ 1
(2, 0, 0)) (1, 2, 0, 1)/(0, 2, 1, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)3/
(0, 4, 0, 0)/(1, 2, 1, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)
18 A¯1D6(11) (1, (4, 0, 0)/(0, 1, 1)/ (0, 6, 0, 0)/(0, 4, 1, 1)/(0, 4, 0, 2)/(1, 3, 0, 2)/ 1
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M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
(0, 0, 2)) (0, 0, 1, 3)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
A¯1D6(11ii) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (1, 3, 1, 1)/(1, 3, 0, 0)/(0, 0, 0, 2)
2/(0, 0, 1, 1)
G2C3 ((0, 2)/(1, 1), (3, 0)/(0, 1))
19 A¯1D6(12) (1, (4, 0, 0)/(0, 1, 0)
2/ (0, 6, 0, 0)/(0, 4, 0, 2)/(0, 4, 1, 0)2/(1, 3, 1, 1)/ A¯1
(0, 0, 2)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
A¯1D6(10b) (0, (3, 1, 0, 0)/(0, 0, 1, 1)) (1, 3, 0, 1)
2/(0, 0, 1, 2)2/(0, 0, 0, 0)3
20 A¯1D6(14) (1, (4, 0, 0)/(0, 2, 0)/ (0, 6, 0, 0)/(0, 4, 2, 0)/(0, 4, 0, 2)/(1, 3, 1, 1)
2/ 1
(0, 0, 2)/(0, 0, 0)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 4, 0, 0)/(0, 0, 2, 2)/
A¯1D6(11iii) (1, (3, 1, 0, 0)/(0, 0, 1, 1)) (0, 0, 2, 0)
2/(0, 0, 0, 2)2
21 A¯1D6(16) (1, (1, 1, 0)/(1, 0, 1)/ (0, 2, 1, 1)/(0, 1, 2, 1)/(0, 1, 1, 2)/(2, 0, 0, 0)/ 1
(0, 1, 1)) (0, 0, 0, 2)2/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0, 1, 1)/
A¯1D6(2i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/
(0, 0, 1, 1)) (0, 2, 0, 0)2/(0, 0, 2, 0)2/(1, 2, 1, 0)/(1, 0, 2, 1)/
A¯1D6(6i) (1, (1, 1, 0, 0)/(0, 1, 1, 0) (1, 1, 1, 1)
(0, 0, 0, 2)/(0, 0, 0, 0))
22 A¯1D6(18) (1, (1, 1, 0)/(0, 1, 1)/ (0, 1, 2, 1)/(0, 0, 1, 2)
2/(2, 0, 0, 0)/(0, 2, 0, 0)/ 1
(0, 0, 1)2) (0, 1, 1, 1)2/(0, 1, 0, 1)/(0, 0, 1, 0)2/(0, 0, 0, 0)3
A¯1D6(6b) (0, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 2) (1, 1, 1, 0)
2/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 2, 1)/
(0, 0, 0, 0)) (0, 0, 2, 0)2/(0, 0, 0, 2)2/(1, 0, 0, 1)/(1, 0, 1, 1)2
(0, 0, 0, 2)/(0, 0, 0, 0))
A¯1D6(7ii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 2)/
(0, 0, 0, 0))
A¯1D6(12i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 1)
2)
23 A¯1D6(21) (1, (1, 1, 0)
2/(0, 0, 2)/ (0, 2, 2, 0)/(1, 2, 0, 1)/(1, 0, 2, 1)/(0, 1, 1, 2)2/ T1
(0, 0, 0)) (0, 0, 2, 0)3/(0, 0, 0, 2)2/(1, 1, 1, 1)2/(1, 0, 0, 1)2/
Continued on next page
9
.3
R
1
...R
n
in
E
7
3
5
6
Table 9.6 – continued from previous page
M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
A¯1D6(3i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)
2) (2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 1, 1, 0)2/(0, 0, 0, 0)
A¯1D6(9i) (1, (1, 1, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0)2)
24 A¯1D6(22) (1, (1, 1, 0)/(0, 1, 1)/ (0, 0, 1, 3)/(0, 1, 2, 1)/(0, 1, 1, 2)/(1, 1, 0, 2)/ 1
(0, 0, 2)/(0, 0, 0)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 0, 0, 2)3/
A¯1D6(5ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/ (1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)) (1, 0, 2, 1)/(1, 0, 1, 2)/(1, 1, 1, 1)/(1, 1, 0, 0)/
A¯1D6(6ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0) (0, 0, 1, 1)
2
(0, 0, 0, 2)/(0, 0, 0, 0))
G2C3 ((0, 2)/(1, 1), (1, 0, 0)/(0, 1, 0)/
(0, 0, 1))
25 A¯1D6(23) (1, (1, 1, 0)/(1, 0, 0)
2/ (0, 1, 1, 2)/(0, 2, 1, 0)2/(0, 1, 0, 2)2/(2, 0, 0, 0)/ A¯1
(0, 0, 2)/(0, 0, 0)) (0, 0, 0, 2)2/(0, 1, 1, 0)/(0, 0, 1, 0)2/(0, 1, 0, 0)2/
(1, 1, 0, 1)2/(1, 0, 1, 1)2/(1, 1, 1, 1)/(1, 2, 0, 1)/
A¯1D6(2b) (0,(1,1,0,0)/(0,1,1,0)/(0,0,1,1)) (0, 2, 0, 0)
2/(0, 0, 2, 0)/(1, 0, 0, 1)/(0, 0, 0, 0)3
A¯1D6(7i) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 2)/
(0, 0, 0, 0))
A¯1D6(13i) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)
2)
A¯1D6(13ii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)
2)
26 A¯1D6(24) (1, (0, 1, 1)/(1, 0, 0)
2/ (3, 0, 0, 0)2/(2, 1, 1, 0)/(2, 1, 0, 1)/(2, 0, 1, 1)/ A¯1
(2, 0, 0)/(0, 0, 0)) (0, 0, 2, 0)/(0, 0, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/
(0, 1, 0, 1)/(0, 0, 1, 1)/(1, 0, 0, 0)4/(1, 0, 1, 1)2/
G2C3 (2/1
2, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 1, 1, 0)/(2, 0, 0, 0)3/(0, 2, 0, 0)/(0, 0, 0, 0)3
27 A¯1D6(31) (1, (2, 0, 0)/(0, 2, 0)/ (0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 2)/(2, 0, 0, 0)/ A1
(0, 0, 2)/(0, 0, 0)3) (0, 2, 0, 0)4/(0, 0, 2, 0)4/(0, 0, 0, 2)4/
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M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
(1, 1, 1, 1)4/(0, 0, 0, 0)3
28 A¯1D6(33) (1, (2, 0, 0)
2/(0, 2, 0)/ (4, 0, 0, 0)/(2, 2, 0, 0)2/(2, 0, 2, 0)2/(2, 1, 1, 1)2/ T1
(0, 0, 2)) (0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 1)2/
A2A5 (2, (1, 1, 0)/(0, 0, 1)) (0, 2, 2, 0)/(2, 0, 0, 0)
3/(0, 0, 0, 0)
29 A¯1D6(34) (1, (1, 1, 0)/(0, 0, 2)
2 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)7/ T2
(0, 0, 0)2) (1, 1, 0, 2)2/(1, 0, 1, 2)2/(0, 1, 1, 0)2/(1, 1, 0, 0)2/
A2A5 (2, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (0, 0, 0, 4)/(0, 1, 1, 2)
2/(1, 0, 1, 0)2/(0, 0, 0, 0)2
G2C3 (2
2/0, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
A1A1C3 ⊆ (1, 1, (1, 0)2/(0, 1))
A1F4
30 A¯1D6(35) (1, (1, 1, 0)/(0, 1, 1) (0, 1, 3, 0)/(0, 0, 3, 1)/(0, 1, 2, 1)/(1, 1, 2, 0)/ 1
(0, 2, 0)/(0, 0, 0)) (0, 0, 2, 0)4/(0, 0, 0, 2)/(1, 1, 1, 1)/(1, 1, 0, 0)/
A¯1D6(5iii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/ (0, 1, 0, 1)/(1, 0, 3, 0)/(1, 0, 2, 1)/
(0, 0, 0, 0)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 1, 1, 0)2/(0, 0, 1, 1)2/
A¯1D6(14ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)) (1, 0, 1, 0)
2/(1, 0, 0, 1)
G2C3 ((0, 2)/(1, 1), (1, 0, 0)/(0, 1, 0)/
(0, 0, 1))
A1B4 ⊆ A1F4 (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0))
31 A¯1D6(36) (1, (1, 0, 0)
2/(0, 1, 1) (0, 0, 1, 3)/(0, 1, 0, 2)2/(1, 0, 0, 2)2/(2, 0, 0, 0)/ A¯1
(0, 0, 2)/(0, 0, 0)) (0, 0, 0, 2)3/(1, 0, 1, 1)2/(0, 1, 1, 1)2/(0, 0, 1, 1)2/
(1, 1, 1, 1)/(1, 1, 0, 2)/(1, 1, 0, 0)/(0, 2, 0, 0)/
A¯1D6(5b) (0, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 2)/ (0, 0, 2, 0)/(0, 1, 0, 0)
2/(1, 0, 0, 0)2/(0, 0, 0, 0)3
(0, 0, 0, 0))
A¯1D6(12ii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 1)
2)
A¯1D6(13iii) (1, (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 1)
2)
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G2C3 ((0, 2)/(1, 1), (1, 0)/(0, 1)/(0, 0)
2)
32 A¯1D6(17) (1, (1, 1, 0)
2/(0, 0, 1)2) (0, 2, 2, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)3/ A¯1T1
(1, 2, 0, 1)/(1, 0, 2, 1)/(1, 1, 1, 0)4/(0, 0, 0, 2)/
A¯1D6(9b) (0, (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ (0, 1, 1, 1)
4/(1, 0, 0, 1)2/(0, 0, 0, 0)4
(0, 0, 0, 0)2)
A¯1D6(12iii) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 0, 0, 1)
2)
A7 (1, 1, 0, 0)/(0, 0, 1, 0)/(0, 0, 0, 1)
33 A¯1D6(37) (1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)
2) (2, 0, 0, 0)/(0, 2, 0, 0)3/(0, 0, 2, 0)/(0, 0, 0, 2)/ A¯1
(0, 2, 1, 0)2/(0, 0, 1, 0)2/(0, 2, 0, 1)2/(0, 0, 0, 1)2/
(1, 0, 0, 0)2/(1, 2, 0, 1)/(1, 0, 0, 1)/(1, 2, 1, 0)/
A¯1D6(13b) (0, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)) (0, 2, 1, 1)/(0, 0, 1, 1)/(1, 2, 0, 0)
2/(1, 0, 1, 0)/
A¯1D6(7iii) (1, (1, 1, 0, 0)/(0, 0, 1, 0)
2/(0, 0, 0, 2)/ (1, 0, 1, 1)2/(0, 0, 0, 0)3
(0, 0, 0, 0))
A1A1C3 ⊆ (1, 1, (1, 0)/(0, 1)/(0, 0)2)
A1F4
34 A¯1D6(15) (1, (1, 1, 0)
2/(0, 1, 1)) (0, 2, 2, 0)/(0, 1, 2, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/ T1
(0, 1, 0, 1)2/(1, 1, 2, 0)2/(1, 1, 0, 0)2/(1, 2, 0, 1)/
(1, 0, 0, 1)2/(1, 0, 2, 1)/(0, 0, 2, 0)4/(0, 0, 0, 2)/
A¯1D6(6iii) (1, (1, 1, 0, 0)/(0, 1, 1, 0) (0, 0, 0, 0)
(0, 0, 0, 2)/(0, 0, 0, 0))
A¯1D6(9ii) (1, (1, 1, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0)2)
A¯1D6(14i) (1, (1, 1, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1))
35 A¯1D6 (0, (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/ A¯1
(0, 0, 2, 0)/(0, 0, 0, 2)) (2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/(0, 2, 0, 2)/
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Table 9.6 – continued from previous page
M VM(λ1) ↓ A41 L (E7) ↓ A41 CG(A41)◦
A7 (1, 1, 0, 0)/(0, 0, 1, 1) (1, 1, 1, 1)
4/(2, 2, 0, 0)/(0, 0, 2, 2)/(0, 0, 0, 0)3
A1B4 ⊆ (1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
A1F4
36 A¯1D6(10i) (1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 1, 1, 1)
2/(0, 1, 1, 1)2/(2, 0, 0, 0)2/(0, 2, 0, 0)/ 1
(0, 0, 2, 0)/(0, 0, 0, 2)) (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 2, 0, 2)/(0, 0, 2, 2)
9
.3
R
1
...R
n
in
E
7
3
6
0
Table 9.7: A31 in E7
M VM(λ1) ↓ A31 L (G) ↓ A31 CG(A31)◦
1 A¯1D6(1) (1, (2, 2)/(2, 0)) (0, 4, 2)
2/(0, 2, 4)/(1, 4, 1)/(1, 2, 1)/(1, 2, 3)/(1, 0, 3)/ 1
(0, 2, 2)/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2
2 A¯1D6(2) (1, (8, 0)/(0, 2)) (0, 14, 0)/(0, 10, 0)/(0, 8, 2)/(1, 10, 1)/(0, 6, 0)/(1, 4, 1)/ 1
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
3 A¯1D6 (3) (1, (3, 1)/(1, 1)) (0, 6, 0)/(0, 4, 2)
2/(0, 4, 0)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)3/ 1
(0, 0, 2)2/(1, 5, 0)/(1, 3, 0)2/(1, 3, 2)/(1, 1, 2)
A¯1D6(11i) (1, (3, 1, 0)/(0, 1, 1))
A¯1D6(16iii) (1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2))
A1A1C3 (1, 1, 3/1)
⊆ A1F4
4 A¯1D6(3’) (1, (3, 1)/(1, 1)) (0, 6, 0)/(0, 4, 2)
2/(0, 4, 0)/(0, 2, 2)/(2, 0, 0)/(0, 2, 0)3/ 1
(0, 0, 2)2/(1, 4, 1)2/(1, 0, 3)/(1, 2, 1)/(1, 0, 1)
A¯1D6(12ii) (1, (3, 1, 0)/(1, 0, 1))
A¯1D6(18i) (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2))
G2C3 ((0, 2)/(1, 1), 3/1)
5 A¯1D6(4) (1, (3, 1)/(1, 0)
2) (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/ A¯1
A¯1D6(6b) (0, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)) (0, 0, 2)/(1, 5, 0)/(1, 3, 1)
2/(1, 3, 0)/
A¯1D6(13i) (1, (3, 1, 0)/(0, 0, 1)
2) (1, 1, 2)/(0, 0, 0)3
6 A¯1D6(4’) (1, (3, 1)/(1, 0)
2) (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/ A¯1
A¯1D6(2b) (0, (3, 1, 0)/(1, 0, 1)) (1, 4, 1)/(1, 4, 0)
2/(1, 2, 1)/(1, 0, 2)2/(0, 0, 2)/(0, 0, 0)3
A¯1D6(19i) (1, (4, 0, 0)/(0, 1, 0)
2/(0, 0, 2))
7 A¯1D6(5) (1, (3, 1)/(0, 1)
2) (0, 6, 0)/(0, 4, 2)/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/ A¯1
A¯1D6(8b) (0, (4, 0, 0)/(0, 1, 1)/(0, 0, 2)) (1, 4, 1)/(1, 3, 1)
2/(1, 0, 3)/(1, 0, 1)/(0, 0, 2)2/(0, 0, 0)3
A¯1D6(13ii) (1, (3, 1, 0)/(0, 0, 1)
2)
Continued on next page
C
h
a
p
te
r
9
.
T
a
b
le
s
3
6
1
Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
G2C3 ((0, 2)/(1, 1), 3/0
2)
8 A¯1D6(5’) (1, (3, 1)/(0, 1)
2) (0, 6, 0)/(0, 4, 2)/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/ A¯1
A¯1D6(1b) (0, (3, 1, 0)/(0, 1, 1)) (1, 4, 0)
2/(1, 3, 2)/(1, 3, 0)/(1, 0, 2)2/(0, 0, 2)2/(0, 0, 0)3
A¯1D6(19iii) (1, (4, 0, 0)/(0, 1, 0)
2/(0, 0, 2))
A1A1C3 (1, 1, 3/0
2)
⊆ A1F4
9 A¯1D6(6) (1, (3, 0)
2/(1, 1)) (0, 6, 0)/(0, 4, 0)3/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/ A1
(1, 4, 1)/(1, 4, 0)2/(1, 2, 0)2/(1, 0, 1)3/(0, 0, 2)/(0, 0, 0)3
10 A¯1D6(7) (1, (3, 0)
2/(0, 1)2) (0, 6, 0)/(0, 4, 0)3/(0, 3, 1)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ A¯1A1
A¯1D6(10b) (0, (4, 0, 0)/(0, 1, 1)/(0, 0, 0)
3) (1, 4, 1)/(1, 3, 0)4/(1, 0, 1)3/(0, 0, 0)6
A7 (3, 0, 0)/(0, 1, 0)/(0, 0, 1)
A1A1C3 (0,1,(3,0)/(0,1))
⊆ A1F4
11 A¯1D6 (8) (1, (3, 1)/(2, 0)/(0, 0)) (0, 6, 0)/(0, 5, 1)/(0, 4, 2)/(0, 3, 1)
2/(2, 0, 0)/(0, 2, 0)3/ 1
(0, 0, 2)/(0, 1, 1)/(1, 4, 1)/(1, 2, 1)/(1, 5, 0)/(1, 3, 0)/
A¯1D6(12i) (1, (3, 1, 0)/(1, 0, 1)) (1, 1, 2)
A¯1D6(16i) (1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2))
12 A¯1D6(9) (1, (3, 1)/(0, 2)/(0, 0)) (0, 6, 0)/(1, 4, 1)/(0, 3, 3)/(1, 3, 2)/(0, 3, 1)
2/(1, 0, 3)/ 1
(0, 4, 2)/(1, 3, 0)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)3/(1, 0, 1)
A¯1D6(11ii) (1, (3, 1, 0)/(0, 1, 1))
A¯1D6(18iii) (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2))
13 A¯1D6(10) (1, (3, 0)
2/(0, 2)/(0, 0)) (0, 6, 0)/(0, 4, 0)3/(0, 3, 2)2/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)/ A1
(1, 4, 1)/(1, 3, 1)2/(1, 0, 1)3/(0, 0, 2)2/(0, 0, 0)3
A¯1D6(1ii) (1, (3, 0, 0)
2/(0, 1, 1))
14 A¯1D6(11) (1, (3, 1)/(0, 0)
4) (0, 6, 0)/(0, 4, 2)/(1, 3, 1)2/(0, 3, 1)4/(1, 4, 0)2/(1, 0, 2)2/ A¯1
2
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(3b) (0, (3, 1, 0)/(0, 0, 1)
2) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)6
A¯1D6(9b) (0, (4, 0, 0)/(0, 1, 0)
2/(0, 0, 2))
15 A¯1D6(12) (1, (6, 0)/(0, 4)) (0, 6, 4)/(1, 6, 3)/(0, 6, 0)/(0, 0, 6)/(0, 10, 0)/(1, 0, 3)/ 1
(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
G2C3 (6, (3, 0)/(0, 1))
16 A¯1D6 (13) (1, (6, 0)/(1, 1)/ (0, 10, 0)/(1, 7, 0)/(0, 7, 1)/(1, 6, 1)/(0, 6, 0)
2/(1, 5, 0)/ 1
(0, 0)) (0, 5, 1)/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(1, 1, 0)/(1, 0, 1)/
A¯1D6(15i) (1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) (0, 1, 1)
17 A¯1D6 (14) (1, (6, 0)/(0, 1)
2/ (0, 10, 0)/(1, 6, 1)/(1, 6, 0)2/(0, 6, 0)2/(0, 6, 1)2/(2, 0, 0)/ A¯1
(0, 0)) (0, 2, 0)/(0, 0, 2)/(0, 0, 1)2/(1, 0, 1)/(1, 0, 0)2/(0, 0, 0)3
A¯1D6(5b) (0, (6, 0, 0)/(0, 1, 1)/(0, 0, 0))
G2C3 (6, (1, 0)/(0, 1)/(0, 0)
2)
18 A¯1D6 (15) (1, (6, 0)/(0, 2)/ (0, 10, 0)/(1, 6, 1)
2/(0, 6, 0)3/(0, 6, 2)/(2, 0, 0)/(0, 2, 0)/ T1
(0, 0)2) (0, 0, 2)3/(1, 0, 1)2/(0, 0, 0)
A¯1D6(15ii) (1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0))
G2C3 (6, (1, 0)
2/(0, 1))
19 A¯1D6(16) (1, (4, 0)/(0, 4)/ (0, 6, 0)/(0, 0, 6)/(0, 4, 4)/(0, 0, 4)
2/(0, 4, 0)2/(1, 3, 3)2/ T1
(0, 0)2) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
20 A¯1D6(17) (1, (4, 0)/(1, 1)/ (0, 6, 0)
2/(1, 5, 0)/(0, 5, 1)/(1, 4, 1)/(0, 4, 0)/(0, 3, 1)2/ 1
(2, 0)) (2, 0, 0)/(0, 2, 0)4/(0, 0, 2)/(1, 1, 0)/(0, 1, 1)/
A¯1D6(17i) (1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) (1, 3, 0)
2/(1, 2, 1)
21 A¯1D6 (18) (1, (4, 0)/(1, 1)/ (0, 6, 0)/(0, 5, 1)/(0, 4, 2)/(1, 4, 1)/(1, 3, 2)/(1, 3, 0)/ 1
(0, 2)) (0, 1, 3)/(0, 3, 1)/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2/(1, 2, 1)/
(0, 1, 1)
22 A¯1D6 (19) (1, (4, 0)/(0, 1)
2/ (0, 6, 0)2/(0, 4, 1)2/(0, 4, 0)/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)3/ A¯1
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
(2, 0)) (0, 0, 2)/(1, 4, 1)/(1, 4, 0)2/(1, 2, 1)/(1, 2, 0)2/(0, 0, 0)3
A¯1D6(7b) (0, (4, 0, 0)/(0, 1, 1)/(2, 0, 0))
23 A¯1D6(20) (1, (4, 0)/(0, 1)
2 (0, 6, 0)/(0, 4, 2)/(0, 4, 1)2/(0, 0, 3)2/(2, 0, 0)/(0, 2, 0)/ A¯1
(0, 2)) (0, 0, 2)2/(0, 0, 1)2/(1, 3, 2)/(1, 3, 1)2/(1, 3, 0)/(0, 0, 0)3
G2C3 (2/1
2, (3, 0)/(0, 1))
24 A¯1D6(21) (1, (4, 0)/(1, 0)
2/ (0, 6, 0)/(0, 5, 0)2/(0, 4, 2)/(0, 3, 0)2/(2, 0, 0)/(0, 2, 0)2/ A¯1
(0, 2)) (0, 0, 2)/(0, 1, 2)2/(1, 4, 1)/(1, 2, 1)/(1, 3, 1)2/(0, 0, 0)3
25 A¯1D6(22) (1, (4, 0)/(1, 1)/(0, 0)
3) (0, 6, 0)/(0, 4, 0)3/(0, 4, 1)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/ A1
(1, 5, 0)/(1, 3, 1)2/(1, 3, 0)/(1, 1, 0)3/(0, 0, 2)/(0, 0, 0)3
A¯1D6(1i) (1, (3, 0, 0)
2/(0, 1, 1))
26 A¯1D6(23) (1, (4, 0)/(0, 1)
2/ (0, 6, 0)/(0, 4, 1)2/(0, 4, 0)3/(1, 3, 1)2/(1, 3, 0)4/(2, 0, 0)/ A¯1A1
(0, 0)3) (0, 2, 0)/(0, 0, 2)/(0, 0, 1)6/(0, 0, 0)6
A¯1D6(4b) (0, (3, 0, 0)
2/(0, 1, 1))
A2A5 (1 + 0, (3, 0)/(0, 1))
G2C3 (1
2/03, (3, 0)/(0, 1))
27 A¯1D6(24) (1, (4, 0)/(0, 2)
2/ (0, 6, 0)/(0, 4, 2)2/(0, 4, 0)/(0, 0, 4)/(1, 3, 2)2/(1, 3, 0)2/ T1
(0, 0)) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)5/(0, 0, 0)
A2A5 (2, (3, 0)/(0, 1))
G2C3 (2
2/0, (3, 0)/(0, 1))
28 A¯1D6 (25) (1, (4, 0)/(0, 2)/ (0, 6, 0)
2/(0, 4, 2)/(1, 4, 1)2/(0, 4, 0)2/(0, 2, 2)/(1, 2, 1)2/ 1
(2, 0)/(0, 0)) (2, 0, 0)/(0, 2, 0)4/(0, 0, 2)2
A¯1D6(17ii) (1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0))
29 A¯1D6(26) (1, (4, 0)/(0, 2)/ (0, 6, 0)/(0, 4, 2)/(0, 4, 0)
4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)5/ A¯1
2
(0, 0)4) (1, 3, 1)4/(0, 0, 0)6
30 A¯1D6(27) (1, (1, 1)
3) (2, 0, 0)/(0, 2, 0)6/(0, 0, 2)6/(0, 2, 2)3/(1, 3, 0)/(1, 1, 0)5/ A1
Continued on next page
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(34i) (1, (1, 1, 0)
2/(0, 1, 1)) (1, 1, 2)3/(0, 0, 0)3
G2C3 ((0, 2)/(1, 1), 1
3)
A1A1C3 (1, 1, 1
3)
⊆ A1F4
31 A¯1D6(28) (1, (1, 1)
2/(0, 1)2) (0, 2, 2)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)4/(0, 1, 0)4/ A¯1T1
(1, 2, 0)2/(1, 0, 2)2/(1, 1, 2)2/(1, 1, 0)2/(1, 0, 0)4/(0, 0, 0)4
A¯1D6(8ii) (1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A¯1D6(25iii) (1, (1, 1, 0)/(1, 0, 0)
2/(0, 0, 2)/
(0, 0, 0))
A¯1D6(33ii) (1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)
2)
A2A5 (1 + 0, (1, 1)/(1, 0))
A1A1C3 (1, 1, 1
2/02)
⊆ A1F4
32 A¯1D6(28’) (1, (1, 1)
2/(0, 1)2) (0, 2, 2)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)4/(0, 1, 0)4/ A¯1T1
A¯1D6(22b) (0, (1, 1, 0)/(0, 2, 0)/ (1, 0, 3)/(1, 2, 1)/(1, 1, 1)
4/(1, 0, 1)3/(0, 0, 0)4
(0, 0, 2)/(0, 0, 0)2)
A¯1D6(22iii) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2)
A¯1D6(31i) (1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1D6(32i) (1, (1, 1, 0)
2/(0, 0, 1)2)
G2C3 ((0, 2)/(1, 1), 1
2/02)
A7 (1, 1, 0)/(0, 1, 0)/(0, 0, 1)
33 A¯1D6(29) (1, (1, 1)/(0, 1)
4) (0, 1, 2)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 1, 0)4/ C2
(1, 1, 2)/(1, 0, 2)4/(1, 1, 0)5/(1, 0, 0)4/(0, 0, 0)10
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(29b) (0, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)
2)
A¯1D6(5ii) (1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/
(0, 0, 0))
A¯1D6(7ii) (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5)
A1A1C3 (1, 1, 1/0
4)
⊆ A1F4
34 A¯1D6(30) (1, (1, 1)/(0, 1)
2/(1, 0)2) (0, 1, 2)2/(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2/(0, 1, 1)4/ A¯1
2
A¯1D6(13b) (0, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2) (0, 1, 0)2/(0, 0, 1)2/(1, 1, 2)/(1, 2, 0)2/(1, 1, 1)2/(1, 1, 0)/
A¯1D6(17b) (0, (1, 1, 0)/(1, 0, 0)
2/ (1, 0, 1)4/(1, 0, 0)2/(0, 0, 0)6
(0, 0, 2)/(0, 0, 0))
A¯1D6(5i) (1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/
(0, 0, 0))
A¯1D6(6i) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
4)
35 A¯1D6(31) (1, (1, 0)
4/(0, 1)2) (2, 0, 0)/(0, 2, 0)6/(0, 0, 2)/(0, 1, 1)8/ A¯1B2
A¯1D6(20b) (0, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
4) (1, 1, 0)8/(1, 0, 1)5/(1, 2, 1)/(0, 0, 0)13
A¯1D6(24b) (0, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5)
A¯1D6(25b) (0, (1, 1, 0)/(0, 0, 1)
4)
A7 (1, 0, 0)
2/(0, 1, 0)/(0, 0, 1)
A1A1C3 (0, 1, (1, 0)
2/(0, 1))
⊆ A1F4
36 A¯1D6(32) (1, (1, 1)
2/(0, 0)4) (0, 2, 2)/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/ A¯1
2
T1
(1, 1, 1)4/(0, 1, 1)8/(1, 0, 0)4/(0, 0, 0)7
A2A5 (1 + 0, (1, 1)/(0, 0)
2)
A7 (1, 1, 0)/(0, 0, 1)/(0, 0, 0)
2
37 A¯1D6(33) (1, (1, 1)/(1, 0)
2/(0, 0)4) (0, 2, 1)2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)/(0, 1, 1)4/(0, 0, 1)2/ A¯1
3
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(19b) (0, (1, 0, 0)
2/(0, 1, 0)2/ (0, 1, 0)8/(1, 2, 0)2/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(1, 0, 0)2/
(0, 0, 2)/(0, 0, 0)) (0, 0, 0)9
A¯1D6(2i) (1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 1)2)
A¯1D6(3i) (1, (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)4)
A¯1D6(3ii) (1, (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)4)
38 A¯1D6(34) (1, (1, 0)
2/(0, 1)2/(0, 0)4) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)4/(0, 1, 0)8/(0, 0, 1)8/ A¯1
4
A¯1D6(15b) (0, (1, 0, 0)
2/(0, 1, 0)2/ (1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/(1, 0, 0)8/(0, 0, 0)12
(0, 0, 1)2)
A2A5 (1 + 0, (1, 0)/(0, 1)/(0, 0)
2)
A7 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)
2
G2C3 (1
2/03, (1, 0)/(0, 1)/(0, 0)2)
A1A1C3 (0, 1, (1, 0)/(0, 1)/(0, 0)
2)
⊆ A1F4
39 A¯1D6(35) (1, (1, 1)/(0, 0)
8) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 1, 1)8/(1, 1, 0)8/(1, 0, 1)8/ D4
A¯1D6(21b) (0, (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)4) (0, 0, 0)28
A2A5 (0, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
G2C3 (0, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
40 A¯1D6(36) (1, (1, 1)/(0, 2)
2/(0, 0)2) (0, 0, 4)/(0, 1, 3)2/(1, 0, 3)2/(1, 1, 2)2/(2, 0, 0)/(0, 2, 0)/ T2
(0, 0, 2)8/(1, 1, 0)2/(1, 0, 1)4/(0, 1, 1)4/(0, 0, 0)2
A¯1D6(29ii) (1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2)
A¯1D6(30ii) (1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/
(0, 0, 0))
41 A¯1D6(37) (1, (1, 1)/(2, 0)/ (0, 3, 1)/(0, 1, 3)/(0, 2, 2)/(1, 2, 1)
2/(1, 1, 2)2/(2, 0, 0)/ T1
(0, 2)/(0, 0)2) (0, 2, 0)4/(0, 0, 2)4/(1, 1, 0)2/(1, 0, 1)2/(0, 1, 1)4/(0, 0, 0)
A¯1D6(4i) (1, (1, 1, 0)
2/(0, 1, 1))
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(24ii) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
42 A¯1D6(38) (1, (1, 0)
2/(2, 0)/ (0, 3, 0)2/(0, 2, 2)/(0, 1, 2)2/(2, 0, 0)/(0, 2, 0)4/(0, 0, 2)3/ A¯1T1
(0, 2)/(0, 0)2) (0, 1, 0)6/(1, 2, 1)2/(1, 0, 1)2/(1, 1, 1)4/(0, 0, 0)4
A¯1D6(11b) (0, (1, 1, 0)
2/(0, 1, 1))
A¯1D6(26ii) (1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/
(0, 0, 0))
G2C3 (2/1
2, (1, 0)2/(0, 1))
43 A¯1D6 (39) (1, (1, 0)
2/(0, 2)2/(0, 0)2) (0, 0, 4)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 1, 0)4/ A¯1T2
A¯1D6(26b) (0, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2) (1, 1, 2)2/(1, 0, 2)4/(1, 1, 0)2/(1, 0, 0)4/(0, 0, 0)5
A2A5 (1 + 0, (2, 0)/(0, 1)/(0, 0))
A2A5 (2, (1, 0)/(0, 1)/(0, 0)
2)
A7 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)
G2C3 (2
2/0, (1, 0)/(0, 1)/(0, 0)2)
44 A¯1D6(40) (1, (1, 1)/(2, 0)/(0, 0)
5) (0, 1, 2)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 1, 0)4/ C2
(1, 0, 3)/(1, 1, 1)4/(1, 0, 1)6/(0, 0, 0)10
A¯1D6(28b) (0, (1, 0, 0)
2/(0, 1, 1)/
(0, 0, 2)/(0, 0, 0))
G2C3 ((0, 2)/(1, 1), 1/0
4)
45 A¯1D6(41) (1, (1, 0)
2/(0, 2)/(0, 0)5) (2, 0, 0)/(0, 2, 0)6/(0, 0, 2)/(0, 1, 1)8/(1, 2, 0)2/(1, 1, 1)4/ A¯1B2
A¯1D6(14b) (0, (1, 1, 0)/(0, 1, 0)
2/ (1, 0, 0)10/(0, 0, 0)13
(0, 0, 1)2)
A2A5 (1 + 0, (1, 0)
2/(0, 1))
G2C3 (1
2/03, (1, 0)2/(0, 1))
46 A¯1D6(42) (1, (2, 0)
3/(0, 2)) (0, 4, 0)3/(1, 3, 1)2/(0, 2, 2)3/(2, 0, 0)/(0, 2, 0)6/(0, 0, 2)/ A1
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
(1, 1, 1)4/(0, 0, 0)3
47 A¯1D6(43) (1, (2, 0)
2/(0, 2)2) (0, 4, 0)/(0, 0, 4)/(1, 2, 2)2/(0, 2, 2)4/(1, 2, 0)2/(1, 0, 2)2/ T2
(2, 0, 0)/(0, 2, 0)3/(0, 0, 2)3/(1, 0, 0)2/(0, 0, 0)2
A2A5 (1 + 0, (2, 0)/(0, 2))
A2A5 (2, (2, 0)/(0, 1)/(0, 0))
A7 (2, 0, 0)/(0, 2, 0)/(0, 0, 1)
48 A¯1D6(44) (1, (2, 0)
2/(0, 2)/ (0, 4, 0)/(0, 2, 2)2/(2, 0, 0)/(0, 2, 0)9/(0, 0, 2)4/(1, 2, 1)4/ A1T1
(0, 0)3) (1, 0, 1)4/(0, 0, 0)4
A¯1D6(4ii) (1, (1, 1, 0)
2/(0, 1, 1))
A¯1D6(29i) (1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2)
A2A5 (2, (1, 0)
2/(0, 1))
G2C3 (2
2/0, (1, 0)2/(0, 1))
49 A¯1D6(45) (1, (2, 0)/(0, 2)/ (0, 2, 2)/(2, 0, 0)/(0, 2, 0)
7/(0, 0, 2)7/(1, 1, 1)8/(0, 0, 0)15 A3
(0, 0)6)
A¯1D6(12b) (0, (1, 1, 0)
2/(0, 0, 1)2)
A¯1D6(23b) (0, (1, 0, 0)
2/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0)2)
A2A5 (0, (1, 1, 0)/(0, 0, 1))
50 A¯1D6(46) (1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) (0, 3, 1)/(1, 1, 2)/(0, 2, 1)2/(0, 1, 2)2/(1, 2, 0)2/(1, 2, 1)/ A¯1
A¯1D6(16b) (0, (1, 1, 0)/(0, 1, 1)/ (2, 0, 0)/(0, 2, 0)
3/(0, 0, 2)2/(1, 1, 1)2/(1, 1, 0)/(1, 0, 1)/
(0, 0, 2)/(0, 0, 0)) (0, 1, 1)2/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3
A¯1D6(22ii) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2)
A¯1D6(25i) (1, (1, 1, 0)/(1, 0, 0)
2/(0, 0, 2)/
(0, 0, 0))
A¯1D6(31ii) (1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
Continued on next page
C
h
a
p
te
r
9
.
T
a
b
le
s
3
6
9
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
(0, 0, 0))
51 A¯1D6(47) (1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0)) (0, 0, 3)2/(1, 1, 2)/(1, 0, 2)2/(0, 1, 2)2/(2, 0, 0)/(0, 2, 0)/ A¯1
2
(1, 1, 0)/(1, 0, 1)4/(0, 1, 1)4/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)4/
A¯1D6(18b) (0, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/ (0, 0, 2)3/(1, 1, 1)2/(0, 0, 0)6
(0, 0, 0))
A¯1D6(6ii) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
4)
G2C3 (2/1
2, (1, 0)/(0, 1)/(0, 0)2)
52 A¯1D6(48) (1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) (0, 3, 1)/(1, 3, 0)/(0, 3, 0)2/(1, 2, 1)/(1, 2, 0)2/(0, 2, 1)2/ A¯1
A¯1D6(27b) (0, (1, 1, 0)/(0, 1, 1)/ (0, 0, 2)/(1, 1, 1)
2/(1, 1, 0)2/(1, 0, 1)/(0, 1, 1)2/(1, 0, 0)2/
(0, 2, 0)/(0, 0, 0)) (0, 1, 0)4/(0, 0, 1)2/(2, 0, 0)/(0, 2, 0)4/(0, 0, 0)3
A¯1D6(26i) (1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/
(0, 0, 0))
A¯1D6(31iii) (1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1D6(33i) (1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)
2)
53 A¯1D6(49) (1, (1, 1)
2/(2, 0) (0, 3, 1)2/(1, 3, 0)/(1, 2, 1)2/(1, 1, 2)/(0, 2, 2)/(2, 0, 0)/ T1
(0, 0)) (0, 2, 0)5/(0, 0, 2)3/(1, 1, 0)3/(1, 0, 1)2/(0, 1, 1)4/(0, 0, 0)
A¯1D6(24iii) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1D6(30i) (1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/
(0, 0, 0))
A¯1D6(34ii) (1, (1, 1, 0)
2/(0, 1, 1))
54 A¯1D6(50) (1, (1, 0)
4/(0, 2)/ (1, 2, 1)/(0, 1, 2)4/(2, 0, 0)/(0, 2, 0)6/(0, 0, 2)2/(1, 1, 1)4/ T1
(0, 0)) (1, 0, 1)5/(0, 1, 0)4/(0, 0, 0)9/(0, 0, 0)
A¯1D6(7i) (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0
5))
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
55 A¯1D6(51) (1, (2, 1)
2) (1, 2, 2)2/(1, 4, 0)2/(1, 0, 0)4/(0, 2, 2)3/(0, 4, 0)2/(2, 0, 0)/ A1
A2A5 (1 + 0, (2, 1)) (0, 4, 2)/(0, 4, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
3
G2C3 (1
2/03, (2, 1))
A1A1C3 (1, 1, 2
2)
⊆ A1F4
56 A¯1D6(51’) (1, (2, 1)
2) (1, 2, 1)3/(1, 4, 1)/(1, 0, 3)/(0, 2, 2)3/(0, 4, 0)2/(2, 0, 0)/ A1
(0, 4, 2)/(0, 4, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)3
A7 (2, 1, 0)/(0, 0, 1)
G2C3 ((0, 2)/(1, 1), 2
2)
A1A1C3 (0, 1, (2, 1))
⊆ A1F4
57 A¯1D6(52) (1, (1, 5)) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 8)/(0, 2, 4)/(0, 0, 10)/ 1
G2C3 ((0, 2)/(1, 1), 5) (0, 0, 6)/(1, 3, 0)/(1, 1, 8)/(1, 1, 4)
58 A¯1D6(52’) (1, (1, 5)) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 2, 8)/(0, 2, 4)/(0, 0, 10)/ 1
(0, 0, 6)/(1, 0, 9)/(1, 0, 3)/(1, 2, 5)
A1A¯1C3 ⊆ (1, 1, 5)
A1F4
59 A¯1D6(53) (1, 1, (2, 2)/(0, 0)
3) (1, 3, 1)2/(1, 1, 3)2/(2, 0, 0)/(0, 4, 2)/(0, 2, 4)/(0, 2, 0)/ A1
(0, 0, 2)/(0, 2, 2)3/(0, 0, 0)3
60 A¯1D6(30b) (0, (2, 1, 1)) (4, 2, 0)/(4, 0, 2)/(2, 2, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ A¯1
(2, 1, 2)2/(4, 1, 0)2/(0, 3, 0)2/(0, 0, 0)3
G2C3 (2/1
2, (2, 1))
A1A1C3 (1, 0, (2, 1))
⊆ A1F4
61 A¯1D6(31b) (0, (2, 2, 0)/(0, 0, 2)/ (4, 2, 0)/(2, 4, 0)/(3, 1, 1)
2/(1, 3, 1)2/(2, 2, 2)/(2, 0, 0)/ 1
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
(0, 0, 0)3) (0, 2, 0)/(0, 0, 2)
62 A¯1D6(32b) (0, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (6, 0, 0)/(4, 2, 0)/(3, 1, 2)/(3, 1, 1)
2/(4, 0, 1)2/(3, 1, 0)/ A¯1
(0, 2, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 0, 0)3
A¯1D6(19ii) (1, (4, 0, 0)/(0, 1, 0)
2/(0, 0, 2))
63 A¯1D6(33b) (0, (4, 0, 0)/(0, 2, 0)/ (6, 0, 0)/(4, 2, 0)/(4, 0, 2)/(3, 1, 1)
4/(4, 0, 0)/(0, 2, 2)/ A¯1
(0, 0, 2)/(0, 0, 0)) (2, 0, 0)/(0, 2, 0)2/(0, 0, 2)2/(0, 0, 0)3
A¯1D6(13iii) (1, (3, 1, 0)/(0, 0, 1)
2)
A7 (1, 1, 0)/(0, 0, 3)
64 A¯1D6(34b) (0, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) (2, 1, 1)/(1, 2, 1)/(1, 1, 2)/(2, 0, 0)
2/(0, 2, 0)2/(0, 0, 2)2/ A¯1
(1, 1, 0)/(1, 0, 1)/(0, 1, 1)/(2, 1, 0)2/(1, 0, 2)2/
(0, 2, 1)2/(1, 1, 1)2/(1, 0, 0)2/(0, 1, 0)2/(0, 0, 1)2/(0, 0, 0)3
A¯1D6(25ii) (1, (1, 1, 0)/(1, 0, 0)
2/(0, 0, 2)/
(0, 0, 0))
65 A¯1D6(35b) (0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) (2, 2, 0)/(2, 0, 1)2/(0, 2, 1)2/(1, 1, 2)2/(2, 0, 0)3/(0, 2, 0)3/ A¯1T1
(0, 0, 2)2/(1, 1, 1)4/(0, 0, 1)4/(1, 1, 0)2/(0, 0, 0)4
A¯1D6(8i) (1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A¯1D6(22i) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2)
66 A¯1D6(36b) (0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (2, 0, 0)
4/(0, 2, 0)4/(0, 0, 2)4/(2, 2, 0)/(2, 0, 2)/(0, 2, 2)/ A¯1A1
(0, 0, 0)3) (1, 1, 1)8/(0, 0, 0)6
A¯1D6(32ii) (1, (1, 1, 0)
2/(0, 0, 1)2)
A7 (1, 1, 0)/(0, 0, 1)
2
A1B4 (0,(2,0,0)/(0,2,0)/(0,0,2))
⊆ A1F4
67 A¯1D6(37b) (0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (4, 0, 0)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/(2, 2, 0)2/(2, 0, 2)2/ A¯1T1
Continued on next page
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A2A5 (2, (1, 1)/(0, 0)
2) (0, 2, 2)/(2, 1, 1)4/(0, 1, 1)4/(0, 0, 0)4
A7 (1, 1, 0)/(0, 1, 1)
A7 (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
68 A¯1D6(9i) (1, (2, 1, 1)) (4, 2, 0)/(4, 0, 2)/(2, 2, 2)/(2, 0, 0)
2/(0, 2, 0)/ 1
(0, 0, 2)/(3, 1, 2)/(1, 1, 2)/(5, 1, 0)/(3, 1, 0)/(1, 3, 0)
A1A1C3 (1, 1, (2, 1))
⊆ A1F4
69 A¯1D6(9ii) (1, (2, 1, 1)) (0, 4, 2)/(2, 4, 0)/(2, 2, 2)/(2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/ 1
(3, 2, 1)/(1, 2, 1)/(1, 4, 1)/(1, 0, 3)
A1A¯1C3 ⊆ (1, 1, (2, 1))
A1F4
70 A¯1D6(9iii) (1, (2, 1, 1)) (0, 4, 2)/(2, 4, 0)
2/(2, 2, 2)2/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)/ 1
(0, 2, 2)/(0, 4, 0)/(4, 0, 0)
A2A5 (2, (2, 1))
G2C3 (2
2/0, (2, 1))
71 A¯1D6(10i) (1, (2, 2, 0)/(0, 0, 2)) (4, 2, 0)/(2, 4, 0)/(4, 1, 1)/(2, 1, 1)/(2, 3, 1)/(0, 3, 1)/ 1
(2, 2, 2)/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
A1G2 (1, (0, 2)/(1, 1))
72 A¯1D6(10ii) (1, (2, 2, 0)/(0, 0, 2)) (0, 4, 2)/(0, 2, 4)/(2, 3, 1)/(0, 3, 1)/(2, 1, 3)/(0, 1, 3)/ 1
(2, 2, 2)/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
A1B4 (1, (2, 2))
⊆ A1F4
73 A¯1D6(11iii) (1, (3, 1, 0)/(0, 1, 1)) (0, 6, 0)/(0, 4, 2)/(1, 3, 2)/(1, 3, 0)/(2, 0, 0)
2/(0, 2, 0)/ 1
(0, 0, 2)2/(1, 3, 2)/(2, 4, 0)/(2, 0, 2)/(0, 4, 0)/(0, 0, 2)/
(1, 3, 0)
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Table 9.7 – continued from previous page
M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
74 A¯1D6(12iii) (1, (3, 1, 0)/(1, 0, 1)) (0, 6, 0)/(0, 4, 2)/(1, 4, 1)/(1, 2, 1)/(2, 0, 0)
2/(0, 2, 0)2/ 1
(1, 4, 1)/(1, 2, 1)/(2, 4, 0)/(0, 4, 0)/(2, 0, 2)/(0, 0, 2)2
A¯1D6(20i) (1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0))
75 A¯1D6(14i) (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) (6, 0, 0)/(4, 2, 0)/(3, 1, 2)/(4, 1, 1)/(5, 0, 1)/(2, 1, 1)/ 1
(3, 0, 1)/(3, 1, 0)/(1, 2, 1)/(2, 0, 0)2/(0, 2, 0)/(0, 2, 0)/
A¯1D6(16ii) (1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)) (0, 0, 2)
2
76 A¯1D6(14ii) (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) (0, 6, 0)/(2, 4, 0)/(1, 3, 2)/(2, 3, 1)/(0, 3, 1)/(1, 4, 1)/ 1
(1, 3, 0)/(3, 0, 1)/(1, 0, 1)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)2
A¯1D6(18ii) (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2))
77 A¯1D6(14iii) (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))) (0, 6, 0)/(0, 4, 2)/(2, 3, 1)/(2, 3, 1)/(0, 3, 1)/(5, 0, 1)/ 1
(3, 0, 1)/(0, 3, 1)/(2, 0, 2)/(2, 0, 0)3/(0, 2, 0)/(0, 0, 2)2/
(0, 0, 2)
78 A¯1D6(20ii) (1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 6, 0)/(0, 4, 2)/(2, 4, 0)/(2, 3, 1)
2/(0, 3, 1)2/(0, 4, 0)/ 1
(0, 0, 0) (2, 0, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)2/(2, 0, 0)2
A1A1C3 (1, 1, (3, 0)/(0, 1))
⊆ A1F4
79 A¯1D6(4iii) (1, (1, 1, 0)
2/(0, 1, 1)) (0, 2, 2)/(1, 3, 0)/(1, 2, 1)2/(1, 1, 2)/(2, 0, 0)2/(0, 2, 0)4/ T1
(0, 0, 2)3/(2, 1, 1)2/(0, 1, 1)2/(1, 0, 1)2/(1, 1, 0)3/(0, 0, 0)
A¯1D6(21i) (1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1))
A¯1D6(23i) (1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0))
A¯1D6(24i) (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
80 A¯1D6(23ii) (1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) (0, 2, 2)/(2, 2, 0)/(2, 0, 2)/(0, 0, 2)/(2, 1, 1)2/(2, 0, 0)3/ A1
(0, 2, 0)4/(0, 0, 2)3/(2, 1, 1)2/(0, 1, 1)2/(2, 0, 0)2/(0, 1, 1)2/
Continued on next page
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M VM(λ1) ↓ A31 L (E7) ↓ A31 CG(A31)◦
A¯1D6(27i) (1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 0, 0)
3
(0, 0, 0)3)
A¯1D6(34iii) (1, (1, 1, 0)
2/(0, 1, 1))
A1A1C3 (1, 1, (1, 0)
2/(0, 1))
⊆ A1F4
81 A¯1D6(28i) (1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (2, 0, 0)4/(0, 2, 0)/(0, 0, 2)/(4, 0, 0)/(2, 2, 0)2/ T1
(2, 0, 2)2/(0, 2, 2)/(3, 1, 1)2/(1, 1, 1)4/(0, 0, 0)
82 A¯1D6(28ii) (1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (2, 0, 0)2/(0, 2, 0)3/(0, 0, 2)/(0, 4, 0)/(0, 2, 2)2/ T1
(2, 2, 0)2/(2, 0, 2)/(2, 2, 1)2/(0, 2, 1)2/(2, 0, 1)2/
A2A5 (2, (1, 1)/(1, 0)) (0, 0, 1)
2/(0, 0, 0)
A1B4 (1, (2, 0)/(0, 2)
2)
⊆ A1F4
83 A2A5 (2, (2, 0)/(0, 2)) (2, 2, 0)
2/(2, 0, 2)2/(0, 2, 2)2/(2, 2, 2)2/(4, 0, 0)/(0, 4, 0)/ T1
(0, 0, 4)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(0, 0, 0)
A7 (1, 1, 1)
84 G2C3 (6, (2, 1)) (10, 0, 0)/(6, 4, 0)/(6, 2, 2)/(0, 4, 2)/(2, 0, 0)/(0, 2, 0)/ 1
A1A1G2 (1, 1, 6) (0, 0, 2)
⊆ A1F4
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Table 9.8: A21 in E7
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
1 A¯1D6(1) (1, 10/0) (0, 18)/(0, 14)/(0, 10)
2/(0, 6)/(0, 2)/(2, 0)/(1, 15)/(1, 9)/ 1
(1, 5)
2 A¯1D6(2) (1, 8/2) (0, 14)/(0, 10)
2/(0, 6)2/(0, 2)2/(0, 8)/(2, 0)/(1, 11)/(1, 9)/ 1
(1, 5)/(1, 3)
3 A¯1D6(3) (1, 6/4) (0, 10)
2/(0, 6)3/(0, 2)3/(0, 8)/(0, 4)/(2, 0)/(1, 9)/(1, 7)/ 1
(1, 5)/(1, 3)2
4 A¯1D6(4) (1, 6/2/0
2) (0, 10)/(0, 6)4/(0, 2)4/(0, 8)/(0, 4)/(2, 0)/(1, 7)2/ T1
A¯1D6(16i) (1, (6, 0)/(1, 1)/(0, 0)) (1, 5)
2/(1, 1)2/(0, 0)
5 A¯1D6(5) (1, 6/0
5) (0, 10)/(0, 6)6/(0, 2)/(2, 0)/(1, 6)4/(1, 0)4/(0, 0)10 C2
A¯1D6(17b) (0, (6, 0)/(0, 1)
2/(0, 0))
C3G2 (1/0
4, 6)
6 A¯1D6(6) (1, 6/0/1
2) (0, 10)/(0, 6)2/(0, 2)2/(0, 7)2/(0, 5)2/(0, 1)2/(2, 0)/ A¯1
(1, 7)/(1, 5)/(1, 6)2/(1, 0)2/(1, 1)/(0, 0)3
A¯1D6(16b) (0, (6, 0)/(1, 1)/(0, 0))
A¯1D6(17i) (1, (6, 0)/(0, 1)
2/(0, 0))
7 A¯1D6(7) (1, 4/2
2/0) (0, 6)3/(0, 2)8/(0, 4)4/(2, 0)/(1, 5)2/(1, 3)4/(1, 1)2/(0, 0) T1
A¯1D6(20i) (1, (4, 0)/(1, 1)/(2, 0))
A2A5 (2, (3, 0)/(0, 1))
8 A¯1D6(8) (1, 4/2/0
4) (0, 6)2/(0, 2)7/(0, 4)5/(2, 0)/(1, 4)4/(1, 2)4/(0, 0)6 A¯1
2
A¯1D6(22b) (0, (4, 0)/(0, 1)
2/(2, 0))
A¯1D6(9i) (1, (3, 0)
2/(1, 1))
9 A¯1D6(9) (1, 4/2/1
2) (0, 6)2/(0, 2)4/(0, 4)/(0, 5)2/(0, 3)4/(0, 1)2/(2, 0)/(1, 5)/ A¯1
(1, 3)2/(1, 1)/(1, 4)2/(1, 2)2/(0, 0)3
A¯1D6(20b) (0, (4, 0)/(1, 1)/(2, 0))
Continued on next page
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(22i) (1, (4, 0)/(0, 1)
2/(2, 0))
10 A¯1D6(10) (1, 4/0
7) (0, 6)/(0, 2)/(0, 4)7/(2, 0)/(1, 3)8/(0, 0)21 B3
A¯1D6(10b) (0, (3, 0)
2/(0, 1)2)
A2A5 (0, (3, 0)/(0, 1))
C3G2 ((3, 0)/(0, 1), 0)
11 A¯1D6(11) (1, 4/0
3/12) (0, 6)/(0, 2)2/(0, 4)3/(0, 5)2//(0, 1)6/(2, 0)/(1, 4)2/ A¯1A1
(1, 2)2/(1, 3)4/(0, 3)2/(0, 0)6
A¯1D6(9b) (0, (3, 0)
2/(1, 1))
A¯1D6(10i) (1, (3, 0)
2/(0, 1)2)
A2A5 (1 + 0, (3, 0)/(0, 1))
12 A¯1D6(12) (1, 2
4) (0, 2)10/(0, 4)6/(2, 0)/(1, 4)2/(1, 2)6/(1, 0)4/(0, 0)6 A21
A2A5 (1 + 0, 2
2)
A2A5 (2, (2, 0)/(0, 1)/(0, 0))
C3G2 (2
2, 12/03)
A1A1C3 ⊆ (0, 1, 22)
A1F4
13 A¯1D6(13) (1, 2
3/03) (0, 2)15/(0, 4)3/(2, 0)/(1, 3)4/(1, 1)8/(0, 0)6 A21
A¯1D6(40ii) (1, (1, 1)/(0, 2)
2/(0, 0)2)
A2A5 (2, (1, 0)
2/(0, 1))
14 A¯1D6(14) (1, 2
2/06) (0, 2)15/(0, 4)/(2, 0)/(1, 2)8/(1, 0)8/(0, 0)16 A3T1
A¯1D6(43b) (0, (1, 0)
2/(0, 2)2/(0, 0)2)
A¯1D6(33ii) (1, (1, 1)/(0, 1)
4)
A2A5 (0, (2, 0)/(0, 1)/(0, 0))
A2A5 (2, 1/0
4)
A2A5 (1/0, 2/0
3)
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A7 (2, 0)/(0, 1)/(0, 0)
3
C3G2 (1/0
4, 22/0)
15 A¯1D6(15) (1, 2
2/02/12) (0, 2)8/(0, 4)/(0, 3)4/(0, 1)8/(2, 0)/(1, 3)2/(1, 1)4/ A¯1T2
(1, 2)4/(1, 0)4/(0, 0)5
A¯1D6(40b) (0, (1, 1)/(0, 2)
2/(0, 0)2)
A¯1D6(43ii) (1, (1, 0)
2/(0, 2)2/(0, 0)2)
A¯1D6(52i) (1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0))
A2A5 (1/0, 2/1/0)
A2A5 (1 + 0, (2, 0)/(0, 1)/(0, 0))
A2A5 (1 + 0, (1, 0)/(0, 1)/(0, 0)
2)
A7 (2, 0)/(1, 0)/(0, 1)/(0, 0)
16 A¯1D6(16) (1, 2/0
9) (0, 2)10/(2, 0)/(1, 1)16/(0, 0)36 B4
A¯1D6(35b) (0, (1, 0)
4/(0, 1)2)
A¯1D6(39i) (1, (1, 1)/(0, 0)
8)
A2A5 (0, (1, 0)
2/(0, 1))
C3G2 ((1, 0)
2/(0, 1), 0)
17 A¯1D6(17) (1, 2/0
5/12) (0, 2)7/(0, 3)2/(0, 1)12/(2, 0)/(1, 2)4/(1, 1)8/(1, 0)4/(0, 0)13 A¯1C2
A¯1D6(33b) (0, (1, 1)/(0, 1)
4)
A¯1D6(51b) (0, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0))
A¯1D6(35i) (1, (1, 0)
4/(0, 1)2)
A¯1D6(37i) (1, (1, 1)/(1, 0)
2/(0, 0)4)
A2A5 (1 + 0, (1, 0)
2/(0, 1))
C3G2 (1/0
4, 2/12)
18 A¯1D6(18) (1, 2/0/3
2) (0, 2)3/(0, 5)2/(0, 3)4/(0, 1)2/(0, 4)3/(0, 6)/(2, 0)/ A1
(1, 5)/(1, 4)2/(1, 3)/(1, 2)2/(1, 1)3/(0, 0)3
Continued on next page
9
.3
R
1
...R
n
in
E
7
3
7
8
Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(25i) (1, (4, 0)/(1, 1)/(0, 0)
3)
19 A¯1D6(19) (1, 2/0/1
4) (0, 2)8/(0, 3)4/(2, 0)/(1, 3)/(1, 2)4/(1, 1)6/(1, 0)4/ B2
A¯1D6(52b) (0, (1, 1)/(2, 0)/(1, 0)
2/(0, 0)) (0, 1)8/(0, 0)10
A¯1D6(44i) (1, (1, 1)/(2, 0)/(0, 0)
5)
A¯1D6(51ii) (1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0))
20 A¯1D6(20) (1, 0
8/12) (0, 1)16/(0, 2)/(2, 0)/(1, 1)8/(1, 0)16/(0, 0)31 A¯1D4
A¯1D6(38b) (0, (1, 0)
2/(0, 1)2/(0, 0)4)
A¯1D6(39b) (0, (1, 1)/(0, 0)
8)
A2A5 (1 + 0, 1/0
4)
A2A5 (0, (1, 0)/(0, 1)/(0, 0)
2)
A7 (1, 0)/(0, 1)/(0, 0)
4
C3G2 (1/0
4, 12/03)
C3G2 ((1, 0)/(0, 1)/(0, 0)
2, 0)
A1A1C3 ⊆ (0, 1, 1/04)
A1F4
21 A¯1D6(21) (1, 0
4/32) (0, 4)3/(0, 6)/(0, 2)/(2, 0)/(1, 4)2/(1, 3)4/(1, 0)6/ A1A¯1
2
A¯1D6(26b) (0, (4, 0)/(0, 1)
2/(0, 0)3) (0, 3)8/(0, 0)9
A2A5 (1/0, 3/0
2)
A7 (3, 0)/(0, 1)/(0, 0)
2
C3G2 (3/0
2, 12/03)
A1A1C3 ⊆ (0, 1, 3/02)
A1F4
22 A¯1D6(22) (1, 0
4/14) (0, 1)16/(0, 2)6/(2, 0)/(1, 2)2/(1, 1)8/(1, 0)10/(0, 0)16 A3T1
A¯1D6(37b) (0, (1, 1)/(1, 0)
2/(0, 0)4)
A¯1D6(45b) (0, (1, 0)
2/(0, 2)/(0, 0)5)
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(38i) (1, (1, 0)
2/(0, 1)2/(0, 0)4)
A2A5 (1/0, 1
2/02)
A2A5 (1 + 0, (1, 0)/(0, 1)/(0, 0)
2)
A7 (1, 0)
2/(0, 1)/(0, 0)2
C3G2 (1
2/02, 12/03)
A1A1C3 ⊆ (0, 1, 12/02)
A1F4
23 A¯1D6(23) (1, 3
2/12) (0, 4)7/(0, 6)/(0, 2)6/(2, 0)/(1, 4)4/(1, 2)2/(1, 0)6/ A¯1A1
A¯1D6(26i) (1, (4, 0)/(0, 1)
2/(0, 0)3) (0, 0)6
A2A5 (1/0, 3/1)
C3G2 (3/1, 1
2/03)
24 A¯1D6(24) (1, 3
2/12) (0, 4)7/(0, 6)/(0, 2)6/(2, 0)/(1, 5)/(1, 3)5/(1, 1)3/ A¯1A1
A¯1D6(25b) (0, (4, 0)/(1, 1)/(0, 0)
3) (0, 0)6
A7 (3, 0)/(1, 0)/(0, 1)
A1A1C3 ⊆ (0, 1, 3/1)
A1F4
25 A¯1D6(25) (1, 1
6) (0, 2)15/(2, 0)/(1, 2)6/(1, 0)14/(0, 0)21 C3
A¯1D6(45ii) (1, (1, 0)
2/(0, 2)/(0, 0)5)
A2A5 (1/0, 1
3)
C3G2 (1
3, 12/03)
26 A¯1D6(26) (1, 1
6) (0, 2)15/(2, 0)/(1, 3)/(1, 1)14/(0, 0)21 C3
A¯1D6(44b) (0, (1, 1)/(2, 0)/(0, 0)
5))
C3G2 (0,(0,2)/(1,1))
A7 (1, 0)
3/(0, 1)
A1A1C3 ⊆ (0, 1, 13)
Continued on next page
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A1F4
27 A¯1D6(27) (1, 8/0
3) (0, 14)/(0, 10)/(0, 6)/(0, 2)/(2, 0)/(1, 10)2/(1, 4)2/ A1
(0, 8)3/(0, 0)3
28 A¯1D6(28) (1, 4
2/02) (0, 6)3/(0, 8)/(0, 4)5/(0, 2)3/(2, 0)/(1, 6)2/(1, 4)2/ T2
A2A5 (1/0, 4/0) (1, 2)
2/(1, 0)2/(0, 0)2
A7 (4, 0)/(0, 1)/(0, 0)
29 A¯1D6(29) (1, 5
2) (0, 8)3/(0, 10)/(0, 6)/(0, 2)/(2, 0)/(1, 8)2/(1, 4)2/ A1
A2A5 (1/0, 5) (1, 0)
4/(0, 4)3/(0, 0)3
C3G2 (5, 1
2/03)
30 A¯1D6(30) (1, 5
2) (0, 10)/(0, 6)/(0, 2)/(2, 0)/(1, 5)3/(1, 9)/(1, 3)/ A1
A7 (5, 0)/(0, 1) (0, 8)
3/(0, 4)3/(0, 0)3
A1C3 ⊆ (1, 5)
A1F4
31 A¯1D6(1b) (0, (2, 2)/(2, 0)) (4, 2)
2/(2, 4)/(2, 0)2/(0, 2)2/(2, 2)/(4, 1)2/(2, 1)2/ A¯1
(2, 3)2/(0, 3)2/(0, 0)3
32 A¯1D6(2b) (0, (8, 0)/(0, 2)) (14, 0)/(10, 0)/(6, 0)/(2, 0)/(8, 2)/(0, 2)/ A¯1
(10, 1)2/(4, 1)2/(0, 0)3
33 A¯1D6(3b) (0, (3, 1)/(1, 1)) (4, 2)
2/(6, 0)/(2, 0)3/(0, 2)2/(4, 0)/(2, 2)/(5, 0)2 A¯1
A¯1D6(8i) (1, (3, 1)/(0, 1)
2) /(3, 0)4/(1, 2)2/(3, 2)2/(0, 0)3
A¯1D6(24ii) (1, (4, 0)/(1, 0)
2/(0, 2))
34 A¯1D6(4b) (0, (3, 1)/(1, 1)) (4, 2)
2/(6, 0)/(2, 0)3/(0, 2)2/(4, 0)/(2, 2)/(4, 1)4/(2, 1)2/ A¯1
A¯1D6(5ii) (1, (3, 1)/(1, 0)
2) (0, 3)2/(0, 1)2/(0, 0)3
A¯1D6(23i) (1, (4, 0)/(0, 1)
2/(0, 2))
C3G2 (3/1, 2/1
2)
35 A¯1D6(5b) (0, (3, 1)/(1, 0)
2) (4, 2)/(6, 0)/(2, 0)2/(0, 2)5/(4, 1)4/(2, 1)4/(4, 0)4/(0, 0)6 A¯1
2
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(29i) (1, (4, 0)/(0, 2)
/(0, 0)4)
36 A¯1D6(6b) (0, (3, 1)/(1, 0)
2) (4, 2)/(6, 0)/(2, 0)2/(0, 2)/(5, 0)2/(3, 0)2/(1, 2)2/(3, 1)4/ A¯1
2
A¯1D6(24b) (0, (4, 0)/(1, 0)
2/(0, 2)) (4, 1)2/(2, 1)2/(0, 0)6
A¯1D6(14i) (1, (3, 1)/(0, 0)
4)
37 A¯1D6(7b) (0, (3, 1)/(0, 1)
2) (4, 2)/(6, 0)/(2, 0)/(0, 2)2/(4, 1)2/(0, 3)2/(0, 1)2/(3, 1)4/ A¯1
2
A¯1D6(23b) (0, (4, 0)/(0, 1)
2/(0, 2)) (3, 2)2/(3, 0)2/(0, 0)6
A¯1D6(14ii) (1, (3, 1)/(0, 0)
4)
C3G2 (3/0
2, 2/12)
38 A¯1D6(8b) (0, (3, 1)/(0, 1)
2) (4, 2)/(6, 0)/(2, 0)/(0, 2)6/(3, 2)4/(3, 0)4/(4, 0)4/ A¯1
2
A¯1D6(13ii) (1, (3, 0)
2/(0, 2)/ (0, 0)6
(0, 0))
A¯1D6(29ii) (1, (4, 0)/(0, 2)/(0, 0)
4)
39 A¯1D6(11b) (0, (3, 1)/(2, 0)/(0, 0)) (4, 2)/(6, 0)/(2, 0)
3/(0, 2)/(5, 1)/(3, 1)2/(1, 1)/ A¯1
A¯1D6(5i) (1, (3, 1)/(1, 0)
2) (5, 0)2/(3, 0)2/(1, 2)2/(4, 1)2/(2, 1)2/(0, 0)3
A¯1D6(24i) (1, (4, 0)/(1, 0)
2/(0, 2))
40 A¯1D6(12b) (0, (3, 1)/(0, 2)/(0, 0)) (4, 2)/(6, 0)/(2, 0)/(0, 2)
3/(3, 3)/(3, 1)2/(3, 2)2/ A¯1
(3, 0)2/(4, 1)2/(0, 3)2/(0, 1)2/(0, 0)3
A¯1D6(8ii) (1, (3, 1)/(0, 1)
2)
A¯1D6(23ii) (1, (4, 0)/(0, 1)
2/(0, 2))
41 A¯1D6(13b) (0, (3, 0)
2/(0, 2)/(0, 0)) (6, 0)/(2, 0)/(3, 2)2/(3, 0)2/(0, 2)2/(3, 1)4/(4, 1)2/(0, 1)6/ A¯1A1
A¯1D6(26ii) (1, (4, 0)/(0, 1)
2/(0, 0)3) (4, 0)3/(0, 0)6
A¯1D6(10ii) (1, (3, 0)
2/(0, 1)2)
A2A5 (1 + 0, (3, 0)/(0, 1))
42 A¯1D6(14b) (0, (3, 1)/(0, 0)
4) (4, 2)/(6, 0)/(2, 0)/(0, 2)5/(3, 1)8/(4, 0)4/(0, 0)9 A¯1
3
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(29b) (0, (4, 0)/(0, 2)/(0, 0)
4)
A7 (3, 0)/(0, 1)
2
A1A1C3 ⊆ (0, 1, (3, 0)/(0, 1))
A1F4
43 A¯1D6(15b) (0, (6, 0)/(0, 4)) (10, 0)/(6, 0)/(2, 0)/(6, 4)/(0, 6)/(0, 2)/(6, 3)
2/(0, 3)2/ A¯1
C3G2 (3/0
2, 6) (0, 0)3
A1A1G2 ⊆ (0, 1, 6)
A1F4
44 A¯1D6(18b) (0, (6, 0)/(0, 2)/(0, 0)
2) (10, 0)/(6, 0)3/(2, 0)/(6, 2)/(0, 2)3/(6, 1)4/(0, 1)4/(0, 0)4 A¯1T1
A¯1D6(17ii) (1, (6, 0)/(0, 1)
2/(0, 0))
C3G2 (1
2/02, 6)
45 A¯1D6(19b) (0, (4, 0)/(0, 4)/(0, 0)
2) (6, 0)/(2, 0)/(4, 4)/(4, 0)2/(0, 6)/(0, 2)/(0, 4)2/(3, 3)4/ A¯1T1
A7 (3, 0)/(0, 3) (0, 0)
4
46 A¯1D6(21b) (0, (4, 0)/(1, 1)/(0, 2)) (6, 0)/(2, 0)
2/(5, 1)/(3, 1)/(4, 2)/(0, 2)2/(1, 3)/(1, 1)/ A¯1
(4, 1)2/(2, 1)2/(3, 2)2/(3, 0)2/(0, 0)3
A¯1D6(6ii) (1, (3, 1)/(1, 0)
2)
A¯1D6(7i) (1, (3, 1)/(0, 1)
2
47 A¯1D6(27b) (0, (4, 0)/(0, 2)
2/(0, 0)) (6, 0)/(2, 0)/(4, 2)2/(4, 0)/(0, 2)5/(3, 2)4/(3, 0)4/ A¯1T1
A¯1D6(7ii) (1, (3, 1)/(0, 1)
2) (0, 4)/(0, 0)4
A2A5 (2, 3/0
2)
A7 (3, 0)/(0, 2)/(0, 0)
C3G2 (3/0
2, 22/0)
48 A¯1D6(28b) (0, (4, 0)/(0, 2)/(2, 0)/(0, 0)) (6, 0)
2/(2, 0)4/(4, 2)/(4, 0)2/(0, 2)2/(2, 2)/ A¯1
A¯1D6(6i) (1, (3, 1)/(1, 0)
2) (4, 1)4/(2, 1)4/(0, 0)3
A¯1D6(22ii) (1, (4, 0)/(0, 1)
2/(2, 0))
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A7 (3, 0)/(1, 1)
49 A¯1D6(30b) (0, (1, 1)
3) (2, 0)6/(0, 2)6/(2, 2)3/(2, 1)6/(0, 1)10/(0, 3)2/(0, 0)6 A¯1A1
A¯1D6(32i) (1, (1, 1)
2/(0, 1)2)
A¯1D6(42ii) (1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2)
A2A5 (1 + 0, (1, 1)/(1, 0))
C3G2 (1
3, 2/12)
50 A¯1D6(32b) (0, (2, 0)/(0, 2)/(1, 0)
2/(0, 0)2) (1, 0)6/(1, 2)2/(2, 2)/(0, 2)3/(1, 1)8/(2, 1)4/(0, 1)4/ A¯1A1T1
A¯1D6(30b) (0, (1, 1)
2/(0, 1)2) (2, 0)4/(3, 0)2/(0, 0)7
A¯1D6(34i) (1, (1, 1)/(1, 0)
2/(0, 1)2)
A¯1D6(36i) (1, (1, 1)
2/(0, 0)4)
A¯1D6(51i) (1, (0, 2)/(1, 0)
2/(0, 1)2/(0, 0))
A2A5 (1 + 0, (1, 1)/(0, 0)
2)
A7 (1, 1)/(0, 1)/(0, 0)
2
C3G2 (1
2/02, 2/12)
51 A¯1D6(31b) (0, (1, 1)
2/(0, 1)2) (2, 0)7/(0, 2)8/(2, 2)/(1, 2)8/(1, 0)8/(0, 0)15 A3
A¯1D6(42b) (0, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2)
A¯1D6(49i) (1, (2, 0)/(0, 2)/(0, 0)
6)
A¯1D6(54ii) (1, (1, 0)
4/(0, 2)/(0, 0))
A2A5 (0, (1, 1)/(1, 0))
52 A¯1D6(34b) (0, (1, 1)/(0, 1)
2/(1, 0)2) (2, 0)6/(0, 2)2/(1, 2)4/(1, 0)4/(2, 1)2/(0, 1)10/(1, 1)8/ A¯1B2
A¯1D6(54b) (0, (1, 0)
4/(0, 2)/(0, 0)) (0, 0)13
A¯1D6(35ii) (1, (1, 0)
4/(0, 1)2))
A¯1D6(37ii) (1, (1, 1)/(1, 0)
2/(0, 0)4)
A¯1D6(45i) (1, (1, 0)
2/(0, 2)/(0, 0)5)
A2A5 (1 + 0, (1, 0)
2/(0, 1))
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A1A1C3 ⊆ (0, 1, (1, 0)2/(0, 1))
A1F4
53 A¯1D6(36b) (0, (1, 1)
2/(0, 0)4) (2, 0)7/(0, 2)7/(2, 2)/(1, 1)16/(0, 0)18 A3A1
A¯1D6(49b) (0, (2, 0)/(0, 2)/(0, 0)
6)
A2A5 (0, (1, 1)/(0, 0)
2)
A7 (1, 1)/(0, 0)
4
A7 (1, 0)
2/(0, 1)2
54 A¯1D6(41b) (0, (1, 1)/(2, 0)/(0, 2)/(0, 0)
2) (2, 0)4/(0, 2)4/(3, 1)/(1, 1)4/(1, 3)/(2, 2)/(2, 1)4/ A¯1T1
A¯1D6(31i) (1, (1, 1)
2/(0, 1)2) (0, 1)4/(1, 2)4/(1, 0)4/(0, 0)4
A¯1D6(50ii) (1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0))
A7 (1, 1)/(1, 0)/(0, 1)
55 A¯1D6(46b) (0, (2, 0)
3/(0, 2)) (2, 0)6/(4, 0)3/(2, 2)3/(0, 2)/(3, 1)4/(1, 1)8/(0, 0)6 A¯1A1
A2A5 (2, (1, 1)/(0, 0)
2)
A7 (1, 1)/(0, 2)/(0, 0)
A1G2 (0, (0, 2)/(1, 1))
56 A¯1D6(47b) (0, (2, 0)
2/(0, 2)2) (2, 0)7/(4, 0)/(2, 2)8/(0, 2)7/(0, 4)/(0, 0)9 A2T1
A2A5 (0, (2, 0)/(0, 2))
A2A5 (2, 2/0
3)
A7 (1, 1)
2
A7 (2, 0)/(0, 2)/(0, 0)
2
57 A¯1D6(48b) (0, (2, 0)
2/(0, 2)/(0, 0)3) (2, 0)9/(4, 0)/(2, 2)2/(0, 2)4/(2, 1)8/(0, 1)8/(0, 0)7 A¯1A1T1
A¯1D6(31ii) (1, (1, 1)/(0, 1)
2)
A¯1D6(43i) (1, (1, 0)
2/(0, 2)2/(0, 0)2)
A2A5 (2, 1
2/02)
A2A5 (1 + 0, (2, 0)/(0, 1)/(0, 0))
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A7 (1, 1)/(0, 1)
2
A7 (2, 0)/(0, 1)
2/(0, 0)
C3G2 (1
2/02, 22/0)
A1B4 ⊆ (0, (2, 0)/(0, 2)2)
A1F4
58 A¯1D6(50b) (0, (1, 1)/(2, 0)/(0, 1)
2/(0, 0)) (2, 0)7/(0, 2)2/(3, 1)/(1, 1)6/(1, 2)4/(1, 0)4/(0, 1)4/ B2
A¯1D6(33i) (1, (1, 1)/(0, 1)
4) (2, 1)4/(0, 0)10
A¯1D6(34ii) (1, (1, 1)/(1, 0)
2/(0, 1)2/(0, 0)4)
A¯1D6(44ii) (1, (1, 1)/(2, 0)/(0, 0)
5)
A¯1D6(54i) (1, (1, 0)
4/(0, 2)/(0, 0))
59 A¯1D6(53b) (0, (1, 1)
2/(2, 0)/(0, 0)) (3, 1)2/(1, 1)4/(3, 0)2/(1, 0)6/(2, 1)4/(0, 1)4/(1, 2)2/ A¯1T1
A¯1D6(42i) (1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) (2, 0)5/(0, 2)3/(2, 2)/(0, 0)4
A¯1D6(50i) (1, (1, 1)/(2, 0)/(0, 1)
2/(0, 0))
A¯1D6(32ii) (1, (1, 1)
2/(0, 1)2)
A¯1D6(52ii) (1, (1, 1)/(2, 0)/(1, 0)
2/(0, 0))
A2A5 (1 + 0, (1, 1)/(1, 0))
60 A¯1D6(55b) (0, (2, 1)
2) (2, 2)7/(4, 0)7/(4, 2)/(2, 0)/(0, 2)/(0, 0)14 G2
A2A5 (0, (2, 1))
C3G2 ((2,1),0)
61 A¯1D6(56b) (0, (2, 1)
2) (4, 2)/(2, 0)/(0, 2)/(2, 1)6/(4, 1)2/(0, 3)2/ A¯1A1
A7 (1, 2)/(0, 0)
2 (2, 2)3/(4, 0)3/(0, 0)6
C3G2 (2
2, 2/12)
A1C3 ⊆ (0, (2, 1))
A1F4
62 A¯1D6(57b) (0, (5, 1)) (8, 2)/(4, 2)/(2, 0)/(0, 2)/(10, 0)/(6, 0)/(8, 1)
2/ A¯1
Continued on next page
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
C3G2 (5, 2/1
2) (4, 1)2/(0, 3)2/(0, 0)3
63 A¯1D6(58b) (0, (2, 2)/(0, 0)
3) (4, 2)/(2, 4)/(2, 0)/(0, 2)/(2, 2)3/(3, 1)4/(1, 3)4/(0, 0)6 A¯1A1
A1B4 ⊆ (0, (2, 2))
A1F4
64 A¯1D6(1i) (1, (2, 2)/(2, 0)) (4, 2)
2/(2, 4)/(2, 0)3/(0, 2)2/(2, 2)/(5, 1)/(3, 1)2/(1, 1)/ 1
A1G2 (1, (0, 2)/(1, 1)) (3, 3)/(1, 3)
2
65 A¯1D6(1ii) (1, (2, 2)/(2, 0)) (2, 4)
3/(4, 2)2/(0, 2)3/(2, 0)4/(2, 2)3/(0, 4)/(4, 0) 1
A2A5 (2, (2, 1))
A1G2 (1, 2
2/0)
66 A¯1D6(2i) (1, (8, 0)/(0, 2)) (14, 0)/(10, 0)/(6, 0)/(2, 0)
2/(8, 2)/(0, 2)/ 1
(11, 1)/(9, 1)/(5, 1)/(3, 1)
67 A¯1D6(2ii) (1, (8, 0)/(0, 2)) (0, 14)/(0, 10)
2/(0, 6)/(0, 2)/(2, 8)/(2, 0)2/(2, 10)/ 1
(2, 4)/(0, 4)
68 A¯1D6(28ii) (1, (4, 0)/(2, 0)/(0, 2)/(0, 0)) (4, 2)
3/(6, 0)2/(2, 0)6/(0, 2)3/(4, 0)4/(2, 2)3 1
A¯1D6(3i) (1, (3, 1)/(1, 1))
A2A5 (2, (2, 1))
69 A¯1D6(3ii) (1, (3, 1)/(1, 1)) (2, 4)
2/(0, 6)/(0, 2)3/(2, 0)3/(0, 4)/(2, 2)/(1, 5)/ 1
A¯1D6(12i) (1, (3, 1)/(0, 2)/(0, 0)) (1, 3)
3/(3, 1)/(1, 1)/(3, 3)
A¯1D6(21ii) (1, (4, 0)/(1, 1)/(0, 2))
70 A¯1D6(4i) (1, (3, 1)/(1, 1)) (4, 2)
2/(6, 0)/(2, 0)4/(0, 2)2/(4, 0)/(2, 2)/(5, 1)2/ 1
A¯1D6(11ii) (1, (3, 1)/(2, 0)/(0, 0)) (3, 1)
3/(1, 1)2/(1, 3)
A¯1D6(21i) (1, (4, 0)/(1, 1)/(0, 2))
71 A¯1D6(4ii) (1, (3, 1)/(1, 1)) (2, 4)
4/(0, 6)/(0, 2)4/(2, 0)5/(0, 4)3/(2, 2)2/ T1
A¯1D6(27i) (1, (4, 0)/(0, 2)
2/(0, 0)) (4, 0)/(0, 0)
A2A5 (2, 3/1)
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
C3G2 (3/1, 2
2/0)
72 A¯1D6(9ii) (1, (3, 0)
2/(1, 1)) (0, 4)3/(0, 6)/(0, 2)2/(1, 4)2/(1, 2)2/(2, 0)2/ A1
A¯1D6(13i) (1, (3, 0)
2/(0, 2)/(0, 0)) (1, 5)/(1, 1)3/(2, 3)2/(0, 3)2/(1, 3)/(0, 0)3
A¯1D6(25ii) (1, (4, 0)/(1, 1)/(0, 0)
3)
73 A¯1D6(11i) (1, (3, 1)/(2, 0)/(0, 0)) (4, 2)/(6, 0)
2/(2, 0)5/(0, 2)2/(5, 1)2/(3, 1)4/(1, 1)2/ 1
A¯1D6(20ii) (1, (4, 0)/(1, 1)/(2, 0)) (4, 0)
2/(2, 2)
A¯1D6(28i) (1, (4, 0)/(2, 0)/(0, 2)/(0, 0))
A1G2 (1, (0, 2)/(1, 1))
74 A¯1D6(12ii) (1, (3, 1)/(0, 2)/(0, 0)) (2, 4)
2/(0, 6)/(0, 2)/(2, 0)6/(3, 3)2/(1, 3)4/(0, 4)/ T1
A¯1D6(27ii) (1, (4, 0)/(0, 2)
2/(0, 0)) (4, 0)/(0, 0)
A2A5 (2, (3, 0)/(0, 1))
75 A¯1D6(15i) (1, (6, 0)/(0, 4)) (10, 0)/(6, 0)/(2, 0)
2/(6, 4)/(0, 6)/(0, 2)/(7, 3)/ 1
(5, 3)/(1, 3)
76 A¯1D6(15ii) (1, (6, 0)/(0, 4)) (0, 10)/(0, 6)/(0, 2)/(4, 6)
2/(6, 0)/(2, 0)3/(2, 6)/ 1
C3G2 (3/1, 6) (4, 0)
77 A¯1D6(16ii) (1, (6, 0)/(1, 1)/(0, 0)) (0, 10)/(0, 6)
3/(0, 2)2/(1, 7)2/(1, 5)2/(2, 0)3/(1, 1)2/ T1
A¯1D6(18i) (1, (6, 0)/(0, 2)/(0, 0)
2) (2, 6)/(0, 0)
78 A¯1D6(18ii) (1, (6, 0)/(0, 2)/(0, 0)
2) (0, 10)/(0, 6)5/(0, 2)/(2, 6)3/(2, 0)6/(0, 0)3 A1
C3G2 (1
3, 6)
79 A¯1D6(19i) (1, (4, 0)/(0, 4)/(0, 0)
2) (6, 0)/(2, 0)2/(4, 4)/(4, 0)2/(0, 6)/(4, 3)2/(2, 3)2/ T1
(0, 2)/(0, 4)2/(0, 0)
80 A¯1D6(30i) (1, (1, 1)
3) (2, 0)7/(0, 2)6/(2, 2)3/(3, 1)3/(1, 1)8/(1, 3)/(0, 0)3 A1
A¯1D6(41i) (1, (1, 1)/(2, 0)/(0, 2)
/(0, 0)2)
A¯1D6(53ii) (1, (1, 1)
2/(2, 0)/(0, 0))
81 A¯1D6(48ii) (1, (2, 0)
2/(0, 2)/(0, 0)3) (0, 2)9/(2, 0)13/(2, 2)6/(4, 0)/(0, 0)8 A2
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A¯1D6(30ii) (1, (1, 1)
3)
A2A5 (2, 1
3)
C3G2 (1
3, 22/0)
82 A¯1D6(40i) (1, (1, 1)/(0, 2)
2/(0, 0)2) (2, 0)4/(0, 2)10/(1, 3)4/(1, 1)8/(0, 4)/(2, 2)2/ A1T1
A¯1D6(48i) (1, (2, 0)
2/(0, 2)/(0, 0)3) (0, 0)4
A¯1D6(53i) (1, (1, 1)
2/(2, 0)/(0, 0))
A2A5 (2, (1, 0)
2/(0, 1))
83 A¯1D6(46i) (1, (2, 0)
3/(0, 2)) (2, 0)7/(4, 0)3/(2, 2)3/(0, 2)/(4, 1)2/(2, 1)6/(0, 1)4/ A1
A2A5 (2, (1, 1)/(1, 0)) (0, 0)
3
A1G2 (1, 1
2/03)
84 A¯1D6(46ii) (1, (2, 0)
3/(0, 2)) (0, 2)6/(2, 2)3/(2, 0)2/(2, 3)2/(0, 3)2/(2, 1)4/(0, 1)4/ A1
A2A5 (2, (1, 1)/(1, 0)) (0, 4)
3/(0, 0)3
85 A¯1D6(47i) (1, (2, 0)
2/(0, 2)2) (2, 2)4/(0, 2)3/(0, 4)/(3, 2)2/(1, 2)4/(3, 0)2/(1, 0)4/ T2
A2A5 (2, 2/1/0) (2, 0)
4/(4, 0)/(0, 0)2
A2A5 (1 + 0, (2, 0)/(0, 2))
A2A5 (2, (2, 0)/(0, 1)/(0, 0))
A7 (2, 0)/(0, 2)/(0, 1)
86 A¯1D6(55i) (1, (2, 1)
2) (2, 0)2/(0, 2)/(3, 2)2/(1, 2)2/(1, 0)4/(5, 0)2/ A1
A2A5 (1 + 0, (2, 1)) (3, 0)
2/(2, 2)3/(4, 0)3/(4, 2)/(0, 0)3
87 A¯1D6(55ii) (1, (2, 1)
2) (2, 4)/(0, 2)/(2, 0)2/(3, 2)2/(1, 2)2/(1, 0)4/ A1
A2A5 (1 + 0, (1, 2)) (1, 4)
2/(2, 2)3/(0, 4)3/(0, 0)3
88 A¯1D6(56i) (1, (2, 1)
2) (2, 4)/(2, 2)3/(2, 0)/(0, 4)3/(0, 2)2/(1, 3)4/(1, 1)3/ A1
(1, 5)/(3, 1)/(0, 0)3
A7 (1, 2)/(0, 1)
A1A1C3 ⊆ (0, 1, (2, 1))
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
A1F4
89 A¯1D6(56ii) (1, (2, 1)
2) (0, 4)4/(0, 2)4/(2, 2)6/(2, 4)2/(2, 0)3/(4, 0)/ A1
A2A5 (2, 2
2) (0, 0)3
A2A5 (2, (2, 0)/(0, 2))
A7 (1, 2)/(1, 0)
C3G2 (2
2, 22/0)
A1A1C3 ⊆ (0, 1, (2, 1))
A1F4
90 A¯1D6(57i) (1, (5, 1)) (8, 2)/(4, 2)/(2, 0)
2/(0, 2)/(10, 0)/(6, 0)/(9, 1)/ 1
(7, 1)/(5, 1)/(3, 1)/(1, 3)
91 A¯1D6(57ii) (1, (5, 1)) (2, 8)
2/(2, 4)2/(0, 2)/(2, 0)3/(0, 10)/(0, 6)/ 1
C3G2 (5, 2
2/0) (0, 8)/(0, 4)/(4, 0)
A2A5 (2, 5)
92 A¯1D6(58i) (1, (2, 2)/(0, 0)
3) (4, 2)/(2, 4)/(2, 0)2/(4, 1)2/(2, 1)2/(2, 3)2/(0, 3)2/ A1
A1G2 (1, 2/1
2) (0, 2)/(2, 2)3/(0, 0)3
93 A2A5 (2, 4/0) (0, 8)/(0, 6)/(2, 6)
2/(2, 2)2/(2, 4)2/(4, 0)/(2, 0)/ T1
A7 (1, 3) (0, 4)
3/(0, 2)/(0, 0)
A7 (4, 0)/(0, 2)
94 A21 (1, 1) (2, 8)/(4, 6)/(6, 4)/(2, 4)/(4, 2)/(2, 0)/(0, 2) 1
95 A1G2 (1, 6) (4, 6)/(2, 12)/(2, 8)/(2, 4)/(2, 0)/(0, 10)/(0, 2) 1
96 C3G2 (5, 6) (6, 8)/(6, 4)/(0, 10)/(0, 6)/(0, 2)/(10, 0)/(2, 0) 1
97 C3G2 (2
2, 6) (6, 2)3/(6, 4)/(0, 4)3/(0, 2)/(10, 0)/(2, 0)/(0, 0)3 A1
98 C3G2 ((2, 1), 6) (10, 0)
2/(8, 0)/(6, 0)/(4, 0)/(2, 0)/(8, 2)/(6, 2)/ 1
Continued on next page
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Table 9.8 – continued from previous page
M VM(λ1) ↓ A21 L (E7) ↓ A21 CG(A21)◦
(4, 2)/(4, 2)/(2, 0)/(2, 0)/(0, 2)
99 C3G2 ((2, 1), 6) (10, 0)/(6, 4)/(8, 2)/(6, 2)/(4, 2)/(2, 4)/(2, 0)/ 1
(0, 2)/(2, 0)
100 A1A1 ⊆ (1, 1) (2, 0)/(0, 2)/(0, 22)/(0, 14)/(0, 10)/(2, 16)/(2, 8) 1
A1F4
Chapter 9. Tables 391
9.4 R1 . . . Rn in E8
The following tables classify products X = R1 . . . Rn in E8 where each Ri is a simple restricted
subgroup of the same type and n ≥ 2 except when Ri ∼= A1, in which case n ≥ 3.
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Table 9.9: Products of restricted subgroups of same type
in E8
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
G2G2 G2F4 (10, 01/10
5/003) (00, 01)/(00, 10)5/(01, 00)/(10, 10)3/(10, 00)5/(00, 00)3 A1
D8 (10, 00)/(00, 10)/(00, 00)
2
G2G2(p=7) G2F4 (10, 01/11) (00, 01)/(01, 00)/(00, 11)/(10, 20) 1
D4D4 D8 (λ1, 0)/(0, λ1) (λ1, λ1)/(λ2, 0)/(0, λ2)/(λ3, λ4)/(λ4, λ3) 1
B3B3 D8 (λ1, 0)/(0, λ1)/(0, 0)
2 (λ1, λ1)/(λ1, 0)
2/(0, λ1)
2/(λ2, 0)/(0, λ2)/(λ3, λ3)
2/(0, 0) T1
B3B3 D8 (λ1, 0)/(0, λ3)/(0, 0) (λ1, λ3)/(λ1, 0)/(0, λ1)/(λ2, 0)/(0, λ2)/(λ3, 0)/(0, λ3)/ 1
(λ3, λ3)/(λ3, λ1)
B32 D8 (λ1, 0, 0)/(0, λ1, 0)/ (2λ2, 0, 0)/(0, 2λ2, 0)/(0, 0, 2λ2)/(λ1, 0, 0)/(0, λ1, 0)/ 1
(0, 0, λ1)/(0, 0, 0) (0, 0, λ1)/(λ1, λ1, 0)/(λ1, 0, λ1)/(0, λ1, λ1)/(λ2, λ2, λ2)
2
1 B22 D8 (10, 00)/(00, 10)/(00, 00)
6 (02, 00)/(10, 10)/(10, 00)6/(00, 02)/(00, 10)6/ A3
A1D6 (0, (10, 00)/(00, 10)/(00, 00)
2) (01, 01)8/(00, 00)15
⊆ A1E7
2 D8 (10, 00)/(00, 01)
2/(00, 00)3 (02, 00)/(10, 01)2/(10, 00)3/(00, 10)3/(00, 02)/(00, 01)6/ A1A1
(01, 10)2/(01, 01)4/(01, 00)6/(00, 00)6
A24 (01/00, 01/00)
A8 (01, 00)/(00, 01)/(00, 00)
3 D8 (01, 01) (02, 00)/(00, 02)/(10, 02)
2/(02, 10)2/(20, 00)/(00, 20) 1
4 D8 (01, 01) (02, 00)/(00, 02)/(10, 02)/(02, 10)/(01, 11)/(11, 01) 1
A24 (10, 10)
5 D8 (02, 00)/(00, 10)/(00, 00) (12, 00)/(02, 00)
2/(02, 10)/(00, 02)/(00, 10)/(11, 01)2 1
6 D8 (10, 00)/(00, 10)
2 (02, 00)/(10, 10)2/(00, 02)3/(00, 20)/(10, 00)/(01, 00)2/ T1
(00, 10)2/(01, 10)2/(01, 02)2/(00, 00)
A24 (01/00, 10)
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Table 9.9 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
A8 (10, 00)/(00, 01)
A4A4 A4A4 (λ1, λ1) (λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(1001, 0)/(0, 1001) 1
1 A23 D8 (010, 000)/(000, 010)/ (101, 000)/(000, 101)/(010, 010)/(010, 000)
4/ 1
(000, 000) (000, 010)4/(000, 000)6/(100, 001)4/(001, 100)4
D8 (100, 000)/(001, 000)/
(000, 100)/(000, 001)
A1D6 (0, (100, 000)/(000, 100)/
⊆ A1E7 (000, 000)4)
2 A23 D8 (010, 000)/(000, 100)/ (100, 100)/(001, 001)/(100, 001)/(001, 100)/(100, 010)/ T2
(000, 001)/(000, 000)2 (010, 100)/(010, 001)/(001, 010)/(000, 101)/(101, 000)/
A24 (100/000, 100/000) (100, 000)
2/(000, 100)2/(010, 000)2/(000, 010)2/
A8 (001, 000)
2/(000, 001)2/
(000, 000)2
A42 A2E6 (10, (10, 10, 10)/ (11, 00, 00, 00)/(00, 11, 00, 00)/(00, 00, 11, 00)/ 1
(01, 01, 01)/(11, 00, 00)/ (00, 00, 00, 11)/(00, 10, 10, 10)/(00, 01, 01, 01)/
(00, 11, 00)/(00, 00, 11)) (01, 10, 01, 00)/(01, 01, 00, 10)/(01, 00, 10, 01)/
(10, 01, 10, 00)/(10, 10, 00, 01)/(10, 00, 01, 10)
1 A32 A2A
3
2 (10, 10, 10, 00) (11, 00, 00)/(00, 11, 00)/(00, 00, 11)/(00, 10, 10)
3/ A2
⊆ A2E6 (00, 01, 01)3/(01, 10, 01)/(01, 01, 00)3/(01, 00, 10)3/
(10, 01, 10)/(10, 10, 00)3/(10, 00, 01)3/(00, 00, 00)8
A1A2A5 (0, 10, (10, 00)/(00, 10))
⊆ A1E7
A8 (10, 00, 00)/(00, 10, 00)/
(00, 00, 10)
2 A32 A2A
3
2 (10, 10, 10, 10) (11, 00, 00)
2/(00, 11, 00)/(00, 00, 11)/(10, 10, 10)/ 1
Continued on next page
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Table 9.9 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
⊆ A2E6 (01, 01, 01)/(11, 01, 00)/(00, 01, 00)/(02, 00, 10)/
(10, 00, 10)/(01, 10, 01)/(11, 10, 00)/(00, 10, 00)/
(20, 00, 01)/(01, 00, 01)/(10, 01, 10)
A2A
3
2 (10, 01, 10, 10)
⊆ A2E6
G2A
2
2 (10/01/00, (10, 10))
⊆ G2F4
1 A22 A2A1A5 (10, 0, 10
2) (10, 20)/(01, 02)/(11, 00)/(00, 11)8/(10, 01)7/ G2
A2A
3
2 (10, 10, 01, 00) (01, 10)
7/(00, 00)14
⊆ A2E6
A2A
3
2 (00, 10, 10, 10)
⊆ A2E6
A8 (10, 00)
2/(00, 10)
G2A
2
2 (00, 10, 10)
⊆ G2F4
A1A2A5 (0, 10, 10
2)
⊆ A1E7
2 A2A1A5 (10, 0, 10/01) (00, 20)
3/(00, 02)3/(10, 11)/(01, 11)/(11, 00)/ A2
⊆ A2E6 (00, 11)2/(10, 10)3/(10, 01)3/(01, 10)3/(01, 01)3/
(10, 00)/(01, 00)/(00, 10)3/(00, 01)3/(00, 00)8
A2A
3
2 (10, 10, 10, 00)
⊆ A2E6
A2A
3
2 (00, 10, 01, 10)
⊆ A2E6
A2A1C3 (10, 0, 10/01)
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Table 9.9 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
⊆ A2E6
A2C4 (10, 10/01/00
2)
⊆ A2E6
A1A2A5 (0, 10, 10/01)
⊆ A1E7
A2A¯2A˜2 (10, 00, 10)
⊆ G2F4
3 A2A1A5 (10, 0, 10/00
3) (11, 00)/(00, 11)/(10, 10)3/(10, 01)3/(01, 10)3/ A22
⊆ A2E6 (01, 01)3/(10, 00)9/(01, 00)9/(00, 10)9/
A2A
3
2 (10, 10, 00, 00) (00, 01)
9/(00, 00)16
⊆ A2E6
A2A
3
2 (00, 10, 10, 00)
⊆ A2E6
A1A2A5 (0, 10, 10/00
3)
⊆ A1E7
A2B4 (10, 10/01/00
3)
⊆ A2F4
⊆ A2E6
D8 (10, 00)/(01, 00)/(00, 10)/
(00, 01)/(00, 00)4
A8 (10, 00)/(00, 10)/(00, 00)
3
A24 (10/00
2, 10/002)
A2A¯2A˜2 (10, 10, 00)
⊆ G2F4
A2A1G2 (10, 10/01/00)
Continued on next page
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Table 9.9 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
⊆ A2F4
⊆ A2E6
4 A2A1A5 (10, 0, 20) (00, 30)
2/(00, 03)2/(00, 22)/(10, 21)/ A1
⊆ A2E6 (01, 12)/(10, 02)2/(01, 20)2/(11, 00)/
A8 (20, 00)/(00, 10) (00, 11)/(00, 00)
3
A1A2A5 (0, 10, 20)
⊆ A1E7
5 A2A2 (10, 10) (11, 00)/(00, 41)/(00, 14)/(00, 11)/ 1
⊆ A2E6 (10, 22)/(01, 22)
6 A2G2 (10, 10/01/00) (11, 00)/(00, 11)
3/(00, 21)/(00, 12)/(10, 20)/ 1
⊆ A2E6 (10, 02)/(01, 20)/(01, 02)/(00, 20)/
(00, 02)/(10, 11)/(01, 11)/(10, 10)/
A2A
3
2 (10, 10, 10, 01) (10, 01)/(01, 10)/(01, 01)/(10, 00)/
⊆ A2E6 (00, 10)2/(01, 00)/(00, 01)2
A2A¯2A˜2 (10, 10, 10)
⊆ G2F4
A2G2 (10, 10/01/00)(p = 7)
⊆ A2F4
⊆ A2E6
7 A2A
3
2 (10, 10, 10, 10) (00, 30)/(00, 03)/(11, 00)/(00, 11)
7/ T2
⊆ A2E6 (01, 11)3/(01, 00)3/(10, 11)3/(10, 00)3/
A2B4 (10, 11/00) (00, 00)
2
⊆ A2E6
D8 (11, 00)/(00, 10)/(00, 01)/
(00, 00)2
Continued on next page
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Table 9.9 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
A2A¯2A˜2 (10, 10, 01)
⊆ G2F4
8 D8 (11, 00)/(00, 11) (30, 00)/(03, 00)/(00, 30)/(00, 03)/ 1
A8 (10, 10) (11, 11)
3/(11, 00)/(00, 11)
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Table 9.10: A81 and A
7
1 in E8
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
A81 A1A1D6 (1, 1, (1, 1, 0, 0, 0, 0)/ (2, 0, 0, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0, 0, 0)/ 1
⊆ A1E7 (0, 0, 1, 1, 0, 0)/ (0, 0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 0, 0, 2, 0)/
(0, 0, 0, 0, 1, 1)) (1, 1, 1, 1, 0, 0, 0, 0)/(1, 1, 0, 0, 1, 1, 0, 0)/(1, 1, 0, 0, 0, 0, 1, 1)/
(1, 0, 1, 0, 0, 1, 1, 0)/(1, 0, 0, 1, 1, 0, 1, 0)/(1, 0, 0, 1, 0, 1, 0, 1)/
D8 (1, 1, 0, 0, 0, 0, 0, 0)/ (0, 0, 1, 1, 0, 0, 1, 1)/(0, 0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 0, 2, 0, 0)/
(0, 0, 1, 1, 0, 0, 0, 0)/ (0, 1, 0, 1, 1, 0, 0, 1)/(0, 1, 0, 1, 0, 1, 1, 0)/(0, 1, 1, 0, 1, 0, 1, 0)/
(0, 0, 0, 0, 1, 1, 0, 0)/ (0, 0, 1, 1, 1, 1, 0, 0)/(0, 0, 0, 0, 0, 0, 0, 2)/(0, 0, 0, 2, 0, 0, 0, 0)/
(0, 0, 0, 0, 0, 0, 1, 1) (1, 0, 1, 0, 1, 0, 0, 1)/(0, 0, 0, 0, 1, 1, 1, 1)/(0, 1, 1, 0, 0, 1, 0, 1)
A71 A1A1D6 (1, 1, (1, 1, 0, 0, 0, 0)/ (2, 1, 1, 0, 0, 0, 0)/(0, 1, 1, 0, 0, 0, 0)/(1, 1, 0, 1, 1, 0, 0)/(1, 1, 0, 0, 0, 1, 1)/ 1
⊆ A1E7 (0, 0, 1, 1, 0, 0)/ (1, 1, 0, 1, 0, 0, 1)/(1, 1, 0, 0, 1, 1, 0)/(0, 1, 1, 1, 0, 1, 0)/(0, 1, 1, 0, 1, 0, 1)/
(0, 0, 0, 0, 1, 1)) (0, 2, 0, 0, 0, 0, 0)/(2, 0, 0, 0, 0, 0, 0)2/(0, 0, 2, 0, 0, 0, 0)/(1, 0, 1, 1, 1, 0, 0)/
(1, 0, 1, 0, 0, 1, 1)/(0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 1, 1, 1, 1)/
A1A1D6 (1, 1, (1, 1, 0, 0, 0, 0)/ (0, 0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 0, 2)/(1, 0, 1, 1, 0, 0, 1)/(1, 0, 1, 0, 1, 1, 0)/
⊆ A1E7 (0, 0, 1, 1, 0, 0)/ (2, 0, 0, 1, 0, 1, 0)/(0, 0, 0, 1, 0, 1, 0)/(2, 0, 0, 0, 1, 0, 1)/(0, 0, 0, 0, 1, 0, 1)
(0, 0, 0, 0, 1, 1))
D8 (1, 1, 0, 0, 0, 0, 0)/
(0, 0, 1, 1, 0, 0, 0)/
(0, 0, 0, 0, 1, 1, 0)/
(0, 0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0, 0)
A71 A1A1D6 (1, 0, (1, 1, 0, 0, 0, 0)/ (1, 1, 1, 0, 0, 0, 0)
2/(1, 0, 0, 1, 1, 0, 0)2/(1, 0, 0, 0, 0, 1, 1)2/(1, 1, 0, 1, 0, 0, 1)/ A1
⊆ A1E7 (0, 0, 1, 1, 0, 0)/ (1, 1, 0, 0, 1, 1, 0)/(1, 0, 1, 1, 0, 1, 0)/(1, 0, 1, 0, 1, 0, 1)/(2, 0, 0, 0, 0, 0, 0)/
(0, 0, 0, 0, 1, 1)) (0, 2, 0, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0, 0)/(0, 1, 1, 1, 1, 0, 0)/(0, 1, 0, 0, 1, 0, 1)2/
(0, 1, 1, 0, 0, 1, 1)/(0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 1, 1, 1, 1)/
Continued on next page
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Table 9.10 – continued from previous page
X M VM(λ1) ↓ X L (E8) ↓ X CG(X)◦
A1A1D6 (0, 1, (1, 1, 0, 0, 0, 0)/ (0, 0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 0, 2)/(0, 0, 1, 1, 0, 0, 1)
2/(0, 0, 1, 0, 1, 1, 0)2/
⊆ A1E7 (0, 0, 1, 1, 0, 0)/ (0, 1, 0, 1, 0, 1, 0)2/(0, 0, 0, 0, 0, 0, 0)3
(0, 0, 0, 0, 1, 1))
D8 (1, 1, 0, 0, 0, 0, 0)/
(0, 0, 1, 1, 0, 0, 0)/
(0, 0, 0, 0, 1, 1, 0)/
(0, 0, 0, 0, 0, 0, 1)2
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Table 9.11: A61 in E8
M VM(λ1) ↓ A61 L (E8) ↓ A61 CG(A61)◦
1 A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 1, 1)/ 1
A1E7 (0, 0, 1, 1)) (1, 0, 1, 0, 2, 0)/(1, 0, 1, 0, 0, 0)/(1, 0, 0, 2, 1, 0)/(1, 0, 0, 0, 1, 0)/
(1, 0, 0, 1, 1, 1)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0, 0, 0)/ (0, 0, 0, 2, 0, 0)2/(0, 0, 1, 2, 1, 0)/(0, 0, 1, 0, 1, 0)/(0, 0, 1, 1, 1, 1)/
A1E7 (0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) (0, 0, 0, 0, 2, 0)
2/(0, 0, 0, 1, 2, 1)/(0, 0, 0, 1, 0, 1)/(0, 0, 0, 0, 0, 2)/
(0, 1, 1, 1, 1, 0)/(0, 1, 1, 0, 1, 1)/(0, 1, 0, 2, 0, 1)/(0, 1, 0, 0, 0, 1)/
(0, 1, 0, 1, 2, 0)/(0, 1, 0, 1, 0, 0)
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 0, 1, 1)/(1, 0, 1, 0, 0, 0)
D8 (1, 1, 0, 0, 0, 0)/(0, 1, 1, 0, 0, 0)
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0)
2 A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0, 1)2/(1, 0, 1, 0, 1, 0)2/ A¯12
A1E7 (0, 0, 0, 1)
2) (1, 0, 1, 0, 0, 1)2/(1, 0, 0, 1, 1, 1)/(1, 0, 0, 1, 0, 0)4/(2, 0, 0, 0, 0, 0)/
(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 0)2/
A1A1D6 ⊆ (0, 0, (1, 1, 0, 0, 0, 0)/ (0, 0, 1, 1, 0, 1)2/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 1, 1)4/
A1E7 (0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1)) (0, 0, 0, 0, 0, 2)/(0, 1, 0, 1, 1, 0)
2/(0, 1, 0, 1, 0, 1)2/(0, 1, 1, 0, 1, 1)/
(0, 1, 1, 0, 0, 0)4/(0, 0, 0, 0, 0, 0)6
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 0)4
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0, 1)2
Continued on next page
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Table 9.11 – continued from previous page
M VM(λ1) ↓ A61 L (E8) ↓ A61 CG(A61)◦
3 A1A1D6 ⊆ (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/ (1, 1, 4, 0, 0, 0)/(1, 1, 0, 1, 1, 0)/(1, 1, 0, 0, 0, 2)/(1, 0, 3, 1, 0, 1)/ 1
A1E7 (0, 0, 0, 2)) (1, 0, 3, 0, 1, 1)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 6, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)/(0, 0, 4, 1, 1, 0)/(0, 0, 4, 0, 0, 2)/(0, 0, 0, 2, 0, 0)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 1, 1, 2)/(0, 0, 0, 0, 0, 2)/(0, 1, 3, 1, 0, 1)/
(0, 1, 3, 0, 1, 1)
4 A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2) (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1)2/(1, 0, 1, 0, 1, 1)2/(1, 0, 0, 1, 2, 0)/ T1
A1E7 (1, 0, 0, 1, 0, 0)
2/(1, 0, 0, 1, 0, 2)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/
(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)2/(0, 0, 0, 0, 2, 0)3/
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (0, 0, 0, 0, 0, 2)3/(0, 0, 0, 0, 2, 2)/(0, 1, 0, 1, 1, 1)2/(0, 1, 1, 0, 2, 0)/
A1E7 (0, 0, 0, 0, 1, 1)) (0, 1, 1, 0, 0, 0)
2/(0, 1, 1, 0, 0, 2)/(0, 0, 0, 0, 0, 0)
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 0, 1, 1)2
5 A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 1)/(1, 1, 0, 0, 0, 2)/(1, 1, 0, 0, 0, 0)/ 1
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0)) (1, 0, 1, 0, 1, 1)/(1, 0, 1, 0, 0, 2)/(1, 0, 1, 0, 0, 0)/(1, 0, 0, 1, 1, 1)/
(1, 0, 0, 1, 0, 2)/(1, 0, 0, 1, 0, 0)/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/(0, 0, 1, 1, 1, 1)/(0, 0, 1, 1, 0, 2)/
A1E7 (0, 1, 0, 1)) (0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)
3/(0, 0, 0, 0, 1, 3)/
(0, 0, 0, 0, 1, 1)2/(0, 1, 1, 0, 1, 1)/(0, 1, 1, 0, 0, 2)/(0, 1, 1, 0, 0, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/ (0, 1, 0, 1, 1, 1)/(0, 1, 0, 1, 0, 2)/(0, 1, 0, 1, 0, 0)
A1E7 (0, 0, 0, 0, 1, 1))
D8 (1, 0, 0, 0, 0, 1)/(0, 1, 1, 0, 0, 0)
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0)
Continued on next page
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Table 9.11 – continued from previous page
M VM(λ1) ↓ A61 L (E8) ↓ A61 CG(A61)◦
G2B4 ((0, 2)/(1, 1), (1, 1, 0, 0)/(0, 0, 1, 1))
⊆ G2F4
6 A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 1, 0)2/(1, 1, 0, 0, 0, 2)/(1, 1, 0, 0, 0, 0)/ 1
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0)) (1, 0, 1, 0, 1, 1)/(1, 0, 1, 0, 0, 1)
2/(1, 0, 0, 1, 1, 1)/(1, 0, 0, 1, 0, 1)2/
(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/ (0, 0, 1, 1, 1, 0)2/(0, 0, 1, 1, 0, 2)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 0, 0)3/
A1E7 (0, 0, 0, 1)
2) (0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 1, 2)2/(0, 0, 0, 0, 1, 0)2/(0, 0, 0, 0, 0, 2)2/
(0, 1, 1, 0, 1, 1)/(0, 1, 1, 0, 0, 1)2/(0, 1, 0, 1, 1, 1)/(0, 1, 0, 1, 0, 1)2
A1A1D6 ⊆ (0, 1, (1, 1, 0, 0, 0, 0)/
A1E7 (0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1))
A1A1D6 ⊆ (1, 0, (1, 1, 0, 0, 0, 0)/
A1E7 (0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 1, 1))
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 0, 1, 1)/(0, 0, 0, 0, 0, 1)2
D8 (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 1)2
D8 (1, 0, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0, 0)
(0, 0, 0, 1, 1, 0)/(0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0)
7 A1A1D6 ⊆ (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (1, 1, 2, 0, 0, 0)/(1, 1, 0, 2, 0, 0)/(1, 1, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 2)/ 1
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2)) (1, 0, 1, 1, 1, 1)
2/(2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/
(0, 0, 2, 2, 0, 0)/(0, 0, 2, 0, 2, 0)/(0, 0, 2, 0, 0, 2)/(0, 0, 0, 2, 0, 0)/
Continued on next page
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Table 9.11 – continued from previous page
M VM(λ1) ↓ A61 L (E8) ↓ A61 CG(A61)◦
(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 2, 2)/
(0, 0, 0, 0, 0, 2)/(0, 1, 1, 1, 1, 1)2
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Table 9.12: A51 in E8
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
1 A1A1D6 ⊆ (1, 1, (3, 0, 0)2/(0, 1, 1)) (1, 1, 3, 0, 0)2/(1, 1, 0, 1, 1)/(1, 0, 3, 1, 0)2/(1, 0, 4, 0, 1)/ A1
A1E7 (1, 0, 0, 0, 1)
3/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 0, 0)3/
(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 3, 1, 1)2/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 1, 3, 0, 1)2/(0, 1, 4, 1, 0)/
D8 (0, 0, 0, 0, 0)
3/(4, 0, 0, 0, 0)/ (0, 1, 0, 1, 0)3/(0, 0, 0, 0, 0)3
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (3, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0)/
(0, 0, 0, 1, 1)
2 A1A1D6 ⊆ A1E7 (1, 1, (1, 0, 0)2/(0, 1, 0)2/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/ A¯13
(0, 0, 1)2) (1, 0, 1, 0, 1)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 0)8/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 1, 1, 0)4/
A1A1D6 ⊆ (1, 1, (1, 1, 0)/(0, 0, 1)2 (0, 0, 1, 0, 1)4/(0, 0, 0, 2, 0)/(0, 0, 0, 1, 1)4/(0, 0, 0, 0, 2)/
A1E7 (0, 0, 0)
4) (0, 1, 1, 1, 1)/(0, 1, 1, 0, 0)4/(0, 1, 0, 1, 0)4/(0, 1, 0, 0, 1)4/
A1A1D6 ⊆ A1E7 (0, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/ (0, 0, 0, 0, 0)9
(0, 0, 0, 1)2)
G2B4 ⊆ (12/03, (1, 1, 0, 0)/(0, 0, 1, 1))
G2F4
A2A1A5 ⊆ A2E6 (1 + 0, 1, (1, 0, 0)/(0, 1, 0)/
(0, 0, 1))
D8 (0, 0, 0, 0, 0)
4/(1, 0, 0, 0, 0)2/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 1, 0, 0, 0)2/
(0, 0, 1, 0, 0)2/(0, 0, 0, 1, 1)
3 A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)/(0, 2, 0)/ (1, 1, 1, 1, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/ T1
Continued on next page
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 0, 2)/(0, 0, 0)2) (1, 0, 1, 1, 1)2/(1, 0, 0, 2, 1)2/(1, 0, 0, 0, 1)2/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)4/(0, 0, 1, 3, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0)2/(0, 1, 1)) (0, 0, 1, 1, 0)3/(0, 0, 1, 1, 2)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/
A1E7 (0, 1, 1, 1, 1)
2/(0, 1, 0, 2, 1)2/(0, 1, 0, 0, 1)2/(0, 0, 0, 0, 0)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 2)/(0, 0, 0, 0))
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 2)/(0, 0, 0, 0))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (1, 0)2/(0, 1)))
D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/
(0, 0, 0, 0, 0)2
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/
(0, 0, 1, 0, 1)
D8 (1, 1, 0, 0, 0)
2/(1, 0, 1, 0, 0)/
(0, 0, 0, 1, 1)
4 A1A1D6 ⊆ A1E7 (1, 1, (1, 0, 0)2/(0, 1, 0)2/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/ A¯12
(0, 0, 2)/(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 0, 1)2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 1)4/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)/(0, 1, 1) (0, 0, 1, 1, 0)4/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/
(0, 0, 0)4) (0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/(0, 0, 0, 0, 2)2/(0, 1, 1, 1, 1)/
(0, 1, 1, 0, 1)2/(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 1)4/(0, 0, 0, 0, 0)6
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M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
A1A1D6 ⊆ A1E7 (0, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
(0, 0, 0, 2)/(0, 0, 0, 0))
A1A1D6 ⊆ A1E7 (0, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
(0, 0, 0, 1)2)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
(0, 0, 0, 1)2)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
(0, 0, 0, 1)2)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
(0, 0, 0, 1)2)
D8 (0, 0, 0, 0, 0)
4/(1, 1, 0, 0, 0)/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (0, 0, 0, 0, 0)/(1, 0, 0, 0, 0)
2/
(0, 1, 0, 0, 0)2/(0, 0, 2, 0, 0)/
(0, 0, 0, 1, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 1, 0, 0, 0)2/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)
5 A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)/(0, 0, 2)/ (1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)5/(1, 0, 1, 0, 1)4/ B2
(0, 0, 0)5) (1, 0, 0, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)5/(0, 0, 0, 0, 2)6/
(0, 1, 1, 0, 1)4/(0, 1, 0, 1, 1)4/(0, 0, 0, 0, 0)10
D8 (1, 0, 0, 0, 0)
4/(0, 1, 1, 0, 0)/
(0, 0, 0, 1, 1)
D8 (0, 0, 0, 0, 0)
5/(2, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
6 A1A1D6 ⊆ A1E7 (1, 1, (1, 0, 0)2/(0, 2, 0)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)2/ A1T1
(0, 0, 2)/(0, 0, 0)2) (1, 0, 1, 1, 1)2/(1, 0, 0, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 1, 2, 0)2/(0, 0, 1, 0, 2)2/
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)2/(0, 0, 1)2) (0, 0, 1, 0, 0)4/(0, 0, 0, 2, 0)3/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)3/
(0, 1, 1, 1, 1)2/(0, 1, 0, 1, 1)4/(0, 0, 0, 0, 0)4
A1A1D6 ⊆ A1E7 (0, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2)
A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
(0, 0, 0, 2)/(0, 0, 0, 0))
A2A1A5 ⊆ A2E6 (1 + 0, 1, (1, 1, 0)/(0, 0, 1))
D8 (0, 0, 0, 0, 0)
2/(1, 0, 0, 0, 0)2
/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 0, 1, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0)2/
(0, 0, 0, 1, 1)
7 A1A1D6 ⊆ A1E7 (1, 1, (2, 1, 1)) (1, 1, 2, 1, 1)/(1, 0, 2, 1, 2)/(1, 0, 4, 1, 0)/(1, 0, 0, 3, 0)/ 1
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 2, 2)/(0, 0, 4, 2, 0)/
(0, 0, 4, 0, 2)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 1, 2, 1, 2)/(0, 1, 4, 1, 0)/(0, 1, 0, 3, 0)
D8 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 2)
8 A1A1D6 ⊆ A1E7 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 1, 2, 2, 0)/(1, 1, 0, 0, 2)/(1, 0, 3, 1, 1)/(1, 0, 1, 3, 1)/ 1
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 2, 0)/(0, 0, 2, 4, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 2, 2, 2)/(0, 0, 0, 0, 2)/
(0, 1, 3, 1, 1)/(0, 1, 1, 3, 1)
D8 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 0, 0, 2, 2)
9 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 1, 3, 1, 0)/(1, 1, 0, 1, 1)/(1, 0, 3, 2, 0)/(1, 0, 3, 0, 0)/ 1
(1, 0, 4, 0, 1)/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/
A1A1D6 ⊆ (1, 1, (4, 0, 0)/(0, 1, 1)/ (0, 0, 3, 2, 1)/(0, 0, 3, 0, 1)/(0, 0, 0, 0, 2)/(0, 1, 3, 1, 1)/
A1E7 (0,0,2)) (0, 1, 4, 1, 0)/(0, 1, 0, 3, 0)/(0, 1, 0, 1, 0)
A1A1D6 ⊆ (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 0, 2))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), (1, (3, 0)/(0, 1)))
D8 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/
(1, 0, 0, 0, 3)
10 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(1, 0, 1)) (1, 1, 3, 1, 0)/(1, 1, 1, 0, 1)/(1, 0, 3, 1, 1)/(1, 0, 5, 0, 0)/ 1
(1, 0, 3, 0, 0)/(1, 0, 1, 2, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)/
A1A1D6 ⊆ (1, 1, (4, 0, 0)/(1, 1, 0)/ (0, 0, 4, 1, 1)/(0, 0, 2, 1, 1)/(0, 0, 0, 0, 2)/(0, 1, 4, 1, 0)/
A1E7 (0,0,2)) (0, 1, 2, 1, 0)/(0, 1, 4, 0, 1)/(0, 1, 0, 2, 1)
A1A1D6 ⊆ (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 0, 2))
D8 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/
(3, 0, 0, 0, 1)
11 A1A1D6 ⊆ (1, 1, (3, 1, 0)/(0, 0, 1)2) (1, 1, 3, 1, 0)/(1, 1, 0, 0, 1)2/(1, 0, 3, 1, 1)/(1, 0, 4, 0, 0)2/ A¯1
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
A1E7 (1, 0, 0, 2, 0)
2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 4, 2, 0)/
(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 3, 1, 1)2/
A1A1D6 ⊆ (1, 1, (4, 0, 0)/(0, 1, 0)2/ (0, 0, 0, 0, 2)/(0, 1, 3, 1, 0)2/(0, 1, 4, 0, 1)/
A1E7 (0,0,2)) (0, 1, 0, 2, 1)/(0, 0, 0, 0, 0)
3
A1A1D6 ⊆ (0, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 0, 2))
D8 (1, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)/
(0, 0, 4, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0)/
(0, 0, 0, 1, 3)
12 A1A1D6 ⊆ (1, 1, (3, 1, 0)/(0, 0, 2)/ (1, 1, 3, 1, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 3, 1, 1)/ 1
A1E7 (0, 0, 0)) (1, 0, 4, 0, 1)/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 4, 2, 0)/(0, 0, 6, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/
(0, 0, 3, 1, 2)/(0, 0, 3, 1, 0)/(0, 0, 0, 0, 2)2/(0, 1, 3, 1, 1)/
(0, 1, 4, 0, 1)/(0, 1, 0, 2, 1)
A1A1D6 ⊆ (1, 1, (4, 0, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 0, 2))
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 3)
D8 (2, 0, 0, 0, 0)/(0, 4, 0, 0, 0)/
(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)
13 A1A1D6 ⊆ (1, 1, (6, 0, 0)/(0, 1, 1)/ (1, 1, 6, 0, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 0)/(1, 0, 6, 1, 0)/ 1
A1E7 (0, 0, 0)) (1, 0, 6, 0, 1)/(1, 0, 0, 0, 1)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 10, 0, 0)/(0, 0, 6, 0, 0)2/(0, 0, 2, 0, 0)/
(0, 0, 6, 1, 1)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 0, 1, 1)/
Continued on next page
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M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 1, 6, 1, 0)/(0, 1, 6, 0, 1)/(0, 1, 0, 0, 1)/(0, 1, 0, 1, 0)
G2B4 ⊆ (6, (1, 1, 0, 0)/(0, 0, 1, 1))
G2F4
D8 (0, 0, 0, 0, 0)/(6, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
14 A1A1D6 ⊆ (1, 1, (4, 0, 0)/(0, 1, 1)/ (1, 1, 4, 0, 0)/(1, 1, 0, 1, 1)/(1, 1, 2, 0, 0)/(1, 0, 4, 1, 0)/ 1
A1E7 (2, 0, 0)) (1, 0, 2, 1, 0)/(1, 0, 4, 0, 1)/(1, 0, 2, 0, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 6, 0, 0)2/(0, 0, 2, 0, 0)3/(0, 0, 4, 1, 1)/
(0, 0, 4, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 2, 1, 1)/
(0, 1, 4, 1, 0)/(0, 1, 2, 1, 0)/(0, 1, 4, 0, 1)/(0, 1, 2, 0, 1)
D8 (2, 0, 0, 0, 0)/(4, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
15 A1A1D6 ⊆ (1, 1, (4, 0, 0)/(0, 2, 0)/ (1, 1, 4, 0, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/ 1
A1E7 (0, 0, 2)/(0, 0, 0)) (1, 0, 3, 1, 1)
2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 6, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 4, 2, 0)/(0, 0, 4, 0, 2)/(0, 0, 4, 0, 0)/
(0, 0, 0, 2, 0)2/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)2/(0, 1, 3, 1, 1)2
A1A1D6 ⊆ (1, 1, (4, 0, 0, 0)/
A1E7 (0, 1, 1, 0)/(0, 0, 0, 2))
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 4, 0, 0)/
(0, 0, 0, 1, 1)
16 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(1, 0, 1)/ (1, 1, 1, 1, 0)/(1, 1, 1, 0, 1)/(1, 1, 0, 1, 1)/(1, 0, 2, 0, 1)/ 1
A1E7 (0, 1, 1)) (1, 0, 0, 0, 1)/(1, 0, 1, 1, 1)/(1, 0, 1, 2, 0)/(1, 0, 1, 0, 0)/
(1, 0, 0, 1, 2)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)2/(0, 0, 2, 1, 1)/(0, 0, 0, 1, 1)/
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 0, 0, 2)2/(0, 0, 1, 1, 2)/
(0, 0, 1, 1, 0)/(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 1, 1, 0, 2)/
(0, 1, 1, 0, 0)/(0, 1, 1, 1, 1)/(0, 1, 0, 2, 1)/(0, 1, 0, 0, 1)
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 1, 1))
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 1, 0, 1, 0)/
(0, 0, 1, 0, 1)
D8 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/
(0, 1, 0, 1, 0)/(0, 0, 1, 0, 1)
17 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(0, 1, 1)/ (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 1)2/(1, 0, 1, 1, 0)2/ A¯1
A1E7 (0, 0, 1)
2) (1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/
(1, 0, 0, 1, 1)2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
A1A1D6 ⊆ (1, 1, (1, 1, 0)/(1, 0, 0)2/ (0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/(0, 0, 1, 0, 1)/(0, 0, 1, 1, 1)2/
A1E7 (0, 0, 2)/(0, 0, 0)) (0, 0, 0, 0, 2)
2/(0, 0, 0, 1, 2)2/(0, 0, 0, 1, 0)2/
(0, 1, 1, 1, 1)/(0, 1, 1, 0, 1)2/(0, 1, 0, 2, 0)2/(0, 1, 0, 0, 0)2/
(0, 1, 0, 1, 2)/(0, 1, 0, 1, 0)/(0, 0, 0, 0, 0)3
A1A1D6 ⊆ (0, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 1, 1))
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0))
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0)
Continued on next page
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M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
D8 (0, 0, 0, 0, 0)/(1, 0, 0, 0, 0)
2/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/
(0, 2, 0, 0, 0)
D8 (1, 0, 0, 0, 0)
2/(1, 1, 0, 0, 0)/
(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)/
(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/
(0, 0, 0, 0, 0)
D8 (1, 0, 0, 0, 0)
2/(1, 1, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
D8 (1, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0)/
(0, 1, 0, 1, 0)/(0, 0, 1, 0, 1)
18 A1A1D6 ⊆ (1, 1, (1, 1, 0)2/(0, 0, 2)/ (1, 1, 1, 1, 0)2/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/(1, 0, 2, 0, 1)/ 1
A1E7 (0, 0, 0)) (1, 0, 0, 0, 1)
2/(1, 0, 1, 1, 1)2/(1, 0, 0, 2, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/(0, 0, 0, 2, 0)3/(0, 0, 2, 2, 0)/
(0, 0, 0, 0, 0)/(0, 0, 1, 1, 2)2/(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)2/
(0, 1, 2, 0, 1)/(0, 1, 0, 0, 1)2/(0, 1, 1, 1, 1)2/(0, 1, 0, 2, 1)
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 1, 1))
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2)
A1E7
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)2)
A1E7
D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 1, 1, 0)/(0, 0, 1, 0, 1)/
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M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 0, 0, 0, 0)2
D8 (1, 1, 0, 0, 0)
2/(0, 0, 1, 1, 0)/
(0, 0, 1, 0, 1)
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(0, 1, 1, 0, 0)2/(0, 0, 0, 1, 1)
19 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(0, 1, 1)/ (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/ 1
A1E7 (0, 0, 2)/(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(1, 0, 0, 2, 1)/
(1, 0, 0, 0, 1)/(1, 0, 0, 1, 2)/(1, 0, 0, 1, 0)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)2/(0, 0, 1, 2, 1)/
(0, 0, 1, 0, 1)/(0, 0, 1, 1, 2)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 2)3/
(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 1, 1, 1)/(0, 1, 1, 0, 2)/
(0, 1, 1, 0, 0)/(0, 1, 0, 2, 1)/(0, 1, 0, 0, 1)/(0, 1, 0, 1, 2)/
(0, 1, 0, 1, 0)
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 0, 1, 1))
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0))
G2B4 ⊆ G2F4 ((0, 2)/(1, 1), (1, 1, 0, 0)/
(0, 0, 1, 1))
D8 (2, 0, 0, 0, 0)/(1, 1, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)/
(0, 0, 0, 0, 0)
D8 (2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/
(0, 1, 0, 1, 0)/(0, 1, 0, 0, 1)/
(0, 0, 0, 0, 0)
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
D8 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/
(1, 0, 0, 1, 0)/(0, 1, 0, 0, 1)
20 A1A1D6 ⊆ (1, 1, (0, 1, 1)/(1, 0, 0)2/ (1, 1, 0, 1, 1)/(1, 1, 1, 0, 0)2/(1, 1, 2, 0, 0)/(1, 1, 0, 0, 0)/ A¯1
A1E7 (2, 0, 0)/(0, 0, 0)) (1, 0, 1, 0, 1)
2/(1, 0, 1, 1, 0)2/(1, 0, 2, 1, 0)/(1, 0, 0, 1, 0)/
(1, 0, 2, 0, 1)/(1, 0, 0, 0, 1)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/(0, 0, 1, 1, 1)2/(0, 0, 2, 1, 1)/
(0, 0, 0, 1, 1)/(0, 0, 2, 0, 0)3/(0, 0, 3, 0, 0)2/
(0, 0, 1, 0, 0)4/(0, 1, 1, 1, 0)2/(0, 1, 1, 0, 1)2/(0, 1, 2, 0, 1)/
(0, 1, 0, 0, 1)/(0, 1, 2, 1, 0)/(0, 1, 0, 1, 0)/(0, 0, 0, 0, 0)3
A1A1D6 ⊆ (0, 1, (1, 1, 0, 0)/(0, 1, 1, 0)/
A1E7 (0, 1, 0, 1))
G2B4 ⊆ (2/12, (1, 1, 0, 0)/(0, 0, 1, 1))
G2F4
D8 (1, 0, 0, 0, 0)
2/(0, 1, 1, 0, 0)/
(0, 1, 0, 1, 0)/(0, 1, 0, 0, 1)
D8 (0, 0, 0, 0, 0)/(1, 0, 0, 0, 0)
2/
(2, 0, 0, 0, 0)/(0, 1, 1, 0, 0)/
(0, 0, 0, 1, 1)
21 A1A1D6 ⊆ (1, 1, (2, 0, 0)/(0, 2, 0)/ (1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)3/ A1
A1E7 (0, 0, 2)/(0, 0, 0)
3) (1, 0, 1, 1, 1)4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)4/
(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)4/(0, 0, 0, 2, 2)/
(0, 0, 0, 0, 2)4/(0, 1, 1, 1, 1)4/(0, 0, 0, 0, 0)3
D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1)/
(0, 0, 0, 0, 0)3
Continued on next page
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
22 A1A1D6 ⊆ (1, 1, (2, 0, 0)2/(0, 2, 0)/ (1, 1, 2, 0, 0)2/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 2)/(1, 0, 2, 1, 1)2/ T1
A1E7 (0, 0, 2)) (1, 0, 0, 1, 1)
2/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)3/
(0, 0, 4, 0, 0)/(0, 0, 2, 2, 0)2/(0, 0, 2, 0, 2)2/
A2A1A5 (2, 1, (1, 1, 0)/(0, 0, 1)) (0, 0, 0, 2, 0)/(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(0, 1, 2, 1, 1)
2/
⊆ A2E6 (0, 1, 0, 1, 1)2/(0, 0, 0, 0, 0)
D8 (2, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 1, 1)
23 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(0, 0, 2)2/ (1, 1, 1, 1, 0)/(1, 1, 0, 0, 2)2/(1, 1, 0, 0, 0)2/(1, 0, 1, 0, 2)2/ T2
A1E7 (0, 0, 0)
2) (1, 0, 1, 0, 0)2/(1, 0, 0, 1, 2)2/(1, 0, 0, 1, 0)2/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/(0, 0, 1, 1, 2)2/
(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)7/(0, 0, 0, 0, 4)/
(0, 1, 1, 0, 2)2/(0, 1, 1, 0, 0)2/(0, 1, 0, 1, 2)2/(0, 1, 0, 1, 0)2/
G2B4 ⊆ (22/0, (1, 1, 0, 0)/(0, 0, 1, 1)) (0, 0, 0, 0, 0)2
G2F4
A2A1A5 (2, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
⊆ A2E6
D8 (0, 0, 0, 0, 0)
2/(2, 0, 0, 0, 0)2/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1)
24 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(0, 1, 1)/ (1, 1, 1, 1, 0)/(1, 1, 0, 1, 1)/(1, 1, 0, 2, 0)/(1, 1, 0, 0, 0)/ 1
A1E7 (0, 2, 0)/(0, 0, 0)) (1, 0, 1, 1, 1)/(1, 0, 1, 2, 0)/(1, 0, 1, 0, 0)/(1, 0, 0, 3, 0)/
(1, 0, 0, 1, 0)2/(1, 0, 0, 2, 1)/(1, 0, 0, 0, 1)/(2, 0, 0, 0, 0)/
(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)4/(0, 0, 1, 2, 1)/
(0, 0, 1, 0, 1)/(0, 0, 1, 3, 0)/(0, 0, 1, 1, 0)2/(0, 0, 0, 0, 2)/
(0, 0, 0, 3, 1)/(0, 0, 0, 1, 1)2/(0, 1, 1, 1, 1)/(0, 1, 1, 2, 0)/
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
(0, 1, 1, 0, 0)/(0, 1, 0, 3, 0)/(0, 1, 0, 1, 0)2/(0, 1, 0, 2, 1)/
(0, 1, 0, 0, 1)
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0))
G2B4 ⊆ G2F4 ((0, 2)/(1, 1), (1, 1, 0, 0)/
(0, 0, 1, 1))
D8 (0, 0, 0, 0, 0)/(2, 0, 0, 0, 0)/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)/
(1, 1, 0, 0, 0)
D8 (1, 1, 0, 0, 0)/(1, 0, 1, 0, 0)/
(1, 0, 0, 1, 0)/(1, 0, 0, 0, 1)
25 A1A1D6 ⊆ (1, 1, (1, 1, 0)/(1, 0, 1)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/ 1
A1E7 (1, 0, 0)
2) (1, 0, 0, 1, 1)2/(1, 0, 0, 0, 2)2/(1, 0, 0, 0, 0)2/(1, 0, 1, 1, 1)/
(1, 0, 1, 0, 2)/(1, 0, 1, 0, 0)/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 0, 0, 0)3/(0, 0, 2, 0, 0)/(0, 0, 1, 1, 1)2/(0, 0, 1, 0, 2)2/
(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)3/(0, 0, 0, 1, 3)/
(0, 0, 0, 1, 1)2/(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 2)2/(0, 1, 0, 0, 0)2/
(0, 1, 1, 1, 1)/(0, 1, 1, 0, 2)/(0, 1, 1, 0, 0)
A1A1D6 ⊆ (0, 1, (1, 1, 0, 0)/(0, 0, 1, 1)/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0))
D8 (1, 0, 0, 0, 0)
2/(1, 1, 0, 0, 0)/
(1, 0, 1, 0, 0)/(0, 0, 0, 1, 1)
A1A1D6 ⊆ (1, 1, (1, 1, 0, 0)/(0, 0, 1, 0)2/
A1E7 (0, 0, 0, 2)/(0, 0, 0, 0))
G2A1C3 ⊆ ((0, 2)/(1, 1), (1, (1, 0)/
Continued on next page
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
G2F4 (0, 1)/(0, 0)
2))
D8 (1, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)/
(0, 1, 1, 0, 0)/(0, 0, 0, 1, 1
(0, 0, 0, 0, 0)
26 A1A1D6 ⊆ (1, 1, (1, 0, 0)2/(0, 1, 1)/ (1, 1, 1, 0, 0)2/(1, 1, 0, 1, 1)/(1, 1, 0, 0, 2)/(1, 1, 0, 0, 0)/ A¯1
A1E7 (0, 0, 2)/(0, 0, 0)) (1, 0, 0, 0, 2)
2/(1, 0, 0, 1, 1)2/(1, 0, 0, 0, 0)2/(1, 0, 1, 1, 1)2/
(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/(0, 0, 2, 0, 0)/
(0, 0, 1, 1, 1)2/(0, 0, 1, 0, 2)2/(0, 0, 1, 0, 0)2/(0, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)3/(0, 0, 0, 1, 3)/(0, 0, 0, 1, 1)2/(0, 1, 0, 0, 2)2/
(0, 1, 0, 1, 1)2/(0, 1, 0, 0, 0)2/(0, 1, 1, 1, 1)2/(0, 0, 0, 0, 0)3
27 A1A1D6 ⊆ (1, 0, (2, 0, 0, 0)/(0, 2, 0, 0)/ (1, 2, 0, 0, 0)2/(1, 0, 2, 0, 0)2/(1, 0, 0, 2, 0)2/(1, 0, 0, 0, 2)2/ A¯1
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2)) (0, 1, 1, 1, 1)
4/(2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/(0, 0, 2, 0, 0)/
A1A1D6 ⊆ (0, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)/(0, 0, 0, 2, 2)/
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2)) (0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)
2/(0, 0, 0, 0, 0)3
D8 (1, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)/
(0, 0, 2, 0, 0)
28 A1A1D6 ⊆ (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (3, 1, 0, 0, 0)/(1, 1, 0, 0, 0)/(1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/ 1
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2)) (1, 1, 0, 0, 2)/(2, 0, 1, 1, 1)
2/(0, 0, 1, 1, 1)2/(2, 0, 0, 0, 0)2/
(0, 2, 0, 0, 0)/(2, 0, 2, 0, 0)/(2, 0, 0, 2, 0)/(2, 0, 0, 0, 2)/
(0, 0, 2, 0, 0)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)/
(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)2
A1A1D6 ⊆ (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2))
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Table 9.12 – continued from previous page
M VM(λ1) ↓ A51 L (E8) ↓ A51 CG(A51)◦
G2B4 ⊆ G2F4 ((0, 2)/(1, 1), (2, 0, 0)/
(0, 2, 0)/(0, 0, 2))
D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0)
29 A1A1D6 ⊆ (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (3, 1, 0, 0, 0)/(1, 1, 0, 0, 0)/(1, 1, 2, 0, 0)/(1, 1, 0, 2, 0)/ 1
A1E7 (0, 0, 2, 0)/(0, 0, 0, 2)) (1, 1, 0, 0, 2)/(2, 0, 1, 1, 1)
2/(0, 0, 1, 1, 1)2/(2, 0, 0, 0, 0)2/
(0, 2, 0, 0, 0)/(2, 0, 2, 0, 0)/(2, 0, 0, 2, 0)/(2, 0, 0, 0, 2)/
(0, 0, 2, 0, 0)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 0)/
(0, 0, 0, 2, 2)/(0, 0, 0, 0, 2)/(1, 1, 1, 1, 1)2
D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0)/(1, 0, 0, 0, 1)
(0, 0, 2, 0, 0)
30 D8 (2, 0, 0, 0, 0)/(0, 2, 0, 0, 0)/ (2, 0, 0, 0, 0)
2/(0, 2, 0, 0, 0)2/(0, 0, 2, 0, 0)2/(0, 0, 0, 2, 0)2/ 1
(0, 0, 2, 0, 0)/(0, 0, 0, 2, 0)/ (0, 0, 0, 0, 2)2/(2, 2, 0, 0, 0)/(2, 0, 2, 0, 0)/(2, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)/(0, 0, 0, 0, 0) (2, 0, 0, 0, 2)/(0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/
(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 0, 2, 2)/(1, 1, 1, 1, 1)4
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Table 9.13: A41 in E8
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
1 A1A1D6 ⊆ A1E7 (1, 1, (2, 2)/(2, 0)) (1, 1, 2, 2)/(1, 1, 2, 0)/(1, 0, 4, 1)/(1, 0, 2, 1)/ 1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 2)2/(0, 0, 2, 4)/
(0, 0, 2, 2)/(0, 1, 4, 1)/(0, 1, 2, 1)/(0, 1, 2, 3)/
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(2, 0, 0, 2) (0, 0, 2, 0)
2/(0, 0, 0, 2)2/(1, 0, 2, 3)/(1, 0, 0, 3)/
(0, 1, 0, 3)
2 A1A1D6 ⊆ A1E7 (1, 1, (8, 0)/(0, 2)) (1, 1, 8, 0)/(1, 1, 0, 2)/(1, 0, 10, 1)/(1, 0, 4, 1)/ 1
(0, 0, 14, 0)/(0, 0, 10, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/
(0, 1, 10, 1)/(0, 1, 4, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/
D8 (2, 0, 0, 0)/(0, 8, 0, 0)/(0, 0, 1, 1) (0, 0, 8, 2)/(0, 0, 0, 2)
3 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(1, 1)) (1, 1, 3, 1)/(1, 1, 1, 1)/(1, 0, 5, 0)/(1, 0, 3, 0)2/ 1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 2)2/(0, 0, 6, 0)/
(0, 0, 4, 0)/(0, 0, 2, 2)/(0, 1, 4, 1)2/(0, 1, 2, 1)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) (0, 0, 2, 0)
3/(0, 0, 0, 2)2/(1, 0, 1, 2)/(1, 0, 3, 2)/
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 3/1) (0, 1, 0, 3)/(0, 1, 0, 1)
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/
(0, 1, 0, 1)
D8 (1, 1, 0, 0)/(0, 0, 1, 1)/(1, 3, 0, 0)
4 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(1, 0)2) (1, 1, 3, 1)/(1, 1, 1, 0)2/(1, 0, 4, 1)/(1, 0, 2, 1)/ A¯1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 6, 0)/
(0, 0, 4, 1)2/(0, 0, 2, 1)2/(0, 1, 5, 0)/
(0, 1, 3, 0)/(0, 1, 1, 2)/(0, 1, 3, 1)2/
A¯1A¯1D6 (1, (4, 0, 0)/(1, 1, 0)/(0, 0, 2)) (1, 0, 4, 0)
2/(1, 0, 0, 2)2/(0, 0, 2, 0)2/(0, 0, 0, 2)/
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(3, 0, 0, 1) (0, 1, 3, 0)/(0, 1, 1, 2)/(0, 0, 0, 0)3
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 4, 0)/
Continued on next page
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 1, 1)
5 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(0, 1)2) (1, 1, 3, 1)/(1, 1, 0, 1)2/(1, 0, 4, 1)/(1, 0, 0, 3)/ A¯1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 6, 0)/
(0, 0, 3, 2)2/(0, 0, 3, 0)2/(0, 0, 2, 0)/(0, 1, 3, 2)/
(0, 1, 0, 2)2/(1, 0, 0, 1)/(1, 0, 3, 1)2/
A¯1A¯1D6 (1, (3, 1, 0)/(0, 1, 1)) (0, 0, 0, 2)
2/(0, 1, 3, 0)/(0, 1, 4, 0)2/(0, 0, 0, 0)3
A¯1A¯1D6 (1, (4, 0, 0)/(0, 1, 1)/(0, 0, 2))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 3/02)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(1, 0, 0, 3)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 4, 0)/
(0, 1, 0, 1)
6 A1A1D6 ⊆ A1E7 (1, 1, (3, 0)2/(1, 1)) (1, 1, 3, 0)2/(1, 1, 1, 1)/(1, 0, 5, 0)/(1, 0, 1, 0)3/ A1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)3/
A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(1, 1)/(0, 0)3) (0, 0, 4, 1)2/(0, 0, 2, 1)2/(0, 0, 0, 2)/(0, 1, 4, 0)2/
(0, 1, 0, 1)3/(1, 0, 3, 1)2/(1, 0, 3, 0)/(0, 1, 2, 0)2/
A¯1A¯1D6 (1, 1, (3, 0, 0)
2/(0, 1, 1)) (0, 1, 4, 1)(0, 0, 6, 0)/(0, 0, 2, 0)2/(0, 0, 0, 0)3
D8 (3, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 0, 1, 1)
D8 (4, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)3
7 A1A1D6 ⊆ A1E7 (1, 1, (3, 0)2/(0, 1)2) (1, 1, 3, 0)2/(1, 1, 0, 1)2/(1, 0, 3, 1)2/(1, 0, 4, 0)2/ A1A¯1
(0, 2, 0, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 3, 1)4/
A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 1)2/(0, 0)3) (0, 0, 0, 2)/(0, 1, 4, 1)/(0, 1, 0, 1)3/(0, 1, 3, 0)4/
A¯1A¯1D6 (1, (3, 0, 0)
2/(0, 1, 1)) (1, 0, 0, 0)6/(2, 0, 0, 0)//(0, 0, 4, 0)3/(0, 0, 0, 0)6
A2A1A5 ⊆ A2E6 (1/0, 1, (3, 0)/(0, 1))
G2A1C3 ⊆ G2F4 (1/03, 1, (3, 0)/(0, 1))
Continued on next page
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (1, 0, 0, 0)
2/(0, 3, 0, 0)2/(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 4, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)3
8 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(2, 0)/ (1, 1, 3, 1)/(1, 1, 2, 0)/(1, 1, 0, 0)/(1, 0, 5, 0)/ 1
(0, 0)) (1, 0, 4, 1)/(1, 0, 2, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)3/(0, 0, 0, 2)/(0, 0, 5, 1)/(0, 0, 3, 1)2/
(0, 1, 3, 0)/(0, 1, 1, 2)/(0, 1, 4, 1)/(0, 1, 2, 1)/
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(3, 0, 0, 1) (1, 0, 3, 0)/(1, 0, 1, 2)/(0, 0, 4, 2)/(0, 0, 6, 0)/
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 1, 1, 0) (0, 0, 1, 1)/(0, 1, 5, 0)
/(0, 1, 0, 1)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(3, 0, 0, 1)/
(0, 0, 0, 0)
9 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(0, 2)/ (1, 1, 3, 1)/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 3, 2)/ 1
(0, 0)) (1, 0, 0, 3)/(1, 0, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)3/(0, 0, 3, 3)/(0, 0, 3, 1)2/
(0, 1, 4, 1)/(0, 1, 0, 3)/(0, 1, 0, 1)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 0, 3, 0)/(1, 0, 4, 1)/(0, 0, 4, 2)/(0, 0, 6, 0)/
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 3) (0, 1, 3, 2)/(0, 1, 3, 0)
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/
(1, 0, 0, 1)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(1, 0, 0, 3)/
(0, 0, 0, 0)
10 A1A1D6 ⊆ A1E7 (1, 1, (3, 0)2/(0, 2)/ (1, 1, 3, 0)2/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 3, 1)2/ A1
(0, 0)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/
(0, 0, 3, 2)2/(0, 0, 3, 0)2/(0, 0, 0, 2)2/(0, 1, 3, 1)2/
Continued on next page
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A¯1A¯1D6 (1, 1, (3, 0, 0)
2/(0, 1, 1)) (0, 1, 4, 1)/(0, 1, 0, 1)3/(1, 0, 4, 1)/(1, 0, 0, 1)3/
A¯1A¯1D6 (1, 1, (3, 0, 0)
2/(0, 1, 1)) (0, 0, 4, 0)3/(0, 0, 0, 0)3
D8 (3, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 1, 0, 1)
D8 (2, 0, 0, 0)/(0, 3, 0, 0)
2/(0, 0, 1, 1)/
(0, 0, 0, 0)
D8 (4, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)3
11 A1A1D6 ⊆ A1E7 (1, 1, (3, 1)/(0, 0)4) (1, 1, 3, 1)/(1, 1, 0, 0)4/(1, 0, 3, 1)2/(1, 0, 4, 0)2/ A¯12
(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 6, 0)/(0, 0, 2, 0)/
(0, 1, 3, 1)2/(0, 1, 4, 0)2/(0, 1, 0, 2)2/
A¯1A¯1D6 (1, (4, 0, 0)/(0, 1, 0)
2/(0, 0, 2)) (1, 0, 0, 2)2/(2, 0, 0, 0)/(0, 0, 0, 2)/(0, 0, 3, 1)4/
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 2, 0)/ (0, 0, 0, 0)6
(0, 0, 0, 4)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 3)
D8 (1, 1, 0, 0)/(0, 0, 1, 3)/(0, 0, 0, 0)
4
12 A1A1D6 ⊆ A1E7 (1, 1, (6, 0)/(0, 4)) (1, 1, 6, 0)/(1, 1, 0, 4)/(1, 0, 6, 3)/(1, 0, 0, 3)/ 1
(0, 0, 10, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 6, 4)/
(0, 1, 6, 3)/(0, 1, 0, 3)
G2A1C3 ⊆ G2F4 (6, 1, (3, 0)/(0, 1)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 0, 6)/(0, 0, 0, 2)/
D8 (4, 0, 0, 0)/(0, 6, 0, 0)/(0, 0, 1, 1)
13 A1A1D6 ⊆ A1E7 (1, 1, (6, 0)/(1, 1)/ (1, 1, 6, 0)/(1, 1, 1, 1)/(1, 1, 0, 0)/(1, 0, 7, 0)/ 1
(0, 0)) (1, 0, 1, 0)/(1, 0, 0, 1)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)2/(0, 0, 7, 1)/(0, 0, 5, 1)/(0, 0, 0, 2)/
(0, 1, 6, 1)/(0, 1, 5, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)
A¯1A¯1D6 (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) (1, 0, 6, 1)/(1, 0, 5, 0)/(0, 0, 10, 0)/(0, 0, 6, 0)
2/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 1, 1)/(0, 1, 7, 0)
D8 (6, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)
14 A1A1D6 ⊆ A1E7 (1, 1, (6, 0)/(0, 1)2/ (1, 1, 6, 0)/(1, 1, 0, 1)2/(1, 1, 0, 0)/(1, 0, 6, 1)/ A¯1
(0, 0)) (1, 0, 0, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 10, 0)/
(0, 0, 0, 2)/(0, 0, 0, 1)2/(0, 1, 6, 1)/(0, 1, 6, 0)2/
(0, 1, 0, 1)/(0, 1, 0, 0)2/(1, 0, 6, 0)2/(1, 0, 0, 1)/
A¯1A¯1D6 (1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) (0, 0, 6, 0)
2/(0, 0, 2, 0)/(0, 0, 6, 1)2/(0, 0, 0, 0)3
G2A1C3 ⊆ G2F4 (6, 1, (1, 0)/(0, 1)/(0, 0)2)
D8 (1, 0, 0, 0)
2/(0, 6, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)
15 A1A1D6 ⊆ A1E7 (1, 1, (6, 0)/(0, 2)/ (1, 1, 6, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)2/(1, 0, 6, 1)2/ T1
(0, 0)2) (0, 2, 0, 0)/(0, 0, 10, 0)/(0, 0, 6, 0)3/(0, 0, 2, 0)/
(0, 1, 6, 1)2/(0, 1, 0, 1)2/(1, 0, 0, 1)2/(2, 0, 0, 0)/
A¯1A¯1D6 (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0)) (0, 0, 6, 2)/(0, 0, 0, 2)
3/(0, 0, 0, 0)
A¯1A¯1D6 (1, 1, (6, 0, 0)/(0, 1, 1)/(0, 0, 0))
G2A1C3 ⊆ G2F4 (6, 1, (1, 0)2/(0, 1))
D8 (2, 0, 0, 0)/(0, 6, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)2
D8 (6, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)
16 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 4)/ (1, 1, 4, 0)/(1, 1, 0, 4)/(1, 1, 0, 0)2/(1, 0, 3, 3)2/ T1
(0, 0)2) (0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 4, 4)/(0, 0, 4, 0)2/
(0, 0, 0, 4)2/(0, 1, 3, 3)2/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 0, 6)/(0, 0, 0, 2)/(0, 0, 0, 0)
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (4, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)2
17 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(1, 1)/ (1, 1, 4, 0)/(1, 1, 1, 1)/(1, 1, 2, 0)/(1, 0, 4, 1)/ 1
(2, 0)) (1, 0, 3, 0)2/(1, 0, 1, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 5, 1)/(0, 0, 3, 1)2/(0, 0, 4, 0)/(0, 0, 0, 2)/
(0, 1, 2, 1)/(0, 1, 5, 0)/(0, 1, 3, 0)2/(0, 1, 1, 0)/
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) (1, 0, 2, 1)/(1, 0, 5, 0)/(0, 0, 6, 0)
2/(0, 0, 2, 0)4/
D8 (2, 0, 0, 0)/(4, 0, 0, 0)/(1, 1, 0, 0)/ (0, 0, 1, 1)/(0, 1, 4, 1)
(0, 0, 1, 1)
18 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(1, 1)/ (1, 1, 4, 0)/(1, 1, 1, 1)/(1, 1, 0, 2)/(1, 0, 4, 1)/ 1
(0, 2)) (1, 0, 3, 0)/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)
(0, 0, 3, 1)/(0, 0, 4, 2)/(0, 0, 0, 2)2/(0, 0, 1, 3)/
(0, 1, 2, 1)/(0, 1, 3, 2)/(0, 1, 3, 0)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1)) (1, 0, 2, 1)/(1, 0, 3, 2)/(0, 0, 2, 0)
2/(0, 0, 5, 1)/
D8 (1, 1, 0, 0)/(0, 0, 1, 1)/(1, 0, 3, 0) (0, 0, 2, 0)
2/(0, 0, 5, 1)
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 1, 0, 0)/
(0, 0, 1, 1)
19 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 1)2/ (1, 1, 4, 0)/(1, 1, 0, 1)2/(1, 1, 2, 0)/(1, 0, 4, 1)/ A¯1
(2, 0)) (1, 0, 2, 0)2/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)2/
(0, 0, 4, 0)/(0, 0, 0, 2)/(0, 0, 2, 1)2/
(0, 1, 4, 0)2/(0, 1, 2, 0)2/(0, 1, 4, 1)/(0, 1, 2, 1)/
A¯1A¯1D6 (1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) (1, 0, 2, 1)/(1, 0, 4, 0)
2/(0, 0, 2, 0)3/(0, 0, 4, 1)2/
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 4, 0, 0)/ (0, 0, 0, 0)3
(0, 0, 1, 1)
20 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 1)2/ (1, 1, 4, 0)/(1, 1, 0, 1)2/(1, 1, 0, 2)/(1, 0, 3, 2)/ A¯1
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(0, 2)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/
(0, 0, 0, 3)2/(0, 0, 0, 1)2/(0, 1, 3, 2)/(0, 1, 3, 0)/
(0, 1, 3, 1)2/(1, 0, 3, 0)/(1, 0, 3, 1)2/(0, 0, 4, 1)2/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 1)
2) (0, 0, 4, 2)/(0, 0, 0, 2)2/(0, 0, 0, 0)3
G2A1C3 ⊆ G2F4 (2/12, 1, (3, 0)/(0, 1))
D8 (1, 0, 0, 0)
2/(2, 0, 0, 0)/(0, 4, 0, 0)/
(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 1, 0, 3)
21 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(1, 0)2/ (1, 1, 4, 0)/(1, 1, 1, 0)2/(1, 1, 0, 2)/(1, 0, 4, 1)/ A¯1
(0, 2)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)2/
(0, 0, 1, 2)2/(0, 0, 0, 2)/(0, 1, 4, 1)/(0, 1, 2, 1)/
(0, 1, 3, 1)2/(1, 0, 2, 1)/(1, 0, 3, 1)2/
A¯1A¯1D6 (1, (3, 1, 0)/(1, 0, 1)) (0, 0, 5, 0)
2/(0, 0, 3, 0)2/(0, 0, 4, 2)/(0, 0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 1)
2)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(4, 0, 0, 0)/
(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 3, 0, 1)
22 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 2)2/ (1, 1, 4, 0)/(1, 1, 0, 2)2/(1, 1, 0, 0)/(1, 0, 3, 2)2/ T1
(0, 0)) (0, 2, 0, 0)/(0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 4, 2)2/
(0, 0, 0, 4)/(0, 1, 3, 2)2/(0, 1, 3, 0)2
A2A1A5 ⊆ A2E6 (2, 1, (3, 0)/(0, 1)) (1, 0, 3, 0)2/(2, 0, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 2)5/
G2A1C3 ⊆ G2F4 (22/0, 1, (3, 0)/(0, 1)) (0, 0, 0, 0)
D8 (2, 0, 0, 0)
2/(0, 4, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)
23 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 2)/ (1, 1, 4, 0)/(1, 1, 0, 2)/(1, 1, 2, 0)/(1, 1, 0, 0)/ 1
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(2, 0)/(0, 0)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 6, 0)2/(0, 0, 2, 0)4/
(0, 0, 0, 2)2/(0, 0, 2, 2)/(0, 1, 4, 1)2/(0, 1, 2, 1)2/
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0)) (1, 0, 4, 1)
2/(1, 0, 2, 1)2/(0, 0, 4, 2)/(0, 0, 4, 0)2
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1))
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 1, 1)/(2, 0, 0))
D8 (2, 0, 0, 0)/(4, 0, 0, 0)/(0, 1, 1, 0)/
(0, 1, 0, 1)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(4, 0, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
24 A1A1D6 ⊆ A1E7 (1, 1, (4, 0)/(0, 2)/ (1, 1, 4, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)4/(1, 0, 3, 1)4/ A¯12
(0, 0)4 (0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 4, 2)/(0, 0, 4, 0)4/
(0, 1, 3, 1)4/(2, 0, 0, 0)/(0, 2, 0, 0)/
A¯1A¯1D6 (1, (3, 1, 0)/(0, 0, 1)
2) (0, 0, 0, 2)5/(0, 0, 0, 0)6
A¯1A¯1D6 (1, 1, (3, 0, 0)
2/(0, 1, 1))
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)4
25 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)3) (1, 1, 1, 1)3/(1, 0, 2, 1)3/(1, 0, 0, 1)5/(1, 0, 0, 3)/ A1
(0, 0, 2, 0)6/(0, 0, 0, 2)6//(0, 1, 3, 0)/(0, 1, 1, 2)3/
(0, 1, 1, 0)5/(2, 0, 0, 0)/(0, 2, 0, 0)/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 0, 2, 2)
3/(0, 0, 0, 0)3
(0, 0, 0)2)
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 13)
D8 (1, 1, 0, 0)
3/(0, 0, 1, 1)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)2
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26 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)2/(0, 1)2) (1, 1, 1, 1)2/(1, 1, 0, 1)2/(1, 0, 2, 1)/(1, 0, 0, 1)3/ A¯1T1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)4/
(0, 0, 1, 2)4/(0, 0, 1, 0)4/(0, 1, 2, 0)2/(0, 1, 0, 0)4/
(0, 1, 0, 2)2/(1, 0, 1, 1)4/(1, 0, 0, 3)/
A¯1A¯1D6 (1, (1, 1, 0)
2/(0, 1, 1)) (0, 1, 1, 2)2/(0, 1, 1, 0)2/(0, 0, 2, 2)/(0, 0, 0, 0)4
A¯1A¯1D6 (1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1)/(1, 0))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 12/02)
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)2/(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(1, 0, 1, 0)/
(0, 1, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)2/(0, 1, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(1, 0, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)2
27 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(0, 1)4) (1, 1, 1, 1)/(1, 1, 0, 1)4/(1, 0, 1, 1)4/(1, 0, 0, 1)6/ C2
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(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)7/(0, 0, 1, 2)4/
A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(2, 0)/(0, 0)5) (0, 1, 1, 0)5/(0, 1, 1, 2)/(0, 1, 0, 2)4/(0, 1, 0, 0)4/
A¯1A¯1D6 (1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/ (1, 0, 0, 3)/(2, 0, 0, 0)/(0, 0, 1, 0)4/(0, 0, 0, 0)10
(0, 0, 0))
A¯1A¯1D6 (1, (1, 1, 0)/(1, 0, 1)/(1, 0, 0)
2)
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/
(0, 0, 0))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 1/04)
D8 (1, 0, 0, 0)
4/(1, 1, 0, 0)/(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(1, 0, 1, 0)/
(1, 0, 0, 1)
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)5
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 2, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
28 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(0, 1)2/ (1, 1, 1, 1)/(1, 1, 0, 1)2/(1, 1, 1, 0)2/(1, 0, 2, 0)2/ A¯12
(1, 0)2) (1, 0, 1, 2)/(1, 0, 1, 0)/(1, 0, 0, 1)4/(2, 0, 0, 0)/
(0, 0, 0, 2)2/(0, 0, 1, 2)2/(0, 0, 1, 0)2/(0, 0, 2, 1)2/
(0, 0, 1, 1)4/(0, 1, 2, 1)/(0, 1, 0, 1)/(0, 1, 1, 0)4/
(0, 1, 0, 0)2/(1, 0, 0, 0)2/(1, 0, 1, 1)2/
A¯1A¯1D6 (1, (1, 1, 0)/(1, 0, 0)
2/(0, 0, 2)/ (0, 2, 0, 0)/(0, 0, 2, 0)2/(0, 1, 1, 1)2/(0, 1, 0, 2)2/
(0, 0, 0)) (0, 0, 0, 1)2/(0, 0, 0, 0)6
A¯1A¯1D6 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)
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(0, 0, 0))
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(1, 1, 0, 0)/
(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(1, 0, 1, 0)/
(0, 0, 1, 1)
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)4
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 2, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)
29 A1A1D6 ⊆ A1E7 (1, 1, (1, 0)4/(0, 1)2) (1, 1, 1, 0)4/(1, 1, 0, 1)2/(1, 0, 2, 0)2/(1, 0, 0, 0)10/ A¯1B2
(0, 0, 2, 0)6/(0, 0, 1, 1)8/(0, 0, 0, 2)/(0, 1, 2, 1)/
A1A1D6 ⊆ A1E7 (1, 1, (1, 0)2/(0, 2)/(0, 0)5) (0, 1, 0, 1)5/(0, 1, 1, 0)8/(1, 0, 1, 1)4/(2, 0, 0, 0)/
A¯1A¯1D6 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
4) (0, 2, 0, 0)/(0, 0, 0, 0)13
A¯1A¯1D6 (1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5)
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 0)/(0, 1)2)
G2A1C3 ⊆ G2F4 (1/03, 1, (1, 0)2/(0, 1))
D8 (1, 0, 0, 0)
4/(0, 1, 0, 0)2/(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)4
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)5
30 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)2/(0, 0)4) (1, 1, 1, 1)2/(1, 1, 0, 0)4/(1, 0, 2, 0)2/(1, 0, 0, 0)4/ A¯12T1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)3/
(0, 0, 1, 1)8/(0, 1, 2, 0)2/(0, 1, 0, 0)4/(0, 1, 1, 1)4/
A¯1A¯1D6 (1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/ (1, 0, 1, 1)4/(1, 0, 0, 2)2/(0, 0, 2, 2)/
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 0)2) (0, 1, 0, 2)2/(0, 0, 0, 0)7
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/
(0, 0, 0))
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1)/(0, 0)2)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(1, 0, 1, 0)/
(0, 1, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 1)2
D8 (1, 1, 0, 0)
2/(0, 0, 1, 1)/(0, 0, 0, 0)4
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 2, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0)2
31 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(1, 0)2/ (1, 1, 1, 1)/(1, 1, 1, 0)2/(1, 1, 0, 0)4/(1, 0, 2, 0)2/ A¯13
(0, 0)4) (1, 0, 1, 1)2/(1, 0, 0, 1)4/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 1)2/(0, 0, 0, 1)2/(0, 0, 1, 0)8/(0, 1, 2, 0)2/
(0, 1, 0, 0)2/(0, 1, 1, 0)4/(0, 1, 1, 1)2/(0, 1, 0, 1)4/
A¯1A¯1D6 (1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/ (1, 0, 0, 0)2/(1, 0, 1, 0)4/(0, 0, 2, 0)2/(0, 0, 0, 2)/
(0, 0, 0)) (0, 0, 1, 1)4/(0, 0, 0, 0)9
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 1)2)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 1)2)
A2A1A5 ⊆ A2E6 (10, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/
(1, 0, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/
(0, 0, 0, 2)/(0, 0, 0, 0)
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 0, 1, 1)/
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 0, 0)4
32 A1A1D6 ⊆ A1E7 (1, 1, (1, 0)2/(0, 1)2/(0, 0)4) (1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)4/(1, 0, 0, 1)4/ A¯14
(1, 0, 1, 0)4/(2, 0, 0, 0)/(0, 0, 2, 0)/(0, 0, 1, 1)4/
(0, 0, 1, 0)8/(0, 0, 0, 2)/(0, 0, 0, 1)8/(0, 1, 0, 1)4/
(0, 1, 1, 0)4/(1, 0, 0, 0)8/(1, 0, 1, 1)2
A¯1A¯1D6 (1, (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)4) (0, 1, 0, 0)8/(0, 1, 1, 1)2/(0, 2, 0, 0)/(0, 0, 0, 0)12
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 0)/(0, 1)/(0, 0)2)
G2A1C3 ⊆ G2F4 (1/03, 1, (1, 0)/(0, 1)/(0, 0)2)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 0)2/
(0, 0, 0, 1)2
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(0, 0, 1, 1)/
(0, 0, 0, 0)4
33 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(0, 0)8) (1, 1, 1, 1)/(1, 1, 0, 0)8/(1, 0, 1, 0)8/(1, 0, 0, 1)8/ D4
(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 1, 1, 0)8/(0, 1, 0, 1)8/
A2A¯1A5 ⊆ A2E6 (00, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)8/(0, 0, 0, 0)28
D8 (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)
8
34 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(0, 2)2/ (1, 1, 1, 1)/(1, 1, 0, 2)2/(1, 1, 0, 0)2/(1, 0, 1, 2)2/ T2
(0, 0)2) (1, 0, 0, 1)4/(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 1, 1)4/(0, 1, 1, 2)2/(0, 1, 1, 0)2/(0, 1, 0, 3)2/
(0, 1, 0, 1)4/(1, 0, 1, 0)2/(1, 0, 0, 3)2/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/ (0, 0, 0, 2)
8/(0, 0, 1, 3)2/(0, 0, 0, 4)/(0, 0, 0, 0)2
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2)
A2A1A5 ⊆ A2E6 (2, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
A2A1A5 ⊆ A2E6 (2, 1, (1, 0, 0)/(0, 1, 0)/(0, 0, 1))
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(1, 0, 1, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)
D8 (2, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)2
35 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(2, 0)/ (1, 1, 1, 1)/(1, 1, 2, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)2/ T1
(0, 2)/(0, 0)2) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)4/(0, 0, 0, 2)4/
(0, 0, 3, 1)/(0, 0, 1, 1)4/(0, 0, 1, 3)/(0, 1, 2, 1)2/
(0, 1, 0, 1)2/(0, 1, 1, 2)2/(0, 1, 1, 0)2
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/ /(1, 0, 2, 1)
2/(1, 0, 0, 1)2/(1, 0, 1, 2)2/(1, 0, 1, 0)2/
(0, 0, 0)) (0, 0, 2, 2)/(0, 0, 0, 0)
D8 (1, 1, 0, 0)
2/(1, 0, 1, 0)/(0, 1, 0, 1)
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 1, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 1, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)2
36 A1A1D6 ⊆ A1E7 (1, 1, (1, 0)2/(2, 0)/ (1, 1, 1, 0)2/(1, 1, 2, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)2/ A¯1T1
(0, 2)/(0, 0)2) (1, 0, 0, 1)2/(2, 0, 0, 0)/(0, 0, 2, 0)4/(0, 0, 3, 0)2/
(0, 0, 1, 0)6/(0, 0, 1, 2)2/(0, 0, 2, 2)/(0, 0, 0, 2)3/
(0, 1, 0, 1)2/(1, 0, 1, 1)4/(1, 0, 2, 1)2
A¯1A¯1D6 (1, 1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/ (0, 1, 1, 1)4/(0, 1, 2, 1)2/(0, 2, 0, 0)/(0, 0, 0, 0)4
(0, 0, 0))
A¯1A¯1D6 (1, 1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/
(0, 0, 0))
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1, 0)/(0, 0, 1))
G2A1C3 ⊆ G2F4 (2/12, 1, (1, 0)2/(0, 1))
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (1, 0, 0, 0)
2/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)2
D8 (1, 0, 0, 0)
2/(2, 0, 0, 0)/(0, 1, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)
37 A1A1D6 ⊆ A1E7 (1, 1, (1, 0)2/(0, 2)2/ (1, 1, 1, 0)2/(1, 1, 0, 2)2/(1, 1, 0, 0)2/(1, 0, 1, 2)2/ A¯1T2
(0, 0)2) (1, 0, 0, 0)4/(2, 0, 0, 0)/(0, 0, 2, 0)/(0, 0, 1, 2)4/
(0, 0, 1, 0)4/(0, 0, 0, 2)7/(0, 0, 0, 4)/(0, 1, 1, 2)2/
(0, 1, 0, 0)4/(1, 0, 1, 0)2/(1, 0, 0, 2)4
A¯1A¯1D6 (1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2) (0, 1, 1, 0)2/(0, 1, 0, 2)4/(0, 2, 0, 0)/(0, 0, 0, 0)5
A2A1A5 ⊆ A2E6 (2, 1, (1, 0)/(0, 1)/(0, 0)2)
A2A1A5 ⊆ A2E6 (1/0, 1, (2, 0)/(0, 1)/(0, 0))
G2A1C3 ⊆ G2F4 (22/0, 1, (1, 0)/(0, 1)/(0, 0)2)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)2/(0, 0, 1, 1)/
(0, 0, 0, 0)2
38 A1A1D6 ⊆ A1E7 (1, 1, (2, 0)3/(0, 2)) (1, 1, 2, 0)3/(1, 1, 0, 2)/(1, 0, 3, 1)2/(1, 0, 1, 1)4/ A1
(0, 0, 2, 0)6/(0, 0, 2, 2)3/(0, 0, 0, 2)/(0, 1, 3, 1)2/
(0, 1, 1, 1)4/(2, 0, 0, 0)/(0, 2, 0, 0)/
A2A1A5 ⊆ A2E6 (2, 1, (1, 1, 0)/(0, 0, 1)) (0, 0, 4, 0)3/(0, 0, 0, 0)3
D8 (2, 0, 0, 0)
3/(0, 2, 0, 0)/(0, 0, 1, 1)
39 A1A1D6 ⊆ A1E7 (1, 1, (2, 0)2/(0, 2)2) (1, 1, 2, 0)2/(1, 1, 0, 2)2/(1, 0, 2, 2)2/(1, 0, 2, 0)2/ T2
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 2, 2)4/
(0, 0, 0, 2)3/(0, 0, 0, 4)/(0, 1, 2, 2)2/(0, 1, 2, 0)2/
A2A1A5 ⊆ A2E6 (1/0, 1, (2, 0)/(0, 0)) (1, 0, 0, 2)2/(1, 0, 0, 0)2/(0, 1, 0, 2)2/(0, 1, 0, 0)2/
A2A1A5 ⊆ A2E6 (2, 1, (2, 0)/(0, 1)/(0, 2)) (0, 0, 4, 0)/(0, 0, 0, 0)2
D8 (2, 0, 0, 0)
2/(0, 2, 0, 0)2/(0, 0, 1, 1)
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
40 A1A1D6 ⊆ A1E7 (1, 1, (2, 0)2/(0, 2)/ (1, 1, 2, 0)2/(1, 1, 0, 2)/(1, 1, 0, 0)3/(1, 0, 2, 1)4/ A1T1
(0, 0)3) (0, 2, 0, 0)/(0, 0, 2, 0)9//(0, 0, 2, 2)2/(0, 0, 0, 2)4/
(0, 1, 2, 1)4/(0, 1, 0, 1)4/(1, 0, 0, 1)4/(2, 0, 0, 0)/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2) (0, 0, 4, 0)/(0, 0, 0, 0)4
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)
2/(0, 0, 0)2)
A2A1A5 ⊆ A2E6 (2, 1, (1, 0)/(0, 1)2)
G2A1C3 ⊆ G2F4 (22/0, 1, (1, 0)2/(0, 1))
D8 (2, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)2
D8 (2, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)3
41 A1A1D6 ⊆ A1E7 (1, 1, (2, 0)/(0, 2)/ (1, 1, 2, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)6/(1, 0, 1, 1)8/ A3
(0, 0)6) (0, 0, 2, 0)7/(0, 0, 2, 2)/(0, 1, 1, 1)8/
A¯1A¯1D6 (1, (1, 1, 0)
2/(0, 0, 1)2) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 0, 2)7/(0, 0, 0, 0)15
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
5)
A2A¯1A5 ⊆ A2E6 (00, 1, (1, 1, 0)/(0, 0, 1))
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)6
42 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(2, 0)/ (1, 1, 1, 1)/(1, 1, 2, 0)/(1, 1, 0, 1)2/(1, 1, 0, 0)/ A¯1
(0, 1)2/(0, 0)) (1, 0, 1, 0)/(1, 0, 2, 1)/(1, 0, 0, 1)/(1, 0, 2, 0)2/
(0, 2, 0, 0)/(0, 0, 2, 0)3/(0, 0, 0, 2)2/(0, 0, 3, 1)/
(0, 0, 1, 0)2/(0, 0, 0, 1)2/(0, 1, 1, 2)/(0, 1, 1, 0)/
(0, 1, 1, 1)2/(0, 1, 2, 0)2/(0, 1, 0, 0)2/
A¯1A¯1D6 (1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/ (1, 0, 1, 1)
2/(1, 0, 1, 2)/(1, 0, 0, 0)2/(2, 0, 0, 0)/
(0, 0, 0)) (0, 0, 1, 1)2/(0, 0, 1, 2)2/(0, 1, 2, 1)/(0, 1, 0, 1)/
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2) (0, 0, 2, 1)2/(0, 0, 0, 0)3
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 1, 1, 0)/
(0, 1, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(1, 1, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(1, 0, 1, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 1, 1, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
43 A1A1D6 ⊆ A1E7 (1, 1, (0, 2)/(1, 0)2/ (1, 1, 0, 2)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)/ A¯12
(0, 1)2/(0, 0)) (1, 0, 1, 0)/(1, 0, 0, 2)2/(1, 0, 0, 0)2/(1, 0, 0, 1)4/
(0, 0, 0, 2)3/(0, 0, 1, 2)2/(0, 0, 0, 3)2/(0, 0, 2, 0)/
(0, 0, 1, 1)4/(0, 0, 1, 0)2/(0, 1, 1, 1)2/(0, 1, 1, 2)/
(0, 1, 0, 0)2/(0, 1, 0, 1)4/(1, 0, 1, 1)2/(1, 0, 1, 2)/
A¯1A¯1D6 (1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/ (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 2)2/
(0, 0, 0)) (0, 0, 0, 1)4/(0, 0, 0, 0)6
G2A1C3 ⊆ G2F4 (2/12, 1, (1, 0)/(0, 1)/(0, 0)2)
D8 (1, 0, 0, 0)
2/(0, 1, 0, 0)2/(2, 0, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/
(0, 0, 0, 0)4
44 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)/(2, 0)/ (1, 1, 1, 1)/(1, 1, 2, 0)/(1, 1, 1, 0)2/(1, 1, 0, 0)/ A¯1
(1, 0)2/(0, 0)) (1, 0, 0, 1)/(1, 0, 3, 0)/(1, 0, 1, 0)2/(1, 0, 2, 0)2/
Continued on next page
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 2, 0, 0)/(0, 0, 2, 0)4/(0, 0, 0, 2)/(0, 0, 3, 1)/
(0, 0, 0, 1)2/(0, 0, 3, 0)2/(0, 1, 1, 1)2/
(0, 1, 2, 1)/(0, 1, 0, 1)/(0, 1, 3, 0)/(0, 1, 1, 0)2/
A¯1A¯1D6 (1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/ (1, 0, 1, 1)
2/(1, 0, 2, 1)/(1, 0, 0, 0)2/(2, 0, 0, 0)/
(0, 0, 0)) (0, 0, 1, 1)2/(0, 0, 2, 1)2/(0, 1, 2, 0)2/(0, 1, 0, 0)2/
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 1, 1)/(0, 0, 2)/) (0, 0, 1, 0)4/(0, 0, 0, 0)3
(0, 0, 0))
A¯1A¯1D6 (1, 1, (0, 1, 1)/(1, 0, 0)
2/(2, 0, 0)/)
(0, 0, 0))
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(1, 0, 1, 0)/
(1, 0, 0, 1)
D8 (1, 0, 0, 0)
2/(2, 0, 0, 0)/(1, 1, 0, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 1, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)
45 A1A1D6 ⊆ A1E7 (1, 1, (1, 1)2/(2, 0)/ (1, 1, 1, 1)2/(1, 1, 2, 0)/(1, 1, 0, 0)/(1, 0, 3, 0)/ T1
(0, 0)) (1, 0, 0, 1)2/(1, 0, 1, 2)/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 3, 1)2/(0, 0, 1, 1)4/(0, 1, 3, 0)/(0, 1, 1, 0)3/
(0, 1, 2, 1)2/(0, 1, 0, 1)2/(0, 1, 1, 2)/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 0, 1, 0)
3/(1, 0, 2, 1)2/(0, 0, 2, 0)5/(0, 0, 0, 2)3/
(0, 0, 0)2) (0, 0, 2, 2)/(0, 0, 0, 0)
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/
(0, 0, 0))
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 2, 0)/
(0, 0, 0))
D8 (1, 1, 0, 0)
2/(1, 0, 1, 0)/(1, 0, 0, 1)
D8 (2, 0, 0, 0)/(1, 1, 0, 0)
2/(0, 0, 1, 1)/
(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(1, 0, 1, 0)/
(0, 1, 0, 1)/(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)2
46 A1A1D6 ⊆ A1E7 (1, 1, (1, 0)4/(0, 2)/ (1, 1, 1, 0)4/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 2, 1)/ B2
(0, 0)) (2, 0, 0, 0)/(0, 0, 2, 0)6/(0, 0, 1, 2)4/(0, 0, 1, 0)4/
(0, 0, 0, 2)2/(0, 1, 2, 1)/(0, 1, 0, 1)5/(0, 1, 1, 1)4
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 0, 2)/ (1, 0, 0, 1)
5/(1, 0, 1, 1)4/(0, 2, 0, 0)/(0, 0, 0, 0)10
(0, 0, 0)5)
D8 (1, 0, 0, 0)
4/(0, 1, 1, 0)/(0, 1, 0, 1)
D8 (1, 0, 0, 0)
4/(0, 2, 0, 0)/(0, 0, 1, 1)/
(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 0, 0)5
47 A1A1D6 ⊆ A1E7 (1, 1, (2, 1)2) (1, 1, 2, 1)2/(1, 0, 2, 2)2/(1, 0, 0, 0)4/(1, 0, 4, 0)2/ A1
(0, 0, 2, 2)3/(0, 0, 4, 2)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(0, 1, 2, 1)3/(0, 1, 4, 1)/(0, 1, 0, 3)/
A2A1A5 (1/0, 1, (2, 1)) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)
3/(0, 0, 0, 0)3
G2A1C3 ⊆ G2F4 (1/03, 1, (2, 1))
D8 (1, 1, 0, 0)/(0, 0, 1, 2)
2
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
48 A1A1D6 ⊆ A1E7 (1, 1, (5, 1)) (1, 1, 5, 1)/(1, 0, 8, 1)/(1, 0, 4, 1)/(1, 0, 0, 3)/ 1
(0, 0, 8, 2)/(0, 0, 4, 2)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(0, 1, 5, 2)/(0, 1, 9, 0)/(0, 1, 3, 0)
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, 5) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 10, 0)/(0, 0, 6, 0)
D8 (1, 1, 0, 0)/(0, 0, 1, 5)
49 A1A1D6 ⊆ A1E7 (1, 1, (2, 2)/(0, 0)3) (1, 1, 2, 2)/(1, 1, 0, 0)3/(1, 0, 3, 1)2/(1, 0, 1, 3)2/ A1
(0, 0, 4, 2)/(0, 0, 2, 4)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 1, 3, 1)2/(0, 1, 1, 3)2/
(0, 0, 2, 2)3/(0, 0, 0, 0)3
D8 (1, 1, 0, 0)/(0, 0, 2, 2)/(0, 0, 0, 0)
3
50 A1A1D6 ⊆ A1E7 (1, 0, (2, 1, 1)) (1, 2, 1, 1)2/(1, 2, 1, 2)/(1, 4, 1, 0)/(1, 0, 3, 0)/ A¯1
(0, 2, 2, 2)/(0, 4, 2, 0)/(0, 4, 0, 2)/(0, 2, 0, 0)/
(0, 2, 1, 2)2/(0, 4, 1, 0)2/(0, 0, 3, 0)2
A¯1A¯1D6 (1, (2, 1, 1)) (0, 0, 2, 0)/(0, 0, 0, 2)/(2, 0, 0, 0)/(0, 0, 0, 0)
3
G2A1C3 ⊆ G2F4 (2/12, 1, (2, 1))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 0, (2, 1))
D8 (1, 0, 0, 0)
2/(0, 1, 1, 2)
51 A1A1D6 ⊆ A1E7 (1, 0, (2, 2, 0)/(0, 0, 2)) (1, 2, 2, 0)2/(1, 0, 0, 2)2/(1, 3, 1, 1)/(1, 1, 3, 1)/ A¯1
(0, 4, 2, 0)/(0, 2, 4, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 3, 1, 1)2/(0, 1, 3, 1)2/(0, 2, 2, 2)/(0, 0, 0, 2)/
A¯1A¯1D6 (1, (2, 2, 0)/(0, 0, 2)) (2, 0, 0, 0)/(0, 0, 0, 0)
3
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 2)
52 A1A1D6 ⊆ A1E7 (1, 0, (3, 1, 0)/(0, 0, 2)/ (1, 3, 1, 0)2/(1, 0, 0, 2)2/(1, 0, 0, 0)2/(1, 3, 1, 1)/ A¯1
(0, 0, 0)) (0, 4, 2, 0)/(0, 6, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 3, 1, 2)/(0, 3, 1, 0)/(0, 0, 0, 2)2/(0, 3, 1, 1)2/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A¯1A¯1D6 (1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (1, 4, 0, 1)/(1, 0, 2, 1)/(0, 4, 0, 1)
2/(0, 0, 2, 1)2/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 1)
2) (2, 0, 0, 0)/(0, 0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 1)
2)
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 0, 1, 3)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 4, 0)/
(1, 0, 0, 1)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 1, 3)/
(0, 0, 0, 0)
53 A1A1D6 ⊆ A1E7 (1, 0, (4, 0, 0)/(0, 2, 0)/ (1, 4, 0, 0)2/(1, 0, 2, 0)2/(1, 0, 0, 2)2/(1, 0, 0, 0)2/ A¯1
(0, 0, 2)/(0, 0, 0)) (0, 6, 0, 0)/(0, 2, 0, 0)/(0, 4, 2, 0)/(0, 4, 0, 0)/
(0, 0, 2, 0)2/(0, 0, 2, 2)/(0, 0, 0, 2)2/(0, 3, 1, 1)4/
A¯1A¯1D6 (1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 3, 1, 1)
2/(2, 0, 0, 0)/(0, 4, 0, 2)/(0, 0, 0, 0)3
(0, 0, 0))
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 4)/(0, 0, 0, 0)
54 A1A1D6 ⊆ A1E7 (1, 0, (1, 1, 0)/(1, 0, 1)/ (1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 0, 1, 1)2/(1, 2, 0, 1)/ A¯1
(0, 1, 1)) (1, 1, 2, 0)/(1, 1, 0, 0)/(1, 0, 1, 2)/(1, 0, 1, 0)/
(0, 2, 0, 0)2/(0, 0, 2, 0)2/(0, 2, 1, 1)/(0, 0, 1, 1)/
(0, 0, 0, 2)2/(0, 1, 1, 2)/(0, 1, 1, 0)/(0, 2, 1, 0)2/
(0, 1, 0, 0)2/(0, 1, 1, 1)2/(0, 0, 2, 1)2/(0, 0, 0, 1)2/
A¯1A¯1D6 (1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) (1, 0, 0, 1)/(1, 1, 1, 1)/(0, 1, 2, 1)/(0, 1, 0, 1)/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 1)
2) (0, 0, 1, 0)2/(0, 1, 0, 2)2/(2, 0, 0, 0)/(0, 0, 0, 0)3
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 1, 1, 0)/
(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 1, 1, 0)/(0, 1, 0, 1)/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 1, 1)
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(1, 0, 1, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
55 A1A1D6 ⊆ A1E7 (1, 0, (1, 1, 0)2/(0, 0, 2)/ (1, 1, 1, 0)4/(1, 0, 0, 2)2/(1, 0, 0, 0)2/(1, 2, 0, 1)/ A¯1T1
(0, 0, 0)) (1, 0, 2, 1)/(0, 2, 0, 0)3/(0, 0, 2, 0)3/(0, 2, 2, 0)/
(0, 1, 1, 2)2/(0, 1, 1, 0)2/(0, 0, 0, 2)2/(0, 2, 0, 1)2/
(0, 0, 2, 1)2/(1, 0, 0, 1)2/(1, 1, 1, 1)2/
A¯1A¯1D6 (1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) (0, 0, 0, 1)4/(0, 1, 1, 1)4/(2, 0, 0, 0)/(0, 0, 0, 0)4
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/
(0, 0, 1)2)
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1, 0)/(0, 0, 1))
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1, 0)/(0, 0, 1))
D8 (1, 0, 0, 0)
2/(1, 1, 0, 0)/(0, 0, 1, 1)2
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)2
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 1, 1)2/
(0, 0, 0, 0)
56 A1A1D6 ⊆ A1E7 (1, 0, (2, 0, 0)/(0, 2, 0)/ (1, 2, 0, 0)2/(1, 0, 2, 0)2/(1, 0, 0, 2)2/(1, 0, 0, 0)6/ A¯1A1
(0, 0, 2)/(0, 0, 0)3) (0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 2, 0)4/(0, 0, 2, 2)/
(0, 0, 0, 2)4/(0, 1, 1, 1)8/(0, 2, 0, 0)4/
A¯1A¯1D6 (1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 1, 1, 1)
4/(2, 0, 0, 0)/(0, 0, 0, 0)6
(0, 0, 0)3)
A¯1A¯1D6 (1, 1, (1, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 0)2)
A2A1A5 ⊆ A2E6 (1/0, 1, (1, 1, 0)/(0, 0, 1))
G2B4 ⊆ G2F4 (1/03, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0)3
57 A1A1D6 ⊆ A1E7 (1, 0, (2, 0, 0)2/(0, 2, 0)/ (1, 2, 0, 0)4/(1, 0, 2, 0)2/(1, 0, 0, 2)2/(1, 2, 1, 1)2/ A¯1T1
(0, 0, 2)) (0, 4, 0, 0)/(0, 2, 2, 0)2/(0, 2, 0, 2)2/(0, 0, 2, 0)/
(0, 0, 2, 2)/(0, 0, 0, 2)/(0, 2, 1, 1)4/(0, 0, 1, 1)4
A¯1A¯1D6 (1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (1, 0, 1, 1)2/(2, 0, 0, 0)/(0, 2, 0, 0)3/
A2A1A5 ⊆ A2E6 (2, 1, (1, 1)/(0, 0)2) (0, 0, 0, 0)4
D8 (1, 0, 0, 0)
2/(0, 2, 0, 0)2/(0, 0, 2, 0)/
(0, 0, 0, 2)
58 A1A1D6 ⊆ A1E7 (1, 1, (2, 1, 1)) (3, 1, 1, 1)/(1, 1, 1, 1)/(2, 1, 1, 2)/(4, 1, 1, 0)/ 1
(2, 0, 0, 0)2/(2, 0, 2, 2)/(4, 0, 2, 0)/(4, 0, 0, 2)/
(3, 0, 1, 2)/(1, 0, 1, 2)/(5, 0, 1, 0)/(3, 0, 1, 0)/
A¯1A¯1D6 (1, 1, (2, 1, 1)) (0, 1, 3, 0)/(0, 2, 0, 0)(0, 0, 2, 0)/(0, 0, 0, 2)/
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, (2, 1)) (1, 0, 3, 0)
D8 (1, 1, 0, 0)/(2, 0, 1, 1)
59 A1A1D6 ⊆ A1E7 (1, 1, (2, 1, 1)) (2, 1, 2, 1)/(0, 1, 2, 1)/(1, 1, 2, 2)/(1, 1, 4, 0)/ 1
(2, 0, 0, 0)3/(2, 0, 2, 2)2/(2, 0, 4, 0)2/(0, 0, 4, 2)/
(0, 0, 2, 2)/(0, 0, 4, 0)/(4, 0, 0, 0)/
A¯1A¯1D6 (1, 1, (2, 1, 1)) (3, 1, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)
A2A1A5 ⊆ A2E6 (2, 1, (2, 1))
G2A1C3 ⊆ G2F4 (22/0, 1, (2, 1))
D8 (1, 1, 0, 0)/(1, 0, 1, 2)
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
60 A1A1D6 ⊆ A1E7 (1, 1, (2, 1, 1)) (2, 1, 2, 1)2/(0, 1, 2, 1)/(0, 1, 4, 1)/(0, 1, 0, 3)/ 1
(2, 0, 2, 2)/(0, 0, 4, 2)/(2, 0, 4, 0)/(0, 0, 2, 0)/
(1, 0, 2, 1)/(1, 0, 4, 1)/(1, 0, 0, 3)
A¯1A¯1D6 (1, 1, (2, 1, 1)) (0, 2, 0, 0)/(2, 0, 0, 0)
2/(0, 0, 0, 2)/(3, 0, 2, 1)
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, (2, 1))
61 A1A1D6 ⊆ A1E7 (1, 1, (2, 2, 0)/(0, 0, 2)) (3, 1, 2, 0)/(1, 1, 2, 0)/(1, 1, 0, 2)/(3, 1, 1, 1)/ 1
(2, 0, 0, 0)2/(4, 0, 2, 0)/(2, 0, 4, 0)/(0, 0, 2, 0)/
(4, 0, 1, 1)/(2, 0, 1, 1)/(2, 0, 3, 1)/(0, 0, 3, 1)/
A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 1, 3, 1)/(0, 2, 0, 0)/(2, 0, 2, 2)/(0, 0, 0, 2)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 2, 0, 2)
62 A1A1D6 ⊆ A1E7 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 1, 2, 2)/(3, 1, 0, 0)/(1, 1, 0, 0)/(1, 1, 3, 1)/ 1
(2, 0, 0, 0)2/(0, 0, 4, 2)/(0, 0, 2, 4)/(0, 0, 2, 0)/
(2, 0, 3, 1)/(0, 0, 3, 1)/(2, 0, 1, 3)/(0, 0, 1, 3)
A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 1, 1, 3)/(0, 2, 0, 0)/(0, 0, 0, 2)/(2, 0, 2, 2)
G2B4 ⊆ G2F4 ((0, 2)/(1, 1), (2, 2))
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 2, 2)
63 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 1, 3, 1)/(2, 1, 0, 1)/(0, 1, 0, 1)/(0, 1, 3, 2)/ 1
(1, 1, 0, 2)/(0, 2, 0, 0)/(2, 0, 0, 0)2/(0, 0, 4, 2)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)) (0, 0, 0, 2)
2/(1, 0, 3, 2)/(1, 0, 3, 0)/(2, 0, 3, 1)/
(1, 0, 0, 3)/(1, 0, 0, 1)/(0, 1, 3, 0)/(1, 1, 4, 0)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 3, 1)/(1, 0, 4, 1)
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1))
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 3)
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(1, 0, 1, 0)/
(0, 0, 1, 1)
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 3)/
(0, 0, 0, 0)
64 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(1, 0, 1)) (1, 1, 3, 1)2/(2, 1, 1, 0)/(0, 1, 1, 0)/(0, 1, 5, 0)/ 1
(0, 2, 0, 0)/(2, 0, 0, 0)2/(0, 0, 4, 2)/(0, 0, 6, 0)/
(1, 0, 4, 1)2/(1, 0, 2, 1)2/(2, 0, 4, 0)/(0, 0, 4, 0)/
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 1, 3, 0)/(0, 1, 1, 2)/(0, 0, 2, 0)
2/(0, 0, 0, 2)2/
(0, 0, 0)) (2, 0, 0, 2)
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 3, 0, 1)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
65 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(0, 0, 2)/ (4, 1, 1, 0)/(2, 1, 1, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)/ 1
(0, 0, 0)) (0, 1, 2, 1)/(0, 2, 0, 0)/(2, 0, 0, 0)2/(4, 0, 2, 0)/
(3, 0, 1, 2)/(3, 0, 1, 0)/(0, 0, 0, 2)2/(4, 0, 1, 1)/
/(3, 0, 0, 1)/(1, 0, 2, 1)/(3, 1, 1, 1)/(4, 1, 0, 1)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1)) (6, 0, 0, 0)/(0, 0, 2, 0)/(2, 0, 1, 1)/(5, 0, 0, 1)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1))
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 1, 1, 0)/
(0, 0, 1, 1)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 3, 0, 1)/
(0, 0, 0, 0)
66 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(0, 0, 2)/ (1, 1, 3, 1)2/(3, 1, 0, 0)/(1, 1, 0, 0)2/(1, 1, 4, 0)/ 1
(0, 0, 0)) (2, 0, 0, 0)3/(0, 0, 4, 2)/(0, 0, 6, 0)/(0, 0, 2, 0)/
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 0, 3, 1)
2/(2, 0, 4, 0)/(0, 0, 4, 0)/(2, 0, 0, 2)
(0,0,0)) (0, 0, 3, 1)2/(2, 0, 4, 0)/(0, 0, 4, 0)/(2, 0, 0, 2)/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 1, 0, 2)/(0, 2, 0, 0)/(0, 0, 0, 2)
2/(2, 0, 3, 1)2
A¯1A¯1D6 (1, 1, (4, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, (3, 0)/(0, 1))
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 3)/
(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)
67 A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)2/(0, 1, 1)) (2, 1, 1, 0)/(0, 1, 1, 0)/(1, 1, 2, 0)/(1, 1, 0, 2)/ T1
(0, 1, 2, 1)2/(0, 1, 0, 1)2/(0, 2, 0, 0)/(2, 0, 0, 0)2/
(1, 0, 1, 0)3/(1, 0, 1, 2)/(0, 0, 2, 2)/(2, 0, 1, 1)2/
(0, 0, 1, 1)2/(1, 0, 2, 1)2/(1, 0, 0, 1)2
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(1, 0, 2)/(0, 0, 0)) (1, 1, 0, 0)2/(1, 1, 1, 1)2/(0, 0, 2, 0)4/(1, 0, 3, 0)/
A¯1A¯1D6 (1, 1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) (0, 0, 0, 2)
3/(0, 0, 0, 0)
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 1, 1)/(0, 0, 2)/
(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0)2)
D8 (1, 1, 0, 0)
2/(1, 0, 1, 0)/(0, 0, 1, 1)
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/
(0, 1, 1, 0)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)
2/(0, 1, 0, 1)/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 1, 1, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(1, 0, 1, 0)/
(0, 0, 1, 1)/(0, 0, 0, 0)2
68 A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0)) (1, 1, 1, 1)4/(3, 1, 0, 0)/(1, 1, 0, 0)4/(1, 1, 2, 0)/ A1
(2, 0, 0, 0)5/(0, 0, 2, 0)4/(0, 0, 0, 2)4/(2, 0, 1, 1)4/
(0, 0, 1, 1)4/(2, 0, 2, 0)/(2, 0, 0, 2)/
A¯1A¯1D6 (1, 1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (1, 1, 0, 2)/(0, 2, 0, 0)/(0, 0, 2, 2)/(0, 0, 0, 0)
3
(0, 0, 0)3)
A¯1A¯1D6 (1, 1, (1, 1, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)2)
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0))
G2A1C3 ⊆ G2F4 ((0, 2)/(1, 1), 1, (1, 0)2/(0, 1))
D8 (2, 0, 0, 0)/(1, 1, 0, 0)/(0, 0, 1, 1)
2/
(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(1, 0, 0, 1)/(0, 0, 0, 0)3
69 A1A1D6 ⊆ A1E7 (1, 1, (2, 0, 0)2/(0, 2, 0)/ (3, 1, 0, 0)2/(1, 1, 0, 0)2/(1, 1, 2, 0)/(1, 1, 0, 2)/ T1
(0, 0, 2)) (0, 2, 0, 0)/(2, 0, 0, 0)4/(2, 0, 2, 0)2/(2, 0, 0, 2)2/
(0, 0, 2, 0)/(0, 0, 2, 2)/(0, 0, 0, 2)/(3, 0, 1, 1)2/
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (2, 1, 1, 1)2/(0, 1, 1, 1)2/(1, 0, 1, 1)4/
A2A1A5 ⊆ A2E6 (2, 1, (1, 1, 0)/(0, 0, 1)) (4, 0, 0, 0)/(0, 0, 0, 0)
A2A1A5 ⊆ A2E6 (2, 1, (1, 1, 0)/(0, 0, 1))
D8 (2, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
Continued on next page
9
.4
R
1
...R
n
in
E
8
4
4
6
Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(1, 0, 0, 1)
70 A1A1D6 ⊆ A1E7 (1, 1, (2, 0, 0)2/(0, 2, 0)/ (1, 1, 2, 0)2/(1, 1, 0, 2)/(3, 1, 0, 0)/(1, 1, 0, 0)/ T1
(0, 0, 2)) (0, 2, 0, 0)/(2, 0, 0, 0)2/(0, 0, 2, 0)3/(0, 0, 2, 2)2/
(2, 0, 2, 0)2/(0, 0, 0, 2)/(2, 0, 0, 2)/(2, 0, 2, 1)2/
(0, 0, 0, 1)2/(1, 1, 2, 1)2/(1, 1, 0, 1)2/
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (0, 0, 4, 0)/(0, 0, 2, 1)2/(2, 0, 0, 1)2/(0, 0, 0, 0)
A2A1A5 ⊆ A2E6 (2, 1, (1, 1)/(1, 0))
G2B4 ⊆ G2F4 ((0, 2)/(1, 1), 2, 0)/(0, 2)2
D8 (2, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 1, 0, 1)
71 A1A2A5 ⊆ A1E7 (1, 2, (2, 0)/(0, 2)) (1, 2, 2, 0)2/(1, 2, 0, 2)2/(1, 0, 2, 2)2/(1, 0, 0, 0)2/ T1
(0, 2, 0, 2)2/(0, 2, 2, 2)2/(0, 4, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 2)2/(0, 0, 4, 0)/(0, 0, 2, 0)/(0, 0, 0, 4)/
A2A1A5 ⊆ A2E6 (2, 1, (2, 0)/(0, 2)) (2, 0, 0, 0)/(0, 2, 2, 0)2/(0, 0, 0, 2)/(0, 0, 0, 0)
A2A
3
2 ⊆ A2E6 (1/0, 2, 2, 2)
72 A1G2C3 ⊆ A1E7 (1, 6, (2, 1)) (1, 6, 2, 1)/(1, 0, 4, 1)/(1, 0, 0, 3)/(2, 0, 0, 0)/ 1
(0, 10, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 2)/(0, 0, 0, 2)/
G2A1C3 ⊆ G2F4 (6, 1, (2, 1)) (0, 6, 2, 2)/(0, 6, 4, 0)/(0, 0, 2, 0)
G2A1G2 ⊆ G2F4 ((0, 2)/(1, 1), 1, 6)
73 A1A1D6 ⊆ A1E7 (0, 0, (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 0, 0, 0)5/(0, 2, 0, 0)5/(0, 0, 2, 0)5/(0, 0, 0, 2)5/ A¯12
(0, 0, 2, 0)/(0, 0, 0, 2)) (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 2, 2, 0)/(0, 2, 0, 2)/
A¯1A¯1D6 (1, 1, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/ (0, 0, 2, 2)/(1, 1, 1, 1)
8/(0, 0, 0, 0)6
(0, 0, 0)3)
D8 (1, 1, 0, 0)
2/(0, 0, 1, 1)2
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
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Table 9.13 – continued from previous page
M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 0, 0, 2)/(0, 0, 0, 0)4
74 A1A1D6 ⊆ A1E7 (0, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (2, 2, 0, 0)/(0, 2, 0, 0)/(2, 0, 2, 0)/(0, 0, 2, 0)/ A¯1
(0, 0, 2, 0)/(0, 0, 0, 2)) (2, 0, 0, 2)/(0, 0, 0, 2)/(1, 1, 1, 1)4/(0, 2, 2, 0)/
(3, 0, 0, 0)2/(1, 0, 0, 0)2/(1, 2, 0, 0)2/(1, 0, 2, 0)2/
(0, 2, 0, 2)/(0, 0, 2, 2)/(0, 1, 1, 1)2/
(1, 0, 0, 2)2/(2, 1, 1, 1)2/(2, 0, 0, 0)2/(0, 0, 0, 0)3
A1A1D6 ⊆ A1E7 (1, 0, (2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2))
G2B4 ⊆ G2F4 (2/12, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
D8 (1, 0, 0, 0)
2/(2, 0, 0, 0)/(0, 2, 0, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)
75 A1A1D6 ⊆ A1E7 (1, 1, (2, 1, 1)) (2, 2, 1, 1)/(0, 2, 1, 1)/(1, 2, 1, 2)2/(1, 4, 1, 0)2/ 1
(0, 2, 2, 2)/(0, 4, 2, 0)/(0, 4, 0, 2)/(0, 2, 0, 0)/
(1, 0, 3, 0)2/(2, 0, 0, 0)2/(0, 0, 2, 0)/(0, 0, 0, 2)
D8 (2, 0, 0, 0)/(0, 1, 1, 2)/(0, 0, 0, 0)
76 A1A1D6 ⊆ A1E7 (1, 1, (2, 2, 0)/(0, 0, 2)) (2, 2, 2, 0)/(0, 2, 2, 0)/(2, 0, 0, 2)/(0, 0, 0, 2)2/ 1
(2, 0, 0, 0)2/(0, 4, 2, 0)/(0, 2, 4, 0)/(0, 2, 0, 0)/
(1, 3, 1, 1)2/(1, 1, 3, 1)2/(0, 0, 2, 0)/(0, 2, 2, 2)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 2)/
(0, 0, 0, 0)
77 A1A1D6 ⊆ A1E7 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (2, 3, 1, 0)/(0, 3, 1, 0)2/(2, 0, 0, 2)/(0, 0, 0, 2)3/ T1
(1, 3, 1, 1)2/(1, 4, 0, 1)2/(1, 0, 2, 1)2/(0, 4, 2, 0)/
(0, 6, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 3, 1, 2)/
D8 (1, 1, 0, 0)
2/(0, 0, 1, 3) (2, 0, 0, 0)3/(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 1)
2
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 3)/
(0, 0, 0, 0)2
78 A1A1D6 ⊆ A1E7 (1, 1, (4, 0, 0)/(0, 2, 0)/ (2, 4, 0, 0)/(0, 4, 0, 0)2/(2, 0, 2, 0)/(0, 0, 2, 0)3/ T1
(0, 0, 2)/(0, 0, 0)) (1, 3, 1, 1)4/(0, 6, 0, 0)/(0, 2, 0, 0)/(0, 4, 2, 0)/
(2, 0, 0, 2)/(0, 0, 0, 2)3/(0, 4, 0, 2)/(0, 0, 2, 2)/
(2, 0, 0, 0)3/(0, 0, 0, 0)
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 4)/(0, 0, 0, 0)2
79 A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)/(1, 0, 1)/(0, 1, 1)) (2, 1, 1, 0)/(0, 1, 1, 0)2/(2, 1, 0, 1)/(0, 1, 0, 1)2/ 1
(1, 2, 0, 1)/(1, 0, 0, 1)2/(1, 1, 1, 1)2/(1, 1, 2, 0)/
(1, 0, 1, 0)2/(2, 0, 0, 0)2/(0, 2, 0, 0)2/(0, 0, 2, 0)2/
(0, 0, 0, 2)2/(0, 1, 1, 2)/(1, 2, 1, 0)/(1, 1, 0, 2)/
D8 (1, 1, 0, 0)/(1, 0, 1, 0)/(0, 1, 0, 1)/ (2, 0, 1, 1)/(1, 1, 0, 0)
2/(1, 0, 1, 2)/(0, 0, 1, 1)2/
(0, 0, 1, 1) (0, 2, 1, 1)/(0, 1, 2, 1)/(1, 0, 2, 1)
D8 (2, 0, 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/
(0, 0, 1, 1)/(0, 0, 0, 0)
80 A1A1D6 ⊆ A1E7 (1, 1, (1, 1, 0)2/(0, 0, 2)/(0, 0, 0)) (2, 1, 1, 0)2/(0, 1, 1, 0)4/(2, 0, 0, 2)/(0, 0, 0, 2)3/ T2
(1, 2, 0, 1)2/(1, 0, 0, 1)4/(1, 1, 1, 1)4/(1, 0, 2, 1)2/
(0, 2, 0, 0)3/(0, 0, 2, 0)3/(0, 2, 2, 0)/(0, 1, 1, 2)2/
(2, 0, 0, 0)3/(0, 0, 0, 0)2
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 1, 1)
2/
(0, 0, 0, 0)2
81 A1A1D6 ⊆ A1E7 (1, 1, (2, 0, 0)2/(0, 2, 0)/(0, 0, 2)) (2, 2, 0, 0)2/(0, 2, 0, 0)5/(2, 0, 2, 0)/(0, 0, 2, 0)2/ T1
(1, 2, 1, 1)4/(1, 0, 1, 1)4/(2, 0, 0, 0)2/(0, 2, 2, 0)2/
(0, 2, 0, 2)2/(0, 0, 2, 2)/(2, 0, 0, 2)/(0, 0, 0, 2)2/
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
A1A1D6 ⊆ A1E7 (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (0, 4, 0, 0)/(0, 0, 0, 0)
(0, 0, 2, 0)/(0, 0, 0, 2)
G2B4 ⊆ G2F4 (22/0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
A2A1A5 ⊆ A2E6 (2, 1, (1, 1, 0)/(0, 0, 1))
D8 (2, 0, 0, 0)
2/(0, 2, 0, 0)/(0, 0, 2, 0)/
(0, 0, 0, 2)/(0, 0, 0, 0)
82 A1A1D6 ⊆ A1E7 (1, 1, (2, 0, 0, 0)/(0, 2, 0, 0)/ (1, 3, 0, 0)/(1, 1, 0, 0)2/(3, 1, 0, 0)/(1, 1, 2, 0)/ 1
(0, 0, 2, 0)/(0, 0, 0, 2)) (0, 1, 1, 1)2/(2, 0, 0, 0)2/(0, 2, 0, 0)2/(2, 2, 0, 0)/
(2, 0, 2, 0)/(2, 0, 0, 2)/(0, 0, 2, 0)/(0, 0, 2, 2)/
(1, 0, 1, 1)2/(1, 1, 0, 2)/(2, 1, 1, 1)2/
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/ (0, 2, 2, 0)/(0, 2, 0, 2)/(0, 0, 0, 2)/(1, 2, 1, 1)
2
(0, 0, 0, 2)/(1, 1, 0, 0)
83 A2A
3
2 ⊆ A2E6 (2, 2, 2, 2) (0, 2, 2, 2)2/(2, 0, 2, 2)2/(2, 2, 0, 2)2/(2, 2, 2, 0)2/ 1
(0, 0, 4, 0)/(0, 0, 0, 4)/(0, 2, 0, 0)/(0, 0, 2, 0)/
(4, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 0, 2)/(2, 0, 0, 0)
84 G2B4 ⊆ G2F4 (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) (6, 2, 0, 0)/(6, 0, 2, 0)/(6, 0, 0, 2)/(6, 1, 1, 1)2/ 1
(2, 0, 0, 0)/(0, 1, 1, 1)2/(0, 2, 0, 0)/(0, 2, 2, 0)/
(0, 0, 2, 0)/(0, 0, 0, 2)/(6, 0, 0, 0)/(10, 0, 0, 0)/
D8 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/ (0, 2, 0, 2)/(0, 0, 2, 2)
(0, 0, 0, 6)
85 D8 (4, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/ (6, 0, 0, 0)/(2, 0, 0, 0)/(4, 2, 0, 0)/(0, 2, 0, 0)/ 1
(0, 0, 0, 2) (0, 0, 6, 0)/(0, 0, 2, 0)/(0, 0, 4, 2)/(0, 0, 0, 2)/
D8 (1, 3, 0, 0)/(0, 0, 1, 3) (3, 1, 3, 1)
2/(4, 0, 4, 0)/(4, 0, 0, 2)/(0, 2, 4, 0)/(0, 2, 0, 2)
86 D8 (2, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 1, 3) (2, 0, 0, 0)/(2, 4, 0, 0)/(2, 0, 1, 3)/(0, 6, 0, 0)/ 1
(0, 0, 2, 4)/(0, 0, 0, 6)/(0, 0, 0, 2)/(0, 0, 2, 0)
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M VM(λ1) ↓ A41 L (E8) ↓ A41 CG(A41)◦
(0, 2, 0, 0)/(0, 4, 1, 3)/(1, 3, 1, 3)/(1, 3, 2, 0)/(1, 3, 0, 4)
87 D8 (1, 1, 1, 1) (2, 2, 2, 0)/(2, 2, 0, 2)/(2, 0, 2, 2)/(0, 2, 2, 2)/ 1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(3, 1, 1, 1)/(1, 3, 1, 1)/(1, 1, 3, 1)/(1, 1, 1, 3)
88 D8 (1, 1, 1, 1) (2, 2, 2, 0)
2/(2, 2, 0, 2)2/(2, 0, 2, 2)2/(0, 2, 2, 2)2/ 1
(2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/
(4, 0, 0, 0)/(0, 4, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)
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Table 9.14: A31 in E8
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
1 A¯1A¯1D6 (1, 1, 10/0) (1, 1, 10)/(1, 1, 0)/(1, 0, 15)/(1, 0, 9)/(1, 0, 5)/ 1
⊆ A¯1E7 (0, 0, 14)/(0, 0, 10)2/(0, 0, 6)/(0, 0, 2)/(0, 1, 15)/
(2, 0, 0)/(0, 2, 0)/(0, 0, 18)/(0, 1, 9)/(0, 1, 5)
2 A¯1A¯1D6 (1, 1, 8/2) (1, 1, 8)/(1, 1, 2)/(1, 0, 11)/(1, 0, 9)/(1, 0, 5)/ 1
⊆ A¯1E7 (0, 0, 14)/(0, 0, 10)2/(0, 0, 6)2/(0, 0, 2)2/(0, 0, 8)/
(1, 0, 3)/(2, 0, 0)/(0, 2, 0)/(0, 1, 3)/
D8 (2, 0, 0)/(8, 0, 0)/(0, 1, 1) (0, 1, 11)/(0, 1, 9)/(0, 1, 5)
3 A¯1A¯1D6 (1, 1, 6/4) (1, 1, 6)/(1, 1, 4)/(1, 0, 9)/(1, 0, 7)/(1, 0, 5)/ 1
⊆ A¯1E7 (0, 0, 10)2/(0, 0, 6)3/(0, 0, 2)3/(0, 0, 8)/(0, 0, 4)/
(1, 0, 3)2/(2, 0, 0)/(0, 2, 0)/(0, 1, 3)2/
(0, 1, 9)/(0, 1, 7)/(0, 1, 5)
D8 (4, 0, 0)/(6, 0, 0)/(0, 1, 1)
4 A¯1A¯1D6 (1, 1, 6/2/0
2) (1, 1, 6)/(1, 1, 2)/(1, 1, 0)2/(1, 0, 7)2/(1, 0, 5)2/ T1
⊆ A¯1E7 (0, 0, 10)/(0, 0, 6)4/(0, 0, 2)4/(0, 1, 7)2/(0, 1, 5)2/
(1, 0, 1)2/(2, 0, 0)/(0, 2, 0)/(0, 1, 1)2/
A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0)) (0, 0, 8)/(0, 0, 4)/(0, 0, 0)
⊆ A¯1E7
5 A¯1A¯1D6 (1, 1, 6/0
5) (1, 1, 6)/(1, 1, 0)5/(1, 0, 6)4/(1, 0, 0)4/(2, 0, 0)/ C2
⊆ A¯1E7 (0, 0, 2)/(0, 1, 6)4/(0, 2, 0)/(0, 1, 0)4
A¯1A¯1D6 (0, 1, (6, 0)/(0, 1)
2/(0, 0)) (0, 0, 10)/(0, 0, 6)6/(0, 0, 0)10
⊆ A¯1E7
G2A¯1C3 (6, 1, 1/0
4)
⊆ G2F4
6 A¯1A¯1D6 (1, 1, 6/0/1
2) (1, 1, 6)/(1, 1, 0)/(1, 1, 1)2/(1, 0, 7)/(1, 0, 5)/ 1
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (2, 0, 0)/(0, 2, 0)/(0, 0, 10)/(0, 0, 6)2/(0, 0, 2)2/
(0, 0, 0)3/(0, 1, 7)/(0, 1, 5)/(0, 1, 6)2/(0, 1, 0)2/
A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0)) (1, 0, 6)2/(1, 0, 0)2/(1, 0, 1)/(0, 1, 1)/
⊆ A¯1E7 (0, 0, 7)2/(0, 0, 5)2/(0, 0, 1)2
A¯1A¯1D6 (0, 1, (6, 0)/(1, 1)/(0, 0))
⊆ A¯1E7
7 A¯1A¯1D6 (1, 1, 4/2
2/0) (1, 1, 4)/(1, 1, 2)2/(1, 1, 0)/(1, 0, 5)2/(1, 0, 3)4/ T1
⊆ A¯1E7 (0, 0, 6)3/(0, 0, 2)8/(0, 1, 5)2/(0, 1, 3)4/(0, 1, 1)2/
A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0)) (1, 0, 1)
2/(2, 0, 0)/(0, 2, 0)/(0, 0, 4)4/(0, 0, 0)
⊆ A¯1E7
D8 (2, 0, 0)/(4, 0, 0)/(1, 1, 0)/(1, 0, 1)
8 A¯1A¯1D6 (1, 1, 4/2/0
4) (1, 1, 4)/(1, 1, 2)/(1, 1, 0)4/(1, 0, 4)4/(1, 0, 2)4/ A¯1
2
⊆ A¯1E7 (0, 0, 2)7/(0, 1, 4)4/(0, 1, 2)4/(0, 0, 4)5/
A¯1A¯1D6 (0, 1, (4, 0)/(0, 1)
2/(2, 0)) (2, 0, 0)/(0, 2, 0)/(0, 0, 6)2/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1))
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/(0, 0, 4)
9 A¯1A¯1D6 (1, 1, 4/2/1
2) (1, 1, 4)/(1, 1, 2)/(1, 1, 1)2/(1, 0, 5)/(1, 0, 3)2/ A¯1
⊆ A¯1E7 (2, 0, 0)/(0, 2, 0)/(0, 0, 6)2/(0, 0, 2)4/(0, 0, 4)/(0, 0, 5)2/
(0, 1, 5)/(0, 1, 3)2/(0, 1, 1)/(0, 1, 4)2/(0, 1, 2)2
A¯1A¯1D6 (0, 1, (4, 0)/(1, 1)/(2, 0)) (1, 0, 1)/(1, 0, 4)
2/(1, 0, 2)2/(0, 0, 3)4/(0, 0, 1)2/
⊆ A¯1E7 (0, 0, 0)3
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0))
⊆ A¯1E7
Continued on next page
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 0, 0)
2/(2, 0, 0)/(4, 0, 0)/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 4, 0)/(0, 1, 1)
10 A¯1A¯1D6 (1, 1, 4/0
7) (1, 1, 4)/(1, 1, 0)7/(1, 0, 3)8/(2, 0, 0)/(0, 2, 0)/ B3
⊆ A¯1E7 (0, 1, 3)8/(0, 0, 6)/(0, 0, 2)/(0, 0, 4)7/
A¯1A¯1D6 (0, 1, (3, 0)
2/(0, 1)2) (0, 0, 0)21
⊆ A¯1E7
A2A¯1A5 (0, 1, (3, 0)/(0, 1))
⊆ A2E6
G2A¯1C3 (0, 1, (3, 0)/(0, 1))
⊆ G2F4
11 A¯1A¯1D6 (1, 1, 4/0
3/12) (1, 1, 4)/(1, 1, 0)3/(1, 1, 1)2/(1, 0, 4)2/(1, 0, 2)2/ A¯1A1
⊆ A¯1E7 (0, 2, 0)/(0, 0, 6)/(0, 0, 2)2/(0, 0, 4)3/(0, 0, 1)6/
(1, 0, 3)4/(2, 0, 0)/(0, 1, 4)2/(0, 1, 2)2/(0, 1, 3)4/
A¯1A¯1D6 (0, 1, (3, 0)
2/(1, 1)) (0, 0, 5)2/(0, 0, 3)2/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2)
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 3, 0)2/(0, 1, 1)
12 A¯1A¯1D6 (1, 1, 2
4) (1, 1, 2)4/(1, 0, 4)2/(1, 0, 2)6/(1, 0, 0)4/(2, 0, 0)/ A21
⊆ A¯1E7 (0, 0, 4)6/(0, 1, 4)2/(0, 1, 2)6/(0, 1, 0)4
A2A1A5 (1/0, (1, 2
2)) (0, 2, 0)/(0, 0, 2)10/(0, 0, 0)6
G2A¯1C3 (1
2/03, 1, 22)
⊆ G2F4
D8 (2, 0, 0)
4/(0, 1, 1)
13 A¯1A¯1D6 (1, 1, 2
3/03) (1, 1, 2)3/(1, 1, 0)3/(1, 0, 3)4/(1, 0, 1)8/(0, 2, 0)/ A21
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (0, 0, 2)15/(0, 0, 4)3/(0, 1, 3)4/(0, 1, 1)8
A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2) (2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
14 A¯1A¯1D6 (1, 1, 2
2/06) (1, 1, 2)2/(1, 1, 0)6/(1, 0, 2)8/(1, 0, 0)8/(2, 0, 0)/ A3T1
⊆ A¯1E7 (0, 0, 2)15/(0, 0, 4)//(0, 1, 2)8/(0, 1, 0)8
A¯1A¯1D6 (0, 1, (1, 0)
2/(0, 2)2/(0, 0)2) (0, 2, 0)/(0, 0, 0)16
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4)
⊆ A¯1E7
A2A1A5 (2, (1, 1/0
4))
A2A1A5 (1/0, (1, 2/0
3))
A2A¯1A5 (0, 1, (2, 0)/(0, 1)/(0, 0))
⊆ A2E6
G2A¯1C3 (2
2/0, 1, 1/04)
⊆ G2F4
A8 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)
2
A24 (2/0
2, (1, 0)/(0, 1)/(0, 0))
A24 (1/0
3, (2, 0)/(0, 1))
15 A¯1A¯1D6 (1, 1, 2
2/02/12) (1, 1, 2)2/(1, 1, 0)2/(1, 1, 1)2/(1, 0, 3)2/(1, 0, 1)4/ A1T2
⊆ A¯1E7 (1, 0, 2)4/(1, 0, 0)4/(2, 0, 0)/(0, 2, 0)/(0, 0, 3)4/
(0, 0, 1)8/(0, 1, 3)2/(0, 1, 1)4/(0, 1, 2)4/(0, 1, 0)4/
A¯1A¯1D6 (0, 1, (1, 1)/(0, 2)
2/(0, 0)2) (0, 0, 2)8/(0, 0, 4)/(0, 0, 0)5
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/
⊆ A¯1E7 (1, 0)2/(0, 0))
A2A1A5 (1/0, (1, 2/1/0))
A8 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)/(1, 0, 0)
A24 (2/1, (1, 0)/(0, 1)/(0, 0))
16 A¯1A¯1D6 (1, 1, 2/0
9) (1, 1, 2)/(1, 1, 0)9/(1, 0, 1)16/(2, 0, 0)/(0, 2, 0)/ B4
⊆ A¯1E7 (0, 0, 2)10/(0, 1, 1)16/(0, 0, 0)36
A¯1A¯1D6 (0, 1, (1, 0)
4/(0, 1)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 0)
8)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 0)
8)
⊆ A¯1E7
A2A¯1A5 (0, 1, (1, 0)/(0, 1)
2)
⊆ A2E6
G2A¯1C3 (0, 1, (1, 0)
2/(0, 1))
⊆ G2F4
17 A¯1A¯1D6 (1, 1, 2/0
5/12) (1, 1, 2)/(1, 1, 0)5/(1, 1, 1)2/(1, 0, 2)4/(1, 0, 0)4/ A1C2
⊆ A¯1E7 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)7/(0, 0, 3)2/(0, 1, 2)4/
(1, 0, 1)8/(0, 1, 1)8/(0, 1, 0)4/(0, 0, 1)12/(0, 0, 0)13
A¯1A¯1D6 (0, 1, (1, 1)/(0, 1)
4)
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (0, 2)/(1, 0)
2/(0, 1)2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2)
Continued on next page
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4)
⊆ A¯1E7
G2A¯1C3 (2/1
2, 1, 1/04)
⊆ G2F4
D8 (1, 0, 0)
4/(0, 1, 0)2/(1, 0, 1)
18 A¯1A¯1D6 (1, 1, 2/0/3
2) (1, 1, 2)/(1, 1, 0)/(1, 1, 3)2/(1, 0, 5)/(1, 0, 4)2/ A1
⊆ A¯1E7 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)3/(0, 0, 5)2/(0, 0, 3)4/
(0, 0, 6)/(0, 1, 5)/(0, 1, 4)2/(0, 1, 3)/(0, 1, 2)2/
D8 (3, 0, 0)
2/(1, 1, 0)/(1, 0, 1) (1, 0, 3)/(1, 0, 2)2/(1, 0, 1)3/(0, 1, 1)3/
(0, 0, 1)2/(0, 0, 4)3/(0, 0, 0)3
19 A¯1A¯1D6 (1, 1, 2/0/1
4) (1, 1, 2)/(1, 1, 0)/(1, 1, 1)4/(1, 0, 3)/(1, 0, 2)4/
⊆ A¯1E7 (0, 2, 0)/(0, 0, 2)8/(0, 1, 3)/(0, 1, 2)4/(0, 1, 1)6/
(1, 0, 1)6/(1, 0, 0)4/(2, 0, 0)/(0, 1, 0)4/
A¯1A¯1D6 (0, 1, (1, 1)/(2, 0)/(1, 0)
2/ (0, 0, 3)4/(0, 0, 1)8/(0, 0, 0)10
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/
⊆ A¯1E7 (0, 0))
D8 (1, 0, 0)
4/(1, 1, 0)/(1, 0, 1)
20 A¯1A¯1D6 (1, 1, 0
8/12) (1, 1, 0)8/(1, 1, 1)2/(1, 0, 1)8/(1, 0, 0)16/(0, 0, 1)16/ A1D4
⊆ A¯1E7 (0, 0, 2)/(0, 1, 1)8/(0, 1, 0)16/(2, 0, 0)/(0, 2, 0)/
A¯1A¯1D6 (0, 1, (1, 0)
2/(0, 1)2/(0, 0)4) (0, 0, 0)31
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (1, 1)/(0, 0)
8)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A2A1A5 (1/0, (1, 1/0
4))
A2A¯1A5 (0, 1, (1, 0)/(0, 1)/(0, 0)
2)
⊆ A2E6
G2A¯1C3 (0, 1, (1, 0)/(0, 1)/(0, 0)
2)
⊆ G2F4
G2A¯1C3 (1
2/03, 1, 1/04)
⊆ G2F4
A8 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)
3
A24 (1/0
3, (1, 0)/(0, 1)/(0, 0))
21 A¯1A¯1D6 (1, 1, 0
4/32) (1, 1, 0)4/(1, 1, 3)2/(1, 0, 4)2/(1, 0, 3)4/(1, 0, 0)6/ A¯1
2
A1
⊆ A¯1E7 (0, 0, 3)8/(0, 0, 4)3/(0, 0, 6)/(0, 0, 2)/(0, 1, 4)2/
A¯1A¯1D6 (0, 1, (4, 0)/(0, 1)
2/(0, 0)3) (0, 1, 3)4/(0, 1, 0)6/(2, 0, 0)/(0, 2, 0)/(0, 0, 0)9
⊆ A¯1E7
A2A1A5 (1/0, (1, 3/0
2))
G2A¯1C3 (1
2/03, 1, 3/02)
⊆ G2F4
A8 (3, 0, 0)/(0, 1, 0)/(0, 0, 1)/(0, 0, 0)
A24 (3/0, (1, 0)/(0, 1)/(0, 0))
D8 (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 3)2
22 A¯1A¯1D6 (1, 1, 0
4/14) (1, 1, 0)4/(1, 1, 1)4/(1, 0, 2)2/(1, 0, 1)8/(1, 0, 0)10/ A3T1
⊆ A¯1E7 (0, 0, 1)16/(0, 0, 2)6/(0, 1, 2)2/(0, 1, 1)8/(0, 1, 0)10
A¯1A¯1D6 (0, 1, (1, 1)/(1, 0)
2/(0, 0)4) (2, 0, 0)/(0, 2, 0)/(0, 0, 0)16
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (1, 0)
2/(0, 2)/(0, 0)5)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 1)2/(0, 0)4)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 1)2/(0, 0)4)
⊆ A¯1E7
A2A1A5 (1/0, (1, 1
2/02))
G2A¯1C3 (1
2/03, 1, 12/02)
⊆ G2F4
A8 (1, 0, 0)/(0, 1, 0)/(0, 0, 1)
2/(0, 0, 0)
A24 (1
2/0, (1, 0)/(0, 1)/(0, 0))
D8 (1, 0, 0)
4/(0, 1, 0)2/(0, 0, 1)2
23 A¯1A¯1D6 (1, 1, 3
2/12) (1, 1, 3)2/(1, 1, 1)2/(1, 0, 4)4/(1, 0, 2)2/(1, 0, 0)6/ A¯1A1
⊆ A¯1E7 (0, 0, 6)/(0, 0, 2)6/(0, 1, 5)/(0, 1, 3)5/(0, 1, 1)3
A¯1A¯1D6 (0, 1, (4, 0)/(1, 1)/(0, 0)
3) (2, 0, 0)/(0, 2, 0)/(0, 0, 4)7/
⊆ A¯1E7 (0, 0, 0)6
A2A1A5 (1/0, (1, 3/1))
G2A¯1C3 (1
2/03, 1, 3/1)
⊆ G2F4
D8 (1, 0, 0)
2/(3, 0, 0)2/(0, 1, 1)
24 A¯1A¯1D6 (1, 1, 1
6) (1, 1, 1)6/(1, 0, 2)6/(1, 0, 0)14/(2, 0, 0)/(0, 0, 2)15/ C3
⊆ A¯1E7 (0, 1, 3)/(0, 1, 1)14/(0, 2, 0)/(0, 0, 0)21
A¯1A¯1D6 (0, 1, (2, 0)/(1, 1)/(0, 0)
5)
⊆ A¯1E7
A2A1A5 (1/0, (1, 1
3))
G2A¯1C3 (1
2/03, 1, 13)
⊆ G2F4
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 0, 0)
6/(0, 1, 1)
25 A¯1A¯1D6 (1, 1, 8/0
3) (1, 1, 8)/(1, 1, 0)3/(1, 0, 10)2/(1, 0, 4)2/(2, 0, 0)/ A1
⊆ A¯1E7 (0, 0, 6)/(0, 0, 2)/(0, 1, 10)2/(0, 1, 4)2
(0, 2, 0)/(0, 0, 14)/(0, 0, 10)/(0, 0, 8)3/(0, 0, 0)3
26 A¯1A¯1D6 (1, 1, 4
2/02) (1, 1, 4)2/(1, 1, 0)2/(1, 0, 6)2/(1, 0, 4)2/(1, 0, 2)2/ T2
⊆ A¯1E7 (0, 0, 6)3/(0, 0, 2)3/(0, 1, 6)2/(0, 1, 4)2/(0, 1, 2)2/
(1, 0, 0)2/(2, 0, 0)/(0, 2, 0)/(0, 1, 0)2/
A2A1A5 (1/0, (1, 4/0)) (0, 0, 8)/(0, 0, 4)
5/(0, 0, 0)2
A8 (4, 0, 0)/(0, 1, 0)/(0, 0, 1)
A24 (4, (1, 0)/(0, 1)/(0, 0))
27 A¯1A¯1D6 (1, 1, 5
2) (1, 1, 5)2/(1, 0, 8)2/(1, 0, 4)2/(1, 0, 0)4/(2, 0, 0)/ A1
⊆ A¯1E7 (0, 0, 6)/(0, 0, 2)/(0, 1, 5)3/(0, 1, 9)/(0, 1, 3)/
A2A1A5 (1/0, (1, 5)) (0, 2, 0)/(0, 0, 8)
3/(0, 0, 4)3/(0, 0, 10)/(0, 0, 0)3
G2A¯1C3 (1
2/03, 1, 5)
⊆ G2F4
D8 (5, 0, 0)
2/(0, 1, 1)
28 A¯1A¯1D6 (1, 0, (2, 2)/(2, 0)) (1, 2, 2)
2/(1, 2, 0)2/(1, 4, 1)/(1, 2, 1)/ A¯1
⊆ A¯1E7 (0, 4, 2)2/(0, 2, 4)/(0, 2, 0)2/(0, 0, 2)2/(0, 2, 2)/
(0, 4, 1)2/(0, 2, 1)2/(0, 2, 3)2/(0, 0, 3)2/(1, 2, 3)/
A¯1A¯1D6 (0, 1, (2, 2)/(2, 0)) (1, 0, 3)/(2, 0, 0)/(0, 0, 0)
3
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 2, 2)
29 A¯1A¯1D6 (1, 0, (8, 0)/(0, 2)) (1, 8, 0)
2/(1, 0, 2)2/(1, 10, 1)/(0, 14, 0)/(0, 10, 0)/ A¯1
⊆ A¯1E7 (0, 6, 0)/(0, 2, 0)/(0, 8, 2)/(0, 0, 2)/(0, 10, 1)2/
A¯1A¯1D6 (0, 1, (8, 0)/(0, 2)) (0, 4, 1)
2/(1, 4, 1)/(2, 0, 0)/(0, 0, 0)3
Continued on next page
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 0, 8)
30 A¯1A¯1D6 (1, 0, (3, 1)/(1, 1)) (1, 3, 1)
2/(1, 1, 1)2/(1, 5, 0)/(1, 3, 0)2/(1, 1, 2)/ A¯1
⊆ A¯1E7 (0, 4, 2)2/(0, 6, 0)/(0, 2, 0)3/(0, 0, 2)2/(0, 4, 0)/
(0, 0, 3)2/(0, 0, 1)2/(0, 2, 2)/(0, 4, 1)4/(0, 2, 1)2
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2)) (1, 3, 2)/(2, 0, 0)/(0, 0, 0)3
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2)
⊆ A¯1E7
G2A¯1C3 (2/1
2, 1, 3/1)
⊆ G2F4
D8 (1, 0, 0)
2/(2, 0, 0)/(0, 4, 0)/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 1, 1)/(0, 1, 3)
31 A¯1A¯1D6 (1, 0, (3, 1)/(1, 1)) (1, 3, 1)
2/(1, 1, 1)2/(1, 4, 1)2/(1, 2, 1)/(1, 0, 3)/ A¯1
⊆ A¯1E7 (0, 4, 2)2/(0, 6, 0)/(0, 2, 0)3/(0, 0, 2)2/(0, 4, 0)/
(0, 2, 2)/(0, 5, 0)2/(0, 3, 0)4/(0, 1, 2)2/(0, 3, 2)2
A¯1A¯1D6 (0, 1, (3, 1)/(1, 1)) (1, 0, 1)/(2, 0, 0)/(0, 0, 0)
3
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2))
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)/(4, 0, 0)/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 1, 1)/(1, 3, 0)
32 A¯1A¯1D6 (1, 0, (3, 1)/(1, 0)
2) (1, 3, 1)2/(1, 1, 0)4/(1, 4, 1)/(1, 0, 2)2/ A¯1
2
⊆ A¯1E7 (2, 0, 0)/(0, 4, 2)/(0, 6, 0)/(0, 2, 0)2/
(0, 5, 0)2/(0, 3, 0)2/(0, 1, 2)2/(0, 3, 1)4
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (0, 1, (4, 0)/(1, 0)
2/(0, 2)) (0, 0, 2)/(0, 4, 1)2/(0, 2, 1)2/(1, 2, 1)/(1, 4, 0)2/
⊆ A¯1E7 (0, 0, 0)6
A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4)
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 2)/(4, 0, 0)
33 A¯1A¯1D6 (1, 0, (3, 1)/(1, 0)
2) (1, 3, 1)4/(1, 1, 0)4/(1, 5, 0)/(1, 3, 0)/(0, 4, 2)/ A¯1
2
⊆ A¯1E7 (0, 6, 0)/(0, 2, 0)2/(0, 0, 2)5/(0, 4, 1)4/(0, 2, 1)4/
(0, 4, 0)4/(1, 1, 2)/(2, 0, 0)/(0, 0, 0)6
34 A¯1A¯1D6 (1, 0, (3, 1)/(0, 1)
2) (1, 3, 1)4/(1, 0, 1)5/(1, 4, 1)/(0, 4, 2)/(0, 6, 0)/ A¯1
2
⊆ A¯1E7 (0, 2, 0)/(0, 0, 2)6/(0, 3, 2)4/(0, 3, 0)4/(0, 4, 0)4/
A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0)) (1, 0, 3)/(2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4)
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 1, 0)2/(3, 0, 1)
35 A¯1A¯1D6 (1, 0, (3, 1)/(0, 1)
2) (1, 3, 1)2/(1, 0, 1)4/(1, 3, 2)/(1, 3, 0)/(1, 4, 0)2/ A¯1
2
⊆ A¯1E7 (0, 4, 2)/(0, 6, 0)/(0, 2, 0)/(0, 0, 2)2/(0, 3, 2)2/
(0, 0, 1)2/(0, 3, 0)2/(0, 4, 1)2/(0, 0, 3)2/(0, 3, 1)4
A¯1A¯1D6 (0, 1, (3, 1)/(0, 1)
2) (1, 0, 2)2/(2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (4, 0)/(0, 1)
2/(0, 2))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4)
⊆ A¯1E7
G2A¯1C3 (2/1
2, 1, 3/02)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ G2F4
D8 (1, 0, 0)
2/(0, 1, 0)2/(1, 0, 3)
D8 (1, 0, 0)
2/(0, 1, 0)2/(2, 0, 0)/(0, 0, 4)
36 A¯1A¯1D6 (1, 0, (3, 1)/(2, 0)/(0, 0)) (1, 3, 1)
2/(1, 2, 0)2/(1, 0, 0)2/(1, 5, 0)/(1, 3, 0)/ A¯1
⊆ A¯1E7 /(0, 4, 2)/(0, 6, 0)/(0, 2, 0)3/(0, 0, 2)/(0, 5, 1)
(0, 1, 1)/(0, 5, 0)2/(0, 3, 0)2/(0, 1, 2)2/(0, 4, 1)2/
A¯1A¯1D6 (0, 1, (3, 1)/(2, 0)/(0, 0)) /(0, 3, 1)
2/(1, 1, 2)/(1, 4, 1)/(1, 2, 1)/(0, 2, 1)2/
⊆ A¯1E7 (2, 0, 0)/(0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2))
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)/(4, 0, 0)/(1, 0, 1)
D8 (1, 0, 0)
2/(1, 1, 0)/(3, 0, 1)
37 A¯1A¯1D6 (1, 0, (3, 1)/(0, 2)/(0, 0)) (1, 3, 1)
2/(1, 0, 2)2/(1, 0, 0)2/(1, 3, 2)/(1, 3, 0)/ A¯1
⊆ A¯1E7 /(0, 4, 2)/(0, 6, 0)/(0, 2, 0)/(0, 0, 2)3/(0, 3, 3)/
(0, 3, 1)2/(0, 3, 2)2/(0, 3, 0)2/(0, 4, 1)2/(0, 0, 3)2/
(0, 0, 1)2/(1, 4, 1)/(1, 0, 3)/
(1, 0, 1)/(2, 0, 0)/(0, 0, 0)3
A¯1A¯1D6 (0, 1, (3, 1)/(0, 2)/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2))
⊆ A¯1E7
D8 (1, 0, 0)
2/(2, 0, 0)/(0, 4, 0)/(1, 0, 1)
D8 (1, 0, 0)
2/(1, 1, 0)/(1, 0, 3)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
38 A¯1A¯1D6 (1, 0, (3, 0)
2/(0, 2)/(0, 0)) (1, 3, 0)4/(1, 0, 2)2/(1, 0, 0)2/(1, 3, 1)2/(1, 4, 1)/ A¯1A1
⊆ A¯1E7 /(0, 4, 0)3/(0, 6, 0)/(0, 2, 0)/(0, 3, 2)2/(0, 3, 0)2/
(0, 0, 2)2/(1, 0, 1)3/(0, 3, 1)4/(0, 4, 1)2/(0, 0, 1)6
A¯1A¯1D6 (0, 1, (3, 0)
2/(0, 2)/(0, 0)) (2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 1)2)
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 3, 0)2/(1, 0, 1)
39 A¯1A¯1D6 (1, 0, (3, 1)/(0, 0)
4) (1, 3, 1)4/(1, 0, 0)8/(1, 4, 0)2/(1, 0, 2)2/(2, 0, 0)/ A¯1
3
⊆ A¯1E7 (0, 4, 2)/(0, 6, 0)/(0, 2, 0)/(0, 0, 2)5/
A¯1A¯1D6 (0, 1, (3, 1)/(0, 0)
4) (0, 3, 1)8/(0, 4, 0)4/(0, 0, 0)9
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (4, 0)/(0, 2)/(0, 0)
4)
⊆ A¯1E7
A2A1A5 (1/0, (1, (3, 0)/(0, 1)))
G2A¯1C3 (1
2/03, (1, (3, 0)/(0, 1)))
⊆ G2F4
40 A¯1A¯1D6 (1, 0, (6, 0)/(0, 4)) (1, 6, 0)
2/(1, 0, 4)2/(1, 6, 3)/(1, 0, 3)/(2, 0, 0)/ A¯1
⊆ A¯1E7 (0, 10, 0)/(0, 6, 0)/(0, 2, 0)/(0, 6, 4)/(0, 0, 6)/(0, 0, 2)/
A¯1A¯1D6 (0, 1, (6, 0)/(0, 4)) (0, 6, 3)
2/(0, 0, 3)2/(0, 0, 0)3
⊆ A¯1E7
G2A¯1C3 (6, 1, 3/0
2)
⊆ G2F4
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 0, 0)
2/(0, 4, 0)/(0, 0, 6)
41 A¯1A¯1D6 (1, 0, (6, 0)/(0, 2)/(0, 0)
2) (1, 6, 0)2/(1, 0, 2)2/(1, 0, 0)4/(1, 6, 1)2/(1, 0, 1)2/ A¯1T1
⊆ A¯1E7 (0, 6, 0)3/(0, 2, 0)/(0, 6, 2)/(0, 0, 2)3/(0, 6, 1)4
A¯1A¯1D6 (0, 1, (6, 0)/(0, 2)/(0, 0)
2) (0, 0, 1)4/(0, 10, 0)/(2, 0, 0)/(0, 0, 0)4
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (6, 0)/(0, 1)
2/(0, 0))
⊆ A¯1E7
A2G2 (1/0, (1/0, 6))
G2A¯1C3 (6, 1, 1
2/02)
⊆ G2F4
42 A¯1A¯1D6 (1, 0, (4, 0)/(0, 4)/(0, 0)
2) (1, 4, 0)2/(1, 0, 4)2/(1, 0, 0)4/(1, 3, 3)2/(2, 0, 0)/ A¯1T1
⊆ A¯1E7 (0, 6, 0)/(0, 2, 0)/(0, 4, 4)/(0, 4, 0)2/(0, 0, 6)/
A¯1A¯1D6 (0, 1, (4, 0)/(0, 4)/(0, 0)
2) (0, 0, 2)/(0, 0, 4)2/(0, 3, 3)4/(0, 0, 0)4
⊆ A¯1E7
A2C
2
2 (1/0, (3, 3))
⊆ A2C4
43 A¯1A¯1D6 (1, 0, (4, 0)/(1, 1)/(0, 2)) (1, 4, 0)
2/(1, 1, 1)2/(1, 0, 2)2/(1, 4, 1)/(1, 2, 1)/ A¯1
⊆ A¯1E7 /(0, 2, 0)2/(0, 5, 1)/(0, 3, 1)/(0, 4, 2)/(0, 0, 2)2/
(0, 1, 3)/(0, 1, 1)/(0, 4, 1)2/(0, 2, 1)2/(0, 3, 2)2/
A¯1A¯1D6 (0, 1, (4, 0)/(1, 1)/(0, 2)) (1, 3, 2)/(0, 6, 0)/(1, 3, 0)/(0, 3, 0)
2/
⊆ A¯1E7 (2, 0, 0)/(0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 0, 4)/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 1, 1)/(3, 1, 0)
44 A¯1A¯1D6 (1, 0, (4, 0)/(0, 2)
2/(0, 0)) (1, 4, 0)2/(1, 0, 2)4/(1, 0, 0)2/(1, 3, 2)2/(1, 3, 0)2/ A¯1T1
⊆ A¯1E7 (0, 2, 0)/(0, 4, 2)2/(0, 4, 0)/(0, 0, 2)5/(0, 0, 4)/
(0, 3, 2)4/(0, 3, 0)4/(2, 0, 0)/(0, 6, 0)/
A¯1A¯1D6 (0, 1, (4, 0)/(0, 2)
2/(0, 0)) (0, 0, 0)4
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2)
⊆ A¯1E7
A2A1A5 (2, (1, 3/0
2))
G2A¯1C3 (2
2/0, 1, 3/02)
⊆ G2F4
A8 (3, 0, 0)/(0, 2, 0)/(0, 0, 1)
A24 (3/0, (2, 0)/(0, 1))
45 A¯1A¯1D6 (1, 0, (4, 0)/(0, 2)/ (1, 4, 0)
2/(1, 0, 2)2/(1, 2, 0)2/(1, 0, 0)2/(1, 4, 1)2/ A¯1
⊆ A¯1E7 (2, 0)/(0, 0)) (0, 2, 0)4/(0, 4, 2)/(0, 4, 0)2/(0, 0, 2)2/(0, 2, 2)/
(1, 2, 1)2/(0, 4, 1)4/(0, 2, 1)4/(0, 6, 0)2/
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0)) (2, 0, 0)/(0, 0, 0)3
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (4, 0)/(0, 2)/(2, 0)/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(2, 0))
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 4, 0)/(1, 0, 1)
46 A¯1A¯1D6 (1, 0, (1, 1)
3) (1, 1, 1)6/(1, 2, 1)3/(1, 0, 1)5/(1, 0, 3)//(0, 2, 0)6/ A¯1A1
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (0, 0, 2)6/(0, 2, 2)3/(0, 3, 0)2/(0, 1, 2)6/(0, 1, 0)10/
A¯1A¯1D6 (0, 1, (1, 1)
3) (2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/
⊆ A¯1E7 (0, 0)2)
G2A¯1C3 (2/1
2, 1, 13)
⊆ G2F4
D8 (1, 0, 0)
2/(0, 1, 1)3
D8 (1, 0, 0)
2/(1, 1, 0)2/(0, 1, 1)
47 A¯1A¯1D6 (1, 0, (1, 0)
2/(2, 0)/ (1, 1, 0)4/(1, 2, 0)2/(1, 0, 2)2/(1, 0, 0)4/(1, 1, 1)4/ A¯1A1T1
⊆ A¯1E7 (0, 2)/(0, 0)2) (1, 0, 1)2/(0, 2, 0)4/(0, 3, 0)2/(0, 1, 0)6/(0, 1, 2)2/
(0, 2, 2)/(0, 0, 2)3/(0, 1, 1)8/(0, 2, 1)4/(0, 0, 1)4/
A¯1A¯1D6 (0, 1, (1, 1)
2/(0, 1)2) (1, 2, 1)2/(2, 0, 0)/(0, 0, 0)7
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (1, 0)
2/(2, 0)/(0, 2)/
⊆ A¯1E7 (0, 0)2)
A¯1A¯1D6 (0, 1, (1, 1)
2/(0, 1)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (0, 2)/(1, 0)
2/(0, 1)2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 0)4)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
A2A1A5 (1/0, (0, (1, 1)/(1, 0)))
G2A¯1C3 (2/1
2, 1, 12/02)
⊆ G2F4
A8 (1, 1, 0)/(0, 0, 1)/(1, 0, 0)/(0, 0, 0)
48 A¯1A¯1D6 (1, 0, (1, 1)
2/(0, 1)2) (1, 1, 1)8/(1, 0, 1)7/(1, 2, 1)/(1, 0, 3)/(2, 0, 0)/
⊆ A¯1E7 (0, 2, 0)7/(0, 0, 2)8/(0, 2, 2)/(0, 1, 2)8/(0, 1, 0)8/
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0)) (0, 0, 0)15
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (2, 0)/(0, 2)/(0, 0)
6)
⊆ A¯1E7
A2A¯1A5 (0, 1, (1, 1)/(1, 0))
⊆ A2E6
D8 (1, 0, 0)
4/(1, 1, 0)/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 1, 0)2/(1, 0, 1)2
49 A¯1A¯1D6 (1, 0, (1, 1)/(0, 1)
2/(1, 0)2) (1, 1, 1)4/(1, 0, 1)8/(1, 1, 0)5/(1, 2, 0)2/(1, 0, 0)2/ A¯1B2
⊆ A¯1E7 (0, 2, 0)2/(0, 0, 2)6/(0, 1, 2)2/(0, 1, 0)10/(0, 2, 1)4/
(0, 0, 1)4/(0, 1, 1)8/(1, 1, 2)/(2, 0, 0)/(0, 0, 0)13
A¯1A¯1D6 (0, 1, (1, 0)
4/(0, 2)/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (1, 1)/(0, 1)
2/(1, 0)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 1)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(1, 0)
2/(0, 0)4)
⊆ A¯1E7
D8 (1, 0, 0)
4/(0, 1, 0)2/(0, 1, 1)
D8 (1, 0, 0)
2/(0, 1, 0)2/(0, 0, 1)2/(1, 1, 0)
50 A¯1A¯1D6 (1, 0, (1, 1)
2/(0, 0)4) (1, 1, 1)8/(1, 0, 0)12/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)/ A3A1
⊆ A¯1E7 (0, 0, 0)18/(0, 2, 0)7/(0, 0, 2)7/(0, 2, 2)/(0, 1, 1)16
A¯1A¯1D6 (0, 1, (1, 1)
2/(0, 0)4)
⊆ A¯1E7
A¯1A¯1D6 (0, 1, (2, 0)/(0, 2)/(0, 0)
6)
⊆ A¯1E7
A2A1A5 (1/0, (0, (1, 1)/(0, 0)
2))
A2A¯1A5 (0, 1, (1, 1)/(0, 0)
2)
⊆ A2E6
G2A¯1C3 (1
2/03, (1, (1, 0)2/(0, 1)))
⊆ G2F4
A8 (1, 1, 0)/(0, 0, 1)/(0, 0, 0)
3
A24 (1/0
3, (1, 1)/(0, 0))
51 A¯1A¯1D6 (1, 0, (1, 1)/(2, 0)/(0, 2)/ (1, 1, 1)
2/(1, 2, 0)2/(1, 0, 2)2/(1, 0, 0)4/(1, 2, 1)2/ A¯1T1
⊆ A¯1E7 (0, 0)2) (1, 0, 1)2/(1, 1, 2)2/(1, 1, 0)2/(0, 2, 0)4/(0, 0, 2)4/
(0, 3, 1)/(0, 1, 1)4/(0, 1, 3)/(0, 2, 2)/(0, 2, 1)4/
A¯1A¯1D6 (0, 1, (1, 1)/(2, 0)/(0, 2)/ (0, 0, 1)
4/(0, 1, 2)4/(0, 1, 0)4/(2, 0, 0)/(0, 0, 0)4
⊆ A¯1E7 (0, 0)2)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2)
⊆ A¯1E7
A2A1A5 (1/0, (1, (1, 1)/(1, 0)))
52 A¯1A¯1D6 (1, 0, (2, 0)
3/(0, 2)) (1, 2, 0)6/(1, 0, 2)2/(1, 3, 1)2/(1, 1, 1)4/(2, 0, 0)/ A¯1A1
⊆ A¯1E7 (0, 4, 0)3/(0, 2, 2)3/(0, 0, 2)/(0, 3, 1)4/(0, 1, 1)8
A¯1A¯1D6 (0, 1, (2, 0)
3/(0, 2)) (0, 2, 0)6/(0, 0, 0)6
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 2, 0)3/(0, 0, 2)
53 A¯1A¯1D6 (1, 0, (2, 0)
2/(0, 2)2) (1, 2, 0)6/(1, 0, 2)6/(1, 2, 2)2/(1, 0, 0)2/(2, 0, 0)/ A2T1
⊆ A¯1E7 (0, 2, 0)7/(0, 4, 0)/(0, 2, 2)8/(0, 0, 2)7/(0, 0, 4)/
A¯1A¯1D6 (0, 1, (2, 0)
2/(0, 2)2) (0, 0, 0)9
⊆ A¯1E7
A2A1A5 (2, (1, 2/0
3))
A2A1A5 (1/0, (0, (2, 0)/(0, 2)))
A2A¯1A5 (0, 1, (2, 0)/(0, 2))
⊆ A2E6
A8 (2, 0, 0)/(0, 2, 0)/(0, 0, 1)/(0, 0, 0)
A24 (2/0
2, (2, 0)/(0, 1))
D8 (1, 0, 0)
2/(0, 2, 0)2/(0, 0, 2)2
54 A¯1A¯1D6 (1, 0, (2, 0)
2/(0, 2)/(0, 0)3) (1, 2, 0)4/(1, 0, 2)2/(1, 0, 0)6/(1, 2, 1)4/(1, 0, 1)4/ A¯1A1T1
⊆ A¯1E7 (0, 2, 0)9/(0, 4, 0)/(0, 2, 2)2/(0, 0, 2)4/(0, 2, 1)8/
A¯1A¯1D6 (0, 1, (2, 0)
2/(0, 2)/(0, 0)3) (2, 0, 0)/(0, 0, 1)8/(0, 0, 0)7
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
2/(0, 2)2/(0, 0)2)
⊆ A¯1E7
A2A1A5 (1/0, (1, (2, 0)/(0, 1)/(0, 0)))
A2A1A5 (2, (1, 1
2/02))
G2A¯1C3 (2
2/0, 1, 12/02)
⊆ G2F4
G2B4 (1
2/03, (2, 0)/(0, 2)2)
⊆ G2F4
A8 (2, 0, 0)/(0, 1, 0)/(0, 0, 1)
2
A24 (1
2/0, (2, 0)/(0, 1))
55 A¯1A¯1D6 (1, 0, (1, 1)/(2, 0)/(0, 1)
2/ (1, 1, 1)4/(1, 2, 0)4/(1, 0, 1)5/(1, 0, 0)4/(1, 1, 2)/ B2
⊆ A¯1E7 (0, 0)) /(0, 2, 0)7/(0, 0, 2)2/(0, 3, 1)/(0, 1, 1)6/(0, 1, 2)4/
(1, 1, 0)/(1, 2, 1)/(0, 2, 1)4/(0, 0, 1)4/
A¯1A¯1D6 (0, 1, (1, 1)/(2, 0)/(0, 1)
2/ (0, 1, 0)4/(2, 0, 0)/(0, 0, 0)10
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
4)
⊆ A¯1E7
D8 (1, 0, 0)
2/(0, 1, 0)2/(1, 1, 0)/(1, 0, 1)
56 A¯1A¯1D6 (1, 0, (1, 1)
2/(2, 0)/(0, 0)) (1, 1, 1)4/(1, 2, 0)2/(1, 0, 0)2/(1, 3, 0)/(1, 1, 0)3/ A¯1T1
⊆ A¯1E7 (1, 0, 1)2/(0, 2, 0)5/(0, 0, 2)3/(0, 2, 2)/(0, 3, 1)2/
(0, 1, 1)4/(0, 3, 0)2/(0, 1, 0)6/(0, 2, 1)4/(0, 0, 1)4
A¯1A¯1D6 (0, 1, (1, 1)
2/(2, 0)/(0, 0)) (1, 2, 1)2//(0, 1, 2)2/(1, 1, 2)/(2, 0, 0)/(0, 0, 0)4
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(1, 0)
2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(1, 0)
2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/
⊆ A¯1E7 (0, 0)2)
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/
⊆ A¯1E7 (0, 0))
D8 (1, 0, 0)
2/(1, 1, 0)2/(1, 0, 1)
57 A¯1A¯1D6 (1, 0, (2, 1)
2) (1, 2, 1)4/(1, 2, 2)2/(1, 0, 0)4/(0, 2, 2)3/(0, 4, 0)3/ A¯1A1
⊆ A¯1E7 (0, 4, 2)/(0, 2, 0)/(0, 0, 2)/(0, 2, 1)6/(0, 4, 1)2/
A2A1A5 (1/0, (0, (2, 1))) (0, 0, 3)
2/(1, 4, 0)2/(2, 0, 0)/(0, 0, 0)6
G2A¯1C3 (1
2/03, 1, 0, (2, 1))
⊆ G2F4
G2A¯1C3 (2/1
2, 1, 22)
⊆ G2F4
A8 (2, 1, 0)/(0, 0, 1)/(0, 0, 0)
Continued on next page
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 0, 0)
2/(0, 1, 2)2
58 A¯1A¯1D6 (1, 0, (2, 1)
2) (1, 2, 1)7/(1, 4, 1)/(0, 2, 2)7/(0, 4, 0)7/ G2
⊆ A¯1E7 (0, 4, 2)/(0, 2, 0)/(0, 0, 2)/
A¯1A¯1D6 (0, 1, (2, 1)
2) (1, 0, 3)/(2, 0, 0)/(0, 0, 0)14
⊆ A¯1E7
A2A¯1A5 (0, 1, (2, 1))
⊆ A2E6
G2A¯1C3 (0, 1, (2, 1))
⊆ G2F4
59 A¯1A¯1D6 (1, 0, (5, 1)) (1, 5, 1)
2/(1, 8, 1)/(1, 4, 1)/(0, 8, 2)/(0, 4, 2)/(0, 2, 0)/ A¯1
⊆ A¯1E7 (0, 0, 2)/(0, 10, 0)/(0, 6, 0)/(0, 5, 2)2/(0, 9, 0)2/
D8 (1, 0, 0)
2/(0, 1, 5) (0, 3, 0)2/(1, 0, 3)/(2, 0, 0)/(0, 0, 0)3
60 A¯1A¯1D6 (1, 0, (5, 1)) (1, 5, 1)
2/(1, 5, 2)/(1, 9, 0)/(0, 8, 2)/(0, 4, 2)/(0, 2, 0)/ A¯1
⊆ A¯1E7 (0, 0, 2)/(0, 10, 0)/(0, 6, 0)/(0, 8, 1)2/(0, 4, 1)2/
A¯1A¯1D6 (0, 1, (5, 1)) (0, 0, 3)
2/(1, 3, 0)/(2, 0, 0)/(0, 0, 0)3
⊆ A¯1E7
G2A¯1C3 (2/1
2, 1, 5)
⊆ G2F4
61 A¯1A¯1D6 (1, 0, (2, 2)/(0, 0)
3) (1, 2, 2)2/(1, 0, 0)6/(1, 3, 1)2/(1, 1, 3)2/(0, 4, 2)/ A1A¯1
⊆ A¯1E7 (0, 2, 4)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)3/(0, 3, 1)4/
A¯1A¯1D6 (0, 1, (2, 2)/(0, 0)
3) (0, 1, 3)4/(2, 0, 0)/(0, 0, 0)6
⊆ A¯1E7
A2B4 (1/0, (2, 2))
⊆ A2F4
G2B4 (1
2/03, (2, 2))
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ G2F4
62 A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) (3, 1, 2)/(1, 1, 2)/(3, 1, 0)/(1, 1, 0)/(4, 1, 1)/ 1
⊆ A¯1E7 (0, 2, 0)/(2, 0, 0)3/(4, 0, 2)2/(2, 0, 4)/(0, 0, 2)2/
(1, 0, 1)/(3, 0, 3)/(1, 0, 3)2/(0, 1, 3)/
A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) (2, 0, 2)/(5, 0, 1)/(3, 0, 1)
2/(2, 1, 1)/(2, 1, 3)
⊆ A¯1E7
D8 (2, 0, 0)/(1, 1, 0)/(2, 0, 2)
63 A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) (3, 1, 2)
2/(1, 1, 2)3/(1, 1, 4)/(3, 1, 0)/(0, 2, 0)/ 1
⊆ A¯1E7 (4, 0, 2)2/(0, 0, 2)3/(2, 0, 2)3/(0, 0, 4)/(4, 0, 0)/
A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) (2, 0, 0)
4/(2, 0, 4)3
⊆ A¯1E7
D8 (2, 0, 0)/(0, 1, 1)/(2, 2, 0)
64 A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) (9, 1, 0)/(7, 1, 0)/(1, 1, 2)/(10, 1, 1)/(4, 1, 1)/ 1
⊆ A¯1E7 (10, 0, 0)/(6, 0, 0)/(8, 0, 2)/(0, 0, 2)/(11, 0, 1)/
A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) (0, 2, 0)/(2, 0, 0)
2/(14, 0, 0)/(5, 0, 1)/(3, 0, 1)
⊆ A¯1E7 (9, 0, 1)
D8 (2, 0, 0)/(0, 8, 0)/(0, 1, 1)
65 A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) (1, 1, 8)/(3, 1, 0)/(1, 1, 0)/(1, 1, 10)/(1, 1, 4)/ 1
⊆ A¯1E7 (0, 0, 10)2(0, 0, 6)/(0, 0, 2)/(2, 0, 8)/(2, 0, 10)/
A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) (0, 2, 0)/(2, 0, 0)
2/(0, 0, 14)/(2, 0, 4)/(0, 0, 4)
⊆ A¯1E7
D8 (2, 0, 0)/(0, 8, 0)/(1, 0, 1)
66 A¯1A¯1D6 (1, 1, (4, 0)/(2, 0)/ (4, 1, 1)/(2, 1, 1)
2/(0, 1, 1)/(5, 1, 0)/(3, 1, 0)2/ 1
⊆ A¯1E7 (0, 2)/(0, 0)) (2, 0, 0)4/(4, 0, 2)2/(6, 0, 0)/(0, 0, 2)2/(4, 0, 0)/
(1, 0, 1)2/(1, 0, 3)/(1, 1, 2)/(3, 1, 2)/(0, 2, 0)/
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) (2, 0, 2)/(5, 0, 1)
2/(3, 0, 1)3
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2))
⊆ A¯1E7
D8 (2, 0, 0)/(0, 4, 0)/(1, 1, 0)/(0, 1, 1)
67 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (2, 1, 3)
2/(0, 1, 3)3/(2, 1, 1)2/(0, 1, 1)/(0, 1, 5)/ T1
⊆ A¯1E7 (2, 0, 4)4/(0, 0, 6)/(0, 0, 2)4/(0, 0, 4)3/(2, 0, 2)2/
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) (0, 2, 0)/(2, 0, 0)5/(4, 0, 0)/(0, 0, 0)
⊆ A¯1E7
A2A1A5 (2, (1, 3/1))
G2A¯1C3 (2
2/0, 1, 3/1)
⊆ G2F4
D8 (1, 1, 0)/(1, 0, 1)/(1, 3, 0)
68 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (4, 1, 1)
3/(2, 1, 1)3/(0, 1, 1)2/(0, 1, 3)/(0, 2, 0)/ 1
⊆ A¯1E7 (0, 0, 2)3/(4, 0, 0)4/(2, 0, 2)3/
A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (2, 0, 0)
6/(4, 0, 2)3/(6, 0, 0)2
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(2, 0)/
⊆ A¯1E7 (0, 0))
D8 (1, 1, 0)/(1, 0, 1)/(3, 1, 0)
69 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (2, 1, 3)/(0, 1, 3)/(2, 1, 1)/(0, 1, 1)/(1, 1, 4)
2/ 1
⊆ A¯1E7 (2, 0, 0)3/(2, 0, 4)2/(0, 0, 6)/(0, 0, 2)3/(0, 0, 4)/
(3, 0, 1)/(1, 0, 1)/(3, 0, 3)/(2, 0, 2)/(1, 0, 5)/
A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (1, 0, 3)
3/(1, 1, 2)/(3, 1, 0)/(1, 1, 0)/(0, 2, 0)
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2))
⊆ A¯1E7
D8 (2, 0, 0)/(0, 4, 0)/(1, 1, 0)/(1, 0, 1)
70 A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) (1, 1, 3)4/(2, 1, 1)/(0, 1, 1)4/(0, 1, 5)/(0, 1, 3)/ A¯1
2
⊆ A¯1E7 (0, 0, 6)/(0, 0, 2)2/(1, 0, 4)4/(1, 0, 2)4/(2, 0, 4)/
A¯1A¯1D6 (0, 1, (3, 1)/(1, 0)
2) (0, 2, 0)/(2, 0, 0)5/(0, 0, 4)4/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4)
⊆ A¯1E7
D8 (3, 0, 0)
2/(1, 1, 0)/(0, 1, 1)
71 A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) (4, 1, 1)
2/(2, 1, 1)2/(3, 1, 0)2/(1, 1, 0)2/(5, 1, 0)/ 1
⊆ A¯1E7 (2, 0, 0)5/(4, 0, 2)/(6, 0, 0)2/(0, 0, 2)2/(5, 0, 1)2/
(1, 1, 2)/(0, 2, 0)/(4, 0, 0)2/(2, 0, 2)/
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(2, 0)/ (3, 0, 1)
4/(1, 0, 1)2
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(2, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0))
⊆ A¯1E7
D8 (2, 0, 0)/(4, 0, 0)/(1, 1, 0)/(0, 1, 1)
72 A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0)) (2, 1, 3)
2/(0, 1, 3)2/(3, 1, 0)2/(1, 1, 0)3/(1, 1, 4/ T1
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (2, 0, 4)2/(0, 0, 6)/(0, 0, 2)/(3, 0, 3)2/(1, 0, 3)4/
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) (0, 2, 0)/(2, 0, 0)6/(0, 0, 4)/(4, 0, 0)/(0, 0, 0)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0))
⊆ A¯1E7
73 A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) (7, 1, 0)/(5, 1, 0)/(1, 1, 4)/(6, 1, 3)/(0, 1, 3)/ 1
⊆ A¯1E7 (6, 0, 0)/(6, 0, 4)/(0, 0, 6)/(0, 0, 2)/(7, 0, 3)/
A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) (0, 2, 0)/(2, 0, 0)
2/(10, 0, 0)/(5, 0, 3)/(1, 0, 3)
⊆ A¯1E7
D8 (4, 0, 0)/(0, 6, 0)/(0, 1, 1)
74 A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) (1, 1, 6)/(5, 1, 0)/(3, 1, 0)
2/(3, 1, 6)/(0, 2, 0)/ 1
⊆ A¯1E7 (0, 0, 2)/(4, 0, 6)2/(6, 0, 0)/(2, 0, 6)/(4, 0, 0)/
A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) (2, 0, 0)
3/(0, 0, 10)/(0, 0, 6)
⊆ A¯1E7
G2A¯1C3 (6, 1, 3/1)
⊆ G2F4
D8 (4, 0, 0)/(0, 6, 0)/(1, 0, 1)
75 A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0)) (7, 1, 0)/(5, 1, 0)/(1, 1, 2)/(1, 1, 0)
2/(6, 1, 1)2/ T1
⊆ A¯1E7 (2, 0, 0)2/(10, 0, 0)/(6, 0, 0)3/(7, 0, 1)2/(5, 0, 1)2/
(0, 1, 1)2/(0, 2, 0)/(1, 0, 1)2/
A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) (6, 0, 2)/(0, 0, 2)3/(0, 0, 0)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0))
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (6, 0)/(1, 1)/(0, 0))
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
76 A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) (1, 1, 6)3/(3, 1, 0)/(1, 1, 0)5/(0, 2, 0)/(2, 0, 0)6/ A1
⊆ A¯1E7 (0, 0, 10)/(0, 0, 6)5/(0, 0, 2)/(2, 0, 6)3/(0, 0, 0)3
A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2)
⊆ A¯1E7
G2A¯1C3 (6, 1, 1
3)
⊆ G2F4
77 A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) (5, 1, 0)/(3, 1, 0)/(1, 1, 4)/(1, 1, 0)2/(3, 1, 3)2/ T1
⊆ A¯1E7 (4, 0, 4)/(4, 0, 0)2/(0, 0, 6)/(0, 0, 2)/(4, 0, 3)2/
A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) (0, 2, 0)/(2, 0, 0)2/(6, 0, 0)/(2, 0, 3)2/
⊆ A¯1E7 (0, 0, 4)2/(0, 0, 0)
78 A¯1A¯1D6 (1, 1, (1, 1)
3) (2, 1, 1)6/(0, 1, 1)8/(0, 1, 3)/(0, 2, 0)/(2, 0, 0)13/ A2
⊆ A¯1E7 (4, 0, 0)/(0, 0, 2)9/(2, 0, 2)6/(0, 0, 0)8
A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)
3)
⊆ A¯1E7
A2A1A5 (2, (1, 1
3))
G2A¯1C3 (2
2/0, 1, 13)
⊆ G2F4
D8 (1, 1, 0)
3/(1, 0, 1)
79 A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3) (2, 1, 1)3/(0, 1, 1)3/(1, 1, 2)3/(1, 1, 0)5/(3, 1, 0)/ A1
⊆ A¯1E7 (0, 0, 2)6/(2, 0, 2)3/(1, 0, 3)/(3, 0, 1)3/(1, 0, 1)8
A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/(0, 0)) (0, 2, 0)/(2, 0, 0)7/(0, 0, 0)3
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/
⊆ A¯1E7 (0, 2)/(0, 0)2)
A¯1A¯1D6 (1, 1, (1, 1)
3)
⊆ A¯1E7
80 A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2) (2, 1, 1)/(0, 1, 1)5/(1, 1, 2)4/(1, 1, 0)4/(0, 1, 3)2/ A1T1
A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/(0, 0)) (0, 0, 2)10/(1, 0, 3)4/(2, 0, 2)2/(0, 2, 0)/(2, 0, 0)4/
⊆ A¯1E7 (1, 0, 1)8/(0, 0, 4)/(0, 0, 0)4
A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2)
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1)/(0, 2)
2/(0, 0)2)
⊆ A¯1E7
81 A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) (3, 1, 0)3/(1, 1, 0)3/(1, 1, 2)/(3, 1, 1)2/(1, 1, 1)4/ A1
⊆ A¯1E7 (2, 0, 2)3/(0, 0, 2)/(4, 0, 1)2/(2, 0, 1)6/(0, 0, 1)4
A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) (0, 2, 0)/(2, 0, 0)7/(4, 0, 0)3/(0, 0, 0)3
⊆ A¯1E7
D8 (2, 0, 0)
3/(0, 2, 0)/(1, 0, 1)
82 A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) (1, 1, 2)3/(3, 1, 0)/(1, 1, 0)/(1, 1, 3)2/(1, 1, 1)4/ A1
⊆ A¯1E7 (2, 0, 2)3/(2, 0, 3)2/(0, 0, 3)2/(2, 0, 1)4/(0, 0, 1)4
A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) (0, 2, 0)/(2, 0, 0)2/(0, 0, 2)6/(0, 0, 4)3/(0, 0, 0)3
⊆ A¯1E7
D8 (2, 0, 0)
3/(0, 2, 0)/(0, 1, 1)
83 A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) (3, 1, 0)2/(1, 1, 0)2/(1, 1, 2)2/(2, 1, 2)2/(2, 1, 0)2/ T2
⊆ A¯1E7 (0, 2, 0)/(2, 0, 2)4/(0, 0, 2)3/(0, 0, 4)/(3, 0, 2)2/
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
(0, 1, 2)2/(0, 1, 0)2/(1, 0, 2)4/(3, 0, 0)2/(1, 0, 0)4
A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) (2, 0, 0)4/(4, 0, 0)/(0, 0, 0)2
⊆ A¯1E7
A2A1A5 (2, (1, 2/1/0))
A2A1A5 (1/0, (1, (2, 0)/(0, 2)))
A24 (2/1, (2, 0)/(0, 1))
D8 (2, 0, 0)
2/(0, 2, 0)2/(1, 0, 1)
84 A¯1A¯1D6 (1, (1, (2, 1)
2) (3, 1, 1)2/(1, 1, 1)2/(2, 1, 2)2/(0, 1, 0)4/(4, 1, 0)2/ A1
⊆ A¯1E7 (4, 0, 2)/(0, 0, 2)/(3, 0, 1)4/(1, 0, 1)3/(5, 0, 1)/
(0, 2, 0)/(2, 0, 0)2/(1, 0, 3)/
(2, 0, 2)3/(4, 0, 0)3/(0, 0, 0)3
A2A1A5 (1/0, (1, (2, 1)))
G2A¯1C3 (1
2/03, (1, (2, 1)))
⊆ G2F4
85 A¯1A¯1D6 (1, 1, (2, 1)
2) (2, 1, 2)4/(0, 1, 2)2/(0, 1, 0)4/(0, 1, 4)2/(0, 2, 0)/ A1
⊆ A¯1E7 (0, 0, 4)4/(2, 0, 4)2/(0, 0, 2)4/(4, 0, 0)/
A2A1A5 (2, (1, 2
2)) (2, 0, 0)3/(2, 0, 2)6/(0, 0, 0)3
A2A1A5 (1/0, (1, (2, 1)))
G2A¯1C3 (2
2/0, 1, 22)
⊆ G2F4
G2A¯1C3 (1
2/03, (1, (2, 1)))
⊆ G2F4
86 A¯1A¯1D6 (1, 1, (2, 1)
2) (3, 1, 1)2/(1, 1, 1)2/(2, 1, 1)3/(4, 1, 1)/(0, 1, 3)/ A1
⊆ A¯1E7 (0, 0, 2)/(3, 0, 2)2/(1, 0, 2)2/(1, 0, 0)4/(5, 0, 0)2/
(4, 0, 2)/(0, 2, 0)/(2, 0, 0)2/(2, 0, 2)3/(3, 0, 0)2/
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (2, 1)
2) (4, 0, 0)3/(0, 0, 0)3
⊆ A¯1E7
D8 (1, 1, 0)/(2, 0, 1)
2
87 A¯1A¯1D6 (1, 1, (2, 1)
2) (2, 1, 2)2/(0, 1, 2)2/(1, 1, 2)3/(1, 1, 4)/(3, 1, 0)/ A1
⊆ A¯1E7 (2, 0, 4)/(0, 0, 2)/(3, 0, 2)2/(1, 0, 2)2/(1, 0, 0)4/
A¯1A¯1D6 (1, 1, (2, 1)
2) (0, 2, 0)/(2, 0, 0)2/(2, 0, 2)3/(1, 0, 4)2/
⊆ A¯1E7 (0, 0, 4)3/(0, 0, 0)3
D8 (1, 1, 0)/(1, 0, 2)
2
88 A¯1A¯1D6 (1, 1, (5, 1) (6, 1, 1)/(4, 1, 1)/(5, 1, 2)/(9, 1, 0)/(3, 1, 0)/ 1
⊆ A¯1E7 (4, 0, 2)/(0, 0, 2)/(10, 0, 0)/(6, 0, 0)/(9, 0, 1)/
(0, 2, 0)/(2, 0, 0)2/(8, 0, 2)/(1, 0, 3)
A¯1A¯1D6 (1, 1, (5, 1)) (7, 0, 1)/(5, 0, 1)/(3, 0, 1)/
⊆ A¯1E7
D8 (1, 1, 0)/(5, 0, 1)
89 A¯1A¯1D6 (1, 1, (5, 1)) (2, 1, 5)
2/(0, 1, 5)/(0, 1, 9)/(0, 1, 3)/(0, 2, 0)/ 1
⊆ A¯1E7 (0, 0, 2)/(0, 0, 10)/(0, 0, 6)/(0, 0, 8)/(0, 0, 4)/
A¯1A¯1D6 (1, 1, (5, 1)) (4, 0, 0)/(2, 0, 0)
3/(2, 0, 8)2/(2, 0, 4)2
⊆ A¯1E7
A2A1A5 (2, (1, 5))
G2A¯1C3 (2
2/0, 1, 5)
⊆ G2F4
D8 (1, 1, 0)/(1, 0, 5)
90 A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) (3, 1, 2)/(1, 1, 2)/(1, 1, 0)3/(3, 1, 1)2/(1, 1, 3)2/ A1
⊆ A¯1E7 (2, 0, 0)2/(4, 0, 2)/(2, 0, 4)/(0, 0, 2)/(4, 0, 1)2/
(0, 2, 0)/(2, 0, 1)2/(2, 0, 3)2/(0, 0, 3)2/
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) (2, 0, 2)3/(0, 0, 0)3
⊆ A¯1E7
91 A¯1A2A5 (1, 2, 4/0) (1, 6, 0)
2/(1, 2, 0)2/(1, 4, 2)2/(1, 0, 2)2/(2, 0, 0)/ T1
⊆ A¯1E7 (0, 2, 0)2/(0, 4, 2)2/(0, 6, 2)2/(0, 2, 2)2
A2A1A5 (2, (1, 4/0)) (0, 8, 0)/(0, 6, 0)/(0, 4, 0)
4/(0, 0, 0)
A24 (4, (2, 0)/(0, 1))
92 A¯1A
2
1 (1, 1, 1) (1, 6, 3)/(1, 4, 1)/(1, 2, 5)/(2, 0, 0)/(0, 2, 8)/ 1
⊆ A¯1E7 (0, 4, 6)/(0, 6, 4)/(0, 2, 4)/(0, 4, 2)/(0, 2, 0)/(0, 0, 2)
93 A¯1A1G2 (1, 1, 6) (1, 1, 10)/(1, 1, 2)/(1, 3, 6)/(2, 0, 0)/(0, 4, 6)/ 1
⊆ A¯1E7 (0, 2, 4)/(0, 2, 0)/(0, 0, 10)/(0, 0, 2)
(0, 2, 12)/(0, 2, 8)/
94 A¯1G2C3 (1, 5, 6) (1, 6, 5)/(1, 0, 9)/(1, 0, 3)/(2, 0, 0)/(0, 6, 8)/ 1
⊆ A¯1E7 (0, 2, 0)/(0, 0, 10)/(0, 0, 6)/(0, 0, 2)
G2A¯1C3 (6, 1, 5) (0, 6, 4)/(0, 10, 0)
⊆ G2F4
95 A¯1G2C3 (1, 2
2, 6) (1, 6, 2)2/(1, 0, 4)2/(1, 0, 0)4/(2, 0, 0)/(0, 6, 2)3/ A1
⊆ A¯1E7 (0, 10, 0)/(0, 2, 0)/(0, 0, 4)3/(0, 0, 2)/
A2G2 (1/0, (2, 6)) (0, 6, 4)/(0, 0, 0)
3
G2A¯1C3 (6, 1, 2
2)
⊆ G2F4
G2A1G2 (1
2/03, 1, 6)
⊆ G2F4
96 A¯1G2C3 (1, 6, (2, 1)) (8, 1, 1)/(6, 1, 1)/(4, 1, 1)
2/(0, 1, 3)/(0, 2, 0)/ 1
⊆ A¯1E7 (10, 0, 0)2/(8, 0, 0)/(6, 0, 0)/(4, 0, 0)/(2, 0, 0)3/
(8, 0, 2)/(6, 0, 2)/(4, 0, 2)2/(0, 0, 2)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
97 A¯1G2C3 (1, 6, (2, 1)) (7, 1, 2)/(5, 1, 2)/(1, 1, 4)/(3, 1, 0)/(0, 2, 0)/(8, 0, 2)/ 1
⊆ A¯1E7 (10, 0, 0)/(2, 0, 0)2/(2, 0, 4)/(0, 0, 2)/
(6, 0, 2)/(4, 0, 2)/(6, 0, 4)
98 A¯1A1A1 (1, 1, 1) (1, 1, 16)/(1, 1, 8)/(1, 3, 0)/(2, 0, 0)/(0, 2, 16)/ 1
⊆ A1E7 (0, 0, 22)/(0, 0, 14)/(0, 0, 10)/(0, 0, 2)/
(0, 2, 8)/(0, 2, 0)
99 A¯1A¯1D6 (0, 0, (2, 1, 1)) (2, 1, 1)
4/(2, 1, 2)4/(4, 1, 0)4/(0, 3, 0)4/(2, 2, 2)/ A¯1
2
⊆ A¯1E7 (4, 2, 0)/(4, 0, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
G2A¯1C3 (2/1
2, 0, (2, 1)) (0, 0, 0)6
⊆ G2F4
100 A¯1A¯1D6 (0, 0, (2, 2, 0)/(0, 0, 2)/ (2, 2, 0)
4/(0, 0, 2)5/(3, 1, 1)4/(1, 3, 1)4/ A¯1
2
⊆ A¯1E7 (0, 0, 0)3) (4, 2, 0)/(2, 4, 0)/(2, 0, 0)/(0, 2, 0)/(2, 2, 2)/
A¯1A¯1D6 (1, 1, (2, 2)/(0, 0)
3) (0, 0, 0)6
⊆ A¯1E7
101 A¯1A¯1D6 (0, 0, (3, 1, 0)/(0, 0, 2)/ (3, 1, 1)
4/(4, 0, 1)4/(0, 2, 1)4/(4, 2, 0)/(6, 0, 0)/ B2
⊆ A¯1E7 (0, 0, 0)) (2, 0, 0)/(0, 2, 0)/(3, 1, 2)/(3, 1, 0)5/(0, 0, 2)6/
A¯1A¯1D6 (1, 1, (3, 1)/(0, 0)
4) (0, 0, 0)10
⊆ A¯1E7
D8 (1, 0, 0)
4/(0, 2, 0)/(0, 0, 4)
D8 (1, 0, 0)
4/(0, 1, 3)
102 A¯1A¯1D6 (0, 0, (4, 0, 0)/(0, 2, 0)/ (4, 0, 0)
5/(0, 2, 0)6/(3, 1, 1)8/(6, 0, 0)/(2, 0, 0)/ B2
⊆ A¯1E7 (0, 0, 2)/(0, 0, 0)) (4, 2, 0)/(4, 0, 2)/(0, 2, 2)/(0, 0, 2)6/(0, 0, 0)10
A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/(0, 0)
4)
⊆ A¯1E7
103 A¯1A¯1D6 (0, 0, (1, 1, 0)/ (1, 1, 0)
5/(1, 0, 1)5/(0, 1, 1)5/(2, 0, 1)2/(0, 0, 1)4/ A¯1
2
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (1, 0, 1)/(0, 1, 1)) (1, 0, 0)4/(2, 0, 0)2/(0, 2, 0)2/(2, 1, 1)/(1, 2, 1)/
(0, 0, 2)2/(1, 1, 2)/(2, 1, 0)2/(1, 0, 2)2/(0, 2, 1)2
A¯1A¯1D6 (1, 1, (1, 1)/(0, 1)
2/(1, 0)2) (1, 1, 1)4/(1, 2, 0)2/(0, 1, 2)2/(0, 1, 0)4/(0, 0, 0)6
⊆ A¯1E7
104 A¯1A¯1D6 (0, 0, (1, 1, 0)
2/ (2, 0, 1)4/(0, 0, 1)8/(1, 1, 1)8/(0, 2, 1)4/ B2T1
⊆ A¯1E7 (0, 0, 2)/(0, 0, 0)) (2, 0, 0)3/(0, 2, 0)3/(2, 2, 0)/(1, 1, 2)2
A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 0)4) (1, 1, 0)10/(0, 0, 2)6/(0, 0, 0)11
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 0)
4/(0, 2)/(0, 0))
⊆ A¯1E7
A8 (1, 1, 0)/(0, 0, 1)
2/(0, 0, 0)
A24 (1
2/0, (1, 1)/(0, 0))
D8 (1, 0, 0)
2/(0, 1, 0)2/(1, 0, 1)/(0, 1, 1)
D8 (1, 0, 0)
4/(0, 1, 1)2
105 A¯1A¯1D6 (0, 0, (2, 0, 0)/(0, 2, 0)/ (2, 0, 0)
8//(1, 1, 1)16/(2, 2, 0)/(2, 0, 2)/(0, 2, 2) B3
⊆ A¯1E7 (0, 0, 2)/(0, 0, 0)3) (0, 2, 0)8/(0, 0, 2)8/(0, 0, 0)21
A¯1A¯1D6 (1, 1, (2, 0)/(0, 2)/(0, 0)
6)
⊆ A¯1E7
A2A¯1A5 (0, 1, (1, 1, 0)/(0, 0, 1))
⊆ A2E6
G2B4 (0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2))
⊆ G2F4
106 A¯1A¯1D6 (0, 0, (2, 0, 0)
2/(0, 2, 0)/ (2, 0, 0)11/(0, 2, 0)5/(0, 0, 2)5/(4, 0, 0)/(2, 2, 0)2/ A¯1
2
T1
⊆ A¯1E7 (0, 0, 2)) (2, 0, 2)2/(0, 2, 2)/(2, 1, 1)8/(0, 1, 1)8/(0, 0, 0)7
A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)/(0, 0)3)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/
(0, 0, 0))
A2A1A5 (2, (0, (1, 1)/(0, 0)
2))
G2A¯1C3 (2
2/0, (1, (1, 0)2/(0, 1)))
⊆ G2F4
A8 (1, 1, 0)/(0, 0, 2)/(0, 0, 0)
2
A24 (2/0
2, (1, 1)/(0, 0))
107 A¯1A¯1D6 (0, 1, (2, 1, 1)) (3, 1, 1)
2/(1, 1, 1)2/(2, 1, 2)2/(2, 0, 0)2/(2, 2, 2)/ A¯1
⊆ A¯1E7 (4, 2, 0)/(4, 0, 2)/(0, 2, 0)/(0, 0, 2)/(3, 1, 2)/
(1, 1, 2)/(5, 1, 0)/(3, 1, 0)/(1, 3, 0)/(4, 1, 0)2/
A¯1A¯1D6 (1, 0, (2, 1, 1)) (0, 3, 0)
2/(0, 0, 0)3
G2A¯1C3 (2/1
2, (1, (2, 1)))
⊆ G2F4
D8 (1, 0, 0)
2/(2, 1, 1)
108 A¯1A¯1D6 (0, 1, (2, 1, 1)) (2, 2, 1)
2/(0, 2, 1)2/(1, 2, 2)2/(2, 0, 0)3/(2, 2, 2)2/ A¯1
⊆ A¯1E7 (2, 4, 0)2/(0, 4, 2)/(0, 2, 0)/(0, 0, 2)/(0, 2, 2)/
A¯1A¯1D6 (1, 0, (2, 1, 1)) (0, 4, 0)/(4, 0, 0)/(1, 4, 0)
2/(3, 0, 0)2/(0, 0, 0)3
A2A1A5 (2, (0, (2, 1)))
G2A¯1C3 (2
2/0, 0, (2, 1))
⊆ G2F4
D8 (1, 0, 0)
2/(1, 1, 2)
109 A¯1A¯1D6 (0, 1, (2, 1, 1)) (2, 2, 1)
4/(0, 2, 1)2/(2, 0, 0)2/(2, 2, 2)/(0, 4, 2)/ A¯1
⊆ A¯1E7 (2, 4, 0)/(0, 2, 0)/(0, 0, 2)/(3, 2, 1)/(1, 2, 1)/
A¯1A¯1D6 (1, 0, (2, 1, 1)) (1, 4, 1)/(1, 0, 3)/(0, 4, 1)
2/(0, 0, 3)2/(0, 0, 0)3
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
G2A¯1C3 (2/1
2, (1, (2, 1)))
⊆ G2F4
110 A¯1A¯1D6 (0, 1, (2, 2, 0)/(0, 0, 2)) (3, 2, 0)
2/(1, 2, 0)2/(1, 0, 2)2/(2, 0, 0)2/ A¯1
⊆ A¯1E7 (4, 2, 0)/(2, 4, 0)/(0, 2, 0)/(2, 2, 2)/(0, 0, 2)/
(4, 1, 1)/(2, 1, 1)/(2, 3, 1)/(0, 3, 1)/(3, 1, 1)2/
A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2)) (1, 3, 1)
2/(0, 0, 0)3
A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2))
D8 (1, 0, 0)
2/(0, 2, 0)/(2, 0, 2)
111 A¯1A¯1D6 (0, 1, (2, 2, 0)/(0, 0, 2)) (1, 2, 2)
2/(3, 0, 0)2/(1, 0, 0)2/(1, 3, 1)2/(2, 0, 0)2/ A¯1
⊆ A¯1E7 (0, 4, 2)/(0, 2, 4)/(0, 2, 0)/(0, 0, 2)/(2, 2, 2)/
(2, 3, 1)/(0, 3, 1)/(2, 1, 3)/(0, 1, 3)/(1, 1, 3)2/
A¯1A¯1D6 (1, 0, (2, 2, 0)/(0, 0, 2)) (0, 0, 0)
3
G2B4 (2/1
2, (2, 2))
⊆ G2F4
D8 (1, 0, 0)
2/(2, 0, 0)/(0, 2, 2)
112 A¯1A¯1D6 (0, 1, (3, 1, 0)/(0, 1, 1)) (1, 3, 1)
2/(2, 0, 1)2/(0, 0, 1)2/(0, 3, 2)2/(0, 3, 0)2/ A¯1
⊆ A¯1E7 (0, 4, 2)/(0, 6, 0)/(0, 2, 0)/(0, 0, 2)2/(1, 3, 2)/
(1, 3, 0)/(2, 3, 1)/(0, 3, 1)/(1, 4, 1)/(1, 0, 3)/
A¯1A¯1D6 (0, 1, (3, 1, 0)/(0, 0, 2)/ (1, 4, 0)
2/(1, 0, 2)2/(2, 0, 0)2/(1, 0, 1)/
⊆ A¯1E7 (0, 0, 0)) (0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1)/(0, 1)
2)
⊆ A¯1E7
A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/
(0, 0, 0))
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 0, 4)/(1, 1, 0)
Continued on next page
9
.4
R
1
...R
n
in
E
8
4
8
6
Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
113 A¯1A¯1D6 (0, 1, (3, 1, 0)/(1, 0, 1)) (1, 3, 1)
4/(2, 1, 0)2/(0, 1, 0)2/(0, 5, 0)2/(0, 3, 0)2/ A¯1
⊆ A¯1E7 (2, 0, 0)2/(0, 4, 2)/(0, 6, 0)/(0, 2, 0)2/(0, 0, 2)2/
(1, 4, 1)2/(1, 2, 1)2/(2, 4, 0)/(0, 4, 0)/(2, 0, 2)
A¯1A¯1D6 (1, 1, (4, 0)/(1, 0)
2/(0, 2)) (0, 1, 2)2/(0, 0, 0)3
⊆ A¯1E7
A¯1A¯1D6 (1, 0, (4, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0))
D8 (1, 0, 0)
2/(1, 1, 0)/(0, 3, 1)
114 A¯1A¯1D6 (0, 1, (3, 1, 0)/(0, 0, 2)/ (4, 1, 0)
2/(2, 1, 0)2/(1, 0, 2)2/(1, 0, 0)2/(3, 1, 1)2/ A¯1
⊆ A¯1E7 (0, 0, 0))) (6, 0, 0)/(0, 2, 0)/(3, 1, 2)/(3, 1, 0)/(0, 0, 2)2/
(4, 1, 1)/(2, 1, 1)/(5, 0, 1)/(3, 0, 1)/(1, 2, 1)/
A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2) (4, 0, 1)2/(0, 2, 1)2/(2, 0, 0)2/(4, 2, 0)/
⊆ A¯1E7 (0, 0, 0)3
A¯1A¯1D6 (1, 1, (3, 1)/(1, 0)
2)
⊆ A¯1E7
A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/
(0, 0, 0))
D8 (1, 0, 0)
2/(0, 2, 0)/(0, 0, 4)/(1, 0, 1)
115 A¯1A¯1D6 (0, 1, (3, 1, 0)/(0, 0, 2)/ (1, 3, 1)
4/(3, 0, 0)2/(1, 0, 0)4/(1, 4, 0)2/(2, 0, 0)3/ A¯1
⊆ A¯1E7 (0, 0, 0))) (0, 0, 2)2/(2, 3, 1)2/(0, 3, 1)2/(2, 4, 0)/(0, 4, 0)/
(2, 0, 2)/(0, 4, 2)/(0, 6, 0)/(0, 2, 0)/
A¯1A¯1D6 (0, 1, (4, 0, 0)/(0, 2, 0)/ (1, 0, 2)
2/(0, 0, 0)3
⊆ A¯1E7 (0, 0, 2)/(0, 0, 0))
A¯1A¯1D6 (1, 1, (4, 0)/(0, 1)
2/(0, 2))
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 0, (3, 1, 0)/(0, 0, 2)/
A¯1A¯1D6 (1, 0, (4, 0, 0)/(0, 2, 0)/
(0, 0, 2)/(0, 0, 0))
G2A¯1C3 (2/1
2, (1, (3, 0)/(0, 1)))
⊆ G2F4
D8 (1, 0, 0)
2/(1, 1, 0)/(0, 1, 3)
116 A¯1A¯1D6 (0, 1, (1, 1, 0)
2/(0, 1, 1)) (2, 1, 0)2/(0, 1, 0)2/(1, 2, 0)2/(1, 0, 2)2/(1, 0, 0)4/ A¯1T1
⊆ A¯1E7 (1, 3, 0)/(1, 1, 0)3/(1, 1, 2)/(0, 2, 2)/(0, 0, 2)3/
(2, 1, 1)2/(0, 1, 1)2/(1, 2, 1)2/(1, 0, 1)2/
A¯1A¯1D6 (1, 1, (1, 1)
2/(0, 1)2) (1, 1, 1)4/(0, 2, 1)4/(0, 0, 1)4/(2, 0, 0)2/(0, 2, 0)4/
⊆ A¯1E7 (0, 0, 0)4
A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/(0, 1)
2/
⊆ A¯1E7 (0, 0))
A¯1A¯1D6 (1, 0, (1, 1, 0)/(1, 0, 1)/
(0, 1, 1))
A¯1A¯1D6 (1, 0, (1, 1, 0)
2/(0, 0, 2)/
(0, 0, 0))
D8 (1, 0, 0)
2/(1, 1, 0)/(1, 0, 1)/(0, 1, 1)
117 A¯1A¯1D6 (0, 1, (1, 1, 0)
2/(0, 0, 2)/ (1, 1, 1)8/(3, 0, 0)2/(1, 0, 0)8/(1, 2, 0)2/(2, 0, 0)5/ A¯1A1
⊆ A¯1E7 (0, 0, 0)) (0, 2, 2)/(2, 1, 1)4/(0, 1, 1)4/(2, 2, 0)/(2, 0, 2)/
A¯1A¯1D6 (1, 1, (1, 0)
2/(2, 0)/(0, 2)/(0, 0)2) (0, 2, 0)4/(0, 0, 2)4/(1, 0, 2)2/(0, 0, 0)6
⊆ A¯1E7
A¯1A¯1D6 (1, 0, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0))
A¯1A¯1D6 (1, 0, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)/
(0, 0, 0)3)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
G2A¯1C3 (2/1
2, (1, (1, 0)2/(0, 1)))
⊆ G2F4
D8 (1, 0, 0)
2/(1, 1, 0)/(0, 1, 1)2
118 A¯1A¯1D6 (0, 1, (2, 0, 0)
2/(0, 2, 0)/ (3, 0, 0)4/(1, 0, 0)4/(1, 2, 0)2/(1, 0, 2)2/(2, 1, 1)4/ A¯1T1
⊆ A¯1E7 (0, 0, 2)) (2, 0, 0)4/(4, 0, 0)/(2, 2, 0)2/(2, 0, 2)2/(0, 2, 0)/
(0, 2, 2)/(0, 0, 2)/(3, 1, 1)2/(1, 1, 1)4/(0, 1, 1)4/
A¯1A¯1D6 (1, 0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (0, 0, 0)4
A8 (1, 1, 0)/(0, 0, 2)/(0, 0, 1)
A24 (2/1, (1, 1)/(0, 0))
D8 (1, 0, 0)
2/(2, 0, 0)2/(0, 2, 0)/(0, 0, 2)
119 A¯1A¯1D6 (0, 1, (2, 0, 0)
2/(0, 2, 0)/ (1, 2, 0)4/(1, 0, 2)2/(3, 0, 0)2/(1, 0, 0)2/(1, 2, 1)4/ A¯1T1
⊆ A¯1E7 (0, 0, 2)) (2, 0, 0)2/(0, 2, 0)3/(0, 4, 0)/(0, 2, 2)2/(2, 2, 0)2/
(0, 2, 1)2/(2, 0, 1)2/(0, 0, 1)2/
A¯1A¯1D6 (1, 0, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (0, 0, 2)/(2, 0, 2)/(2, 2, 1)2/(1, 0, 1)4/(0, 0, 0)4
A2A1A5 (2, (0, (1, 1)/(1, 0)))
G2B4 (2/1
2, (2, 0)/(0, 2)2)
⊆ G2F4
A8 (1, 1, 0)/(0, 0, 2)/(1, 0, 0)
D8 (1, 0, 0)
2/(2, 0, 0)/(0, 2, 0)2/(0, 0, 2)
120 A¯1A2A5 (0, 2, (2, 0)/(0, 2)) (2, 2, 0)
6/(2, 2, 2)2/(4, 0, 0)/(2, 0, 0)/(0, 4, 0)/ A2
⊆ A¯1E7 (0, 2, 0)/(0, 0, 4)/(0, 0, 2)/
A2A1A5 (2, (0, (2, 0)/(0, 2))) (2, 0, 2)
6/(0, 2, 2)6/(0, 0, 0)8
A2A
3
2 (0, 2, 2, 2)
⊆ A2E6
A8 (2, 0, 0)/(0, 2, 0)/(0, 0, 2)
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 1, 1)
2
121 A¯1G2C3 (0, 6, (2, 1)) (6, 2, 1)
2/(6, 2, 2)/(6, 4, 0)/(10, 0, 0)/(2, 0, 0)/ A¯1
⊆ A¯1E7 (0, 4, 2)/(0, 0, 2)/(0, 2, 0)/
G2A1G2 (2/1
2, 1, 6) (0, 4, 1)2/(0, 0, 3)2/(0, 0, 0)3
⊆ G2F4
G2A¯1C3 (6, 1, 0, (2, 1))
⊆ G2F4
122 A¯1A¯1D6 (1, 1, (2, 2)/(2, 0)) (2, 2, 2)/(0, 2, 2)
2/(2, 2, 0)/(0, 2, 0)3/ 1
⊆ A¯1E7 (1, 0, 3)2/(2, 0, 0)2/(0, 4, 2)2/(0, 2, 4)/(0, 0, 2)2/
A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (1, 4, 1)
2/(1, 2, 1)2/(1, 2, 3)2
123 A¯1A¯1D6 (1, 1, (8, 0)/(0, 2)) (2, 8, 0)/(0, 8, 0)/(2, 0, 2)/(0, 0, 2)
2/(1, 10, 1)2/ 1
⊆ A¯1E7 (0, 14, 0)/(0, 10, 0)/(0, 6, 0)/(0, 2, 0)/(0, 8, 2)
(1, 4, 1)2/(2, 0, 0)2
124 A¯1A¯1D6 (1, 1, (3, 1)/(1, 1)) (2, 3, 1)/(0, 3, 1)/(2, 1, 1)/(0, 1, 1)/(1, 5, 0)/ 1
⊆ A¯1E7 (2, 0, 0)2/(0, 4, 2)2/(0, 6, 0)/(0, 2, 0)3/(0, 0, 2)2/
(1, 4, 1)2/(1, 2, 1)/(1, 0, 3)/(1, 0, 1)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) (1, 3, 0)
2/(1, 1, 2)/(1, 3, 2)/(0, 4, 0)/(0, 2, 2)
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))
D8 (2, 0, 0)/(0, 4, 0)/(1, 0, 1)/(0, 1, 1)
D8 (1, 1, 0)/(1, 0, 1)/(0, 1, 3)
125 A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) (2, 3, 0)2/(0, 3, 0)2/(2, 1, 1)/(0, 1, 1)/(1, 5, 0)/ A1
⊆ A¯1E7 (1, 3, 1)2/(1, 3, 0)/(0, 6, 0)/(0, 2, 0)2/(0, 4, 1)2/
(0, 2, 1)2/(0, 0, 2)/(1, 4, 0)2/(1, 2, 0)2/(1, 4, 1)/
A¯1A¯1D6 (1, 1, (3, 0)
2/(1, 1)) (1, 1, 0)3/(1, 0, 1)3/(2, 0, 0)2/(0, 4, 0)3/(0, 0, 0)3
⊆ A¯1E7
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Table 9.14 – continued from previous page
M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0))
⊆ A¯1E7
126 A¯1A¯1D6 (1, 1, (3, 1)/(2, 0)/(0, 0)) (2, 3, 1)/(0, 3, 1)
3/(2, 2, 0)/(1, 5, 0)2/(1, 3, 0)2/ T1
⊆ A¯1E7 (1, 1, 2)2/(1, 4, 1)2/(1, 2, 1)2/(0, 4, 2)/(0, 6, 0)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (0, 0, 2)/(0, 5, 1)/(0, 1, 1)/(0, 2, 0)
4/(2, 0, 0)3/
D8 (1, 1, 0)
2/(3, 0, 1) (0, 0, 0)
D8 (2, 0, 0)/(0, 4, 0)/(0, 1, 1)
2
127 A¯1A¯1D6 (1, 1, (3, 1)/(0, 2)/(0, 0)) (2, 3, 1)/(0, 3, 1)
3/(2, 0, 2)/(1, 3, 2)2/(1, 3, 0)2/ T1
⊆ A¯1E7 (1, 4, 1)2/(1, 0, 3)2/(1, 0, 1)2/(0, 4, 2)/(0, 6, 0)/
A¯1A¯1D6 1, 1, (3, 1, 0)/(0, 1, 1)) (0, 2, 0)/(0, 3, 3)/(0, 0, 2)
4/(2, 0, 0)3/(0, 0, 0)
D8 (1, 1, 0)
2/(1, 0, 3)
D8 (2, 0, 0)/(0, 4, 0)/(1, 0, 1)
2
128 A¯1A¯1D6 (1, 1, (3, 0)
2/(0, 2)/(0, 0)) (2, 3, 0)2/(0, 3, 0)4/(2, 0, 2)/(0, 0, 2)3/(1, 3, 1)4/ A1T1
⊆ A¯1E7 (1, 4, 1)2/(1, 0, 1)6/(0, 4, 0)3/(0, 6, 0)/(0, 2, 0)/
A8 (1, 1, 0)/(0, 0, 3)/(0, 0, 0) (0, 3, 2)
2/(2, 0, 0)3/(0, 0, 0)4
A24 (3/0, (1, 1)/(0, 0))
D8 (3, 0, 0)
2/(0, 1, 1)2
129 A¯1A¯1D6 (1, 1, (6, 0)/(0, 4)) (2, 6, 0)/(0, 6, 0)
2/(2, 0, 4)/(0, 0, 4)/(1, 6, 3)2 1
⊆ A¯1E7 (0, 2, 0)/(0, 6, 4)/(0, 0, 6)/(0, 0, 2)
G2A¯1C3 (6, (1, (3, 0)/(0, 1))) (1, 0, 3)
2/(2, 0, 0)2/(0, 10, 0)
⊆ G2F4
130 A¯1A¯1D6 (1, 1, (6, 0)/(0, 2)/(0, 0)
2) (2, 6, 0)/(0, 6, 0)4/(2, 0, 2)/(0, 0, 2)4/(2, 0, 0)4/ A1
⊆ A¯1E7 (1, 6, 1)4/(1, 0, 1)4/(0, 10, 0)/(0, 2, 0)/(0, 6, 2)/
G2A¯1C3 (6, (1, (1, 0)
2/(0, 1))) (0, 0, 0)3
⊆ G2F4
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
131 A¯1A¯1D6 (1, 1, (4, 0)/(0, 4)/(0, 0)
2) (2, 4, 0)/(0, 4, 0)3/(2, 0, 4)/(0, 0, 4)3/(2, 0, 0)4/ 1
⊆ A¯1E7 (1, 3, 3)4/(0, 6, 0)/(0, 2, 0)/(0, 4, 4)/(0, 0, 6)/
D8 (3, 0, 0)
2/(0, 1, 3) (0, 0, 2)
132 A¯1A¯1D6 (1, 1, (4, 0)/(1, 1)/(0, 2)) (2, 4, 0)/(0, 4, 0)/(2, 1, 1)/(0, 1, 1)
2/(2, 0, 2)/ 1
⊆ A¯1E7 (1, 2, 1)2/(1, 3, 2)2/(1, 3, 0)2/(2, 0, 0)2/(0, 6, 0)/
(0, 0, 2)3/(1, 4, 1)2/(0, 3, 1)/(0, 4, 2)/(0, 1, 3)
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (0, 2, 0)
2/(0, 5, 1)
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1))
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1))
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0))
133 A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)
2/(0, 0)) (2, 4, 0)/(0, 4, 0)2/(2, 0, 2)2/(0, 0, 2)7/(1, 3, 2)4/ T2
⊆ A¯1E7 (1, 3, 0)4/(0, 6, 0)/(0, 2, 0)/(0, 4, 2)2/(0, 0, 4)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (2, 0, 0)
3/(0, 0, 0)2
A2A1A5 (2, (1, (3, 0)/(0, 1)))
G2A¯1C3 (2
2/0, (1, (3, 0)/(0, 1)))
⊆ G2F4
134 A¯1A¯1D6 (1, 1, (4, 0)/(0, 2)/ (2, 4, 0)/(0, 4, 0)
3/(2, 0, 2)/(0, 0, 2)3/(2, 2, 0)/ T1
⊆ A¯1E7 (2, 0)/(0, 0)) (1, 4, 1)4/(1, 2, 1)4/(0, 6, 0)2/(0, 4, 2)/(0, 2, 2)
D8 (2, 0, 0)/(4, 0, 0)/(0, 1, 1)
2 (0, 2, 0)5/(2, 0, 0)3/(0, 0, 0)
A¯1A¯1D6 (1, 1, (3, 1, 0)/(1, 0, 1))
135 A¯1A¯1D6 (1, 1, (1, 1)
3) (2, 1, 1)3/(0, 1, 1)3/(1, 2, 1)3/(1, 0, 1)5/(1, 0, 3)/ A1
⊆ A¯1E7 (0, 0, 2)6/(0, 2, 2)3/(1, 3, 0)/(1, 1, 2)3/(1, 1, 0)5/
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) (2, 0, 0)2/(0, 2, 0)6/(0, 0, 0)3
D8 (1, 1, 0)
2/(1, 0, 1)/(0, 1, 1)
136 A¯1A¯1D6 (1, 1, (1, 1)/(2, 0)/ (2, 1, 1)/(0, 1, 1)
5/(2, 2, 0)/(0, 2, 0)5/(2, 0, 2)/ A1
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (0, 2)/(0, 0)2) (1, 2, 1)4/(1, 0, 1)4/(1, 1, 2)4/(1, 1, 0)4/(0, 3, 1)/
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) (0, 1, 3)/(0, 2, 2)/(0, 0, 2)5/(2, 0, 0)4/(0, 0, 0)3
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0))
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 0, 2)/(0, 0, 0))
137 A¯1A¯1D6 (1, 1, (2, 0)
3/(0, 2)) (2, 2, 0)3/(0, 2, 0)9/(2, 0, 2)/(0, 0, 2)2/(1, 3, 1)4/ A1
⊆ A¯1E7 (1, 1, 1)8/(2, 0, 0)2/(0, 4, 0)3/(0, 2, 2)3/(0, 0, 0)3
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2))
138 A¯1A¯1D6 (1, 1, (2, 0)
2/(0, 2)2) (2, 2, 0)2/(0, 2, 0)5/(2, 0, 2)2/(0, 0, 2)5/(1, 2, 2)4/ T2
⊆ A¯1E7 (1, 0, 0)4/(2, 0, 0)2/(0, 4, 0)/(0, 2, 2)4/(0, 0, 4)/
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (1, 2, 0)4/(1, 0, 2)4/(0, 0, 0)2
A2A1A5 (2, (1, (2, 0)/(0, 1)/(0, 0)))
G2B4 (2
2/0, (2, 0)/(0, 2)2)
⊆ G2F4
139 A¯1A¯1D6 (1, 1, (1, 1)
2/(2, 0)/ (2, 1, 1)2/(0, 1, 1)6/(2, 2, 0)/(0, 2, 0)6/(1, 3, 0)2/ T2
⊆ A¯1E7 (0, 0)) (1, 1, 0)6/(1, 2, 1)4/(1, 0, 1)4/(1, 1, 2)2/(0, 0, 2)3/
A¯1A¯1D6 (1, 1, (1, 1, 0)
2/(0, 1, 1)) (2, 0, 0)3/(0, 2, 2)/(0, 3, 1)2/(0, 0, 0)2
A8 (1, 1, 0)/(0, 1, 1)/(0, 0, 0)
D8 (1, 1, 0)
2/(1, 0, 1)2
140 A¯1A¯1D6 (1, 1, (2, 1)
2) (2, 2, 1)2/(0, 2, 1)2/(1, 2, 2)2/(1, 0, 0)4/(1, 4, 0)2/ A1
⊆ A¯1E7 (0, 4, 2)/(0, 2, 0)/(0, 0, 2)/(1, 2, 1)3/(1, 4, 1)/
(1, 0, 3)/(2, 0, 0)2/(0, 2, 2)3/(0, 4, 0)3/(0, 0, 0)3
141 A¯1A¯1D6 (1, 1, (5, 1)) (2, 5, 1)/(0, 5, 1)/(1, 8, 1)/(1, 4, 1)/(1, 0, 3)/ 1
⊆ A¯1E7 (0, 0, 2)/(0, 10, 0)/(0, 6, 0)/(1, 5, 2)/(1, 9, 0)/
(1, 3, 0)/(2, 0, 0)2/(0, 8, 2)/(0, 4, 2)/(0, 2, 0)
142 A¯1A¯1D6 (1, 1, (2, 1, 1)) (4, 1, 1)/(2, 1, 1)
2/(0, 1, 1)/(0, 2, 0)/(0, 0, 2)/ 1
Continued on next page
C
h
a
p
te
r
9
.
T
a
b
le
s
4
9
3
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
⊆ A¯1E7 (3, 1, 0)2/(1, 3, 0)2/(2, 0, 0)3/(2, 2, 2)/(4, 2, 0)/
A2A1A5 (2, (1, (2, 1))) (4, 0, 2)/(3, 1, 2)
2/(1, 1, 2)2/(5, 1, 0)2
143 A¯1A¯1D6 (1, 1, (2, 1, 1)) (2, 3, 1)/(0, 3, 1)/(2, 1, 1)/(0, 1, 1)/(2, 2, 2)
2/ 1
⊆ A¯1E7 (4, 0, 0)/(2, 0, 0)3/(0, 2, 0)2/(0, 4, 2)/(0, 0, 2)/
(0, 2, 2)/(2, 4, 0)2/(0, 4, 0)/(1, 3, 0)/(3, 1, 0)/
A¯1A¯1D6 (1, 1, (2, 1, 1)) (1, 3, 2)/(1, 1, 2)/(1, 5, 0)
A2A1A5 (2, (1, (2, 1)))
G2A¯1C3 (2
2/0, (1, (2, 1)))
⊆ G2F4
144 A¯1A¯1D6 (1, 1, (2, 1, 1)) (2, 3, 1)
2/(0, 3, 1)2/(2, 1, 1)2/(0, 1, 1)/(3, 2, 1)/ 1
⊆ A¯1E7 (2, 0, 0)2/(0, 2, 0)2/(2, 2, 2)/(0, 4, 2)/(2, 4, 0)/
A¯1A¯1D6 (1, 1, (2, 1, 1)) (1, 2, 1)/(1, 4, 1)/(1, 0, 3)/(0, 5, 1)/(0, 1, 3)/
D8 (1, 1, 0)/(1, 2, 1) (0, 0, 2)
145 A¯1A¯1D6 (1, 1, (2, 1, 1)) (3, 2, 1)/(1, 2, 1)
2/(2, 2, 2)3/(0, 2, 2)2/(2, 4, 0)3/ 1
⊆ A¯1E7 (2, 0, 0)5/(0, 4, 2)/(0, 2, 0)/(0, 0, 2)
(0, 4, 0)2/(4, 0, 0)2
146 A¯1A¯1D6 (1, 1, (2, 1, 1)) (2, 2, 2)
3/(0, 2, 2)/(2, 0, 2)2/(0, 0, 2)2/(3, 1, 2)/ 1
⊆ A¯1E7 (2, 0, 0)2/(0, 2, 0)3/(0, 2, 4)2/(2, 0, 4)/(0, 0, 4)/
A¯1A¯1D6 (1, 1, (2, 1, 1)) (1, 1, 2)/(1, 1, 4)/(1, 3, 0)/(0, 4, 0)
D8 (1, 1, 0)/(1, 1, 2)
147 A¯1A¯1D6 (1, 1, (2, 1, 1)) (3, 2, 1)
3/(1, 2, 1)4/(1, 4, 1)2/(1, 0, 3)2/(2, 0, 0)3/ 1
⊆ A¯1E7 (2, 2, 2)/(0, 4, 2)/(2, 4, 0)/(0, 2, 0)/(0, 0, 2)
148 A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (3, 3, 0)/(1, 3, 0)/(3, 1, 0)/(1, 1, 0)/(1, 1, 2)/ 1
⊆ A¯1E7 (2, 1, 1)/(2, 0, 0)2/(0, 2, 0)2/(2, 4, 0)/(4, 2, 0)/
(1, 4, 1)/(1, 2, 1)/(3, 2, 1)/(3, 0, 1)
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (2, 0, 0)/(0, 1, 1)/(0, 2, 2) (2, 2, 2)/(0, 0, 2)/(2, 3, 1)/(0, 3, 1)/(4, 1, 1)
149 A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2) (1, 3, 2)/(1, 1, 2)/(3, 1, 0)/(1, 1, 0)/(2, 3, 1)/ 1
⊆ A¯1E7 (2, 0, 0)2/(0, 2, 0)2/(0, 4, 2)/(0, 2, 4)/(0, 0, 2)/
(1, 2, 1)/(1, 2, 3)/(1, 0, 3)/
A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (0, 3, 1)/(2, 1, 3)/(0, 1, 3)/(2, 2, 2)/(1, 4, 1)
A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2))
D8 (2, 0, 0)/(1, 1, 0)/(0, 2, 2)
150 A¯1A¯1D6 (1, 1, (2, 2, 0)/(0, 0, 2)) (2, 2, 2)
2/(0, 2, 2)/(2, 3, 1)2/(0, 3, 1)2/(2, 1, 3)2/ T1
⊆ A¯1E7 (0, 1, 3)2/(0, 4, 2)/(0, 2, 4)/(0, 2, 0)/(0, 0, 2)/
A2B4 (2, (2, 2)) (4, 0, 0)/(2, 0, 0)
5/(0, 0, 0)
⊆ A2F4
G2B4 (2
2/0, (2, 2))
⊆ G2F4
151 A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 1, 1)) (2, 3, 1)
2/(0, 3, 1)2/(3, 0, 1)/(1, 0, 1)3/(1, 3, 2)2/ 1
⊆ A¯1E7 (2, 0, 2)/(0, 0, 2)3/(2, 0, 0)3/(0, 4, 2)/(0, 6, 0)/
A¯1A¯1D6 (1, 1, (3, 1, 0)/(0, 0, 2)/(0, 0, 0)) (1, 3, 0)
2/(2, 4, 0)/(0, 4, 0)/
(0, 2, 0)/(1, 4, 1)/(1, 0, 3)
152 A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/ (1, 3, 0)2/(1, 1, 0)3/(3, 1, 0)/(1, 1, 2)/(2, 2, 1)2/ T1
⊆ A¯1E7 (0, 0, 2)) (2, 0, 0)2//(2, 2, 0)2/(0, 2, 2)2/(2, 0, 2)/(0, 0, 2)/
(1, 3, 1)2/(1, 1, 1)4/(0, 2, 0)4/(0, 4, 0)/
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)) (0, 2, 1)2/(2, 0, 1)2/(0, 0, 1)2/(0, 0, 0)
A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2))
D8 (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/(1, 1, 0)
153 A¯1A¯1D6 (1, 1, (2, 0, 0)
2/(0, 2, 0)/ (1, 1, 2)2/(3, 1, 0)/(1, 1, 0)2/(1, 3, 0)/(2, 1, 2)2/ T1
⊆ A¯1E7 (0, 0, 2)) (2, 0, 0)2/(0, 2, 0)2//(2, 0, 2)2/(0, 2, 2)2/
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
(2, 2, 0)/(1, 2, 2)2/(1, 0, 2)2/(1, 2, 0)2/(1, 0, 0)2/
A2A1A5 (2, (1, (1, 1)/(1, 0))) (0, 1, 2)
2/(2, 1, 0)2/(0, 1, 0)2/
D8 (2, 0, 0)
2/(0, 2, 0)/(0, 0, 2)/(0, 1, 1) (0, 0, 2)3/(0, 0, 4)/(0, 0, 0)
154 A¯1A2A5 (1, 2, (2, 0)/(0, 2)) (3, 2, 0)
2/(1, 2, 0)2/(3, 0, 2)2/(1, 0, 2)2/(1, 2, 2)2/ T1
⊆ A¯1E7 (2, 0, 2)2/(2, 2, 2)2/(4, 0, 0)/(0, 4, 0)/(0, 2, 0)/
(0, 2, 2)2/(0, 0, 4)/(0, 0, 2)/(1, 0, 0)2/(2, 0, 0)2/
A¯1A2A5 (1, 2, (2, 0)/(0, 2)) (2, 2, 0)
2/(0, 0, 0)
A2A1A5 (2, (1, (2, 0)/(0, 2)))
155 A¯1G2C3 (1, 6, (2, 1)) (7, 2, 1)/(5, 2, 1)/(1, 4, 1)/(1, 0, 3)/(2, 0, 0)
2/ 1
⊆ A¯1E7 (0, 4, 2)/(0, 0, 2)/(0, 2, 0)/(6, 2, 2)/(6, 4, 0)/(10, 0, 0)
156 A¯1G2C3 (1, 6, (2, 1)) (3, 6, 1)/(1, 6, 1)/(5, 0, 1)/(3, 0, 1)/(1, 0, 3)/ 1
⊆ A¯1E7 (4, 6, 0)/(0, 10, 0)/(0, 2, 0)/(4, 0, 2)/(0, 0, 2)/
G2A¯1C3 (6, (1, (2, 1))) (2, 0, 0)
2/(2, 6, 2)
⊆ G2F4
157 A¯1G2C3 (1, 6, (2, 1)) (2, 6, 2)
2/(0, 6, 2)/(2, 0, 4)2/(0, 0, 4)/(4, 0, 0)/ 1
⊆ A¯1E7 (2, 0, 0)3/(0, 6, 4)/(0, 10, 0)/(0, 2, 0)/(0, 0, 2)
A2G2 (2, (2, 6))
G2A1G2 (2
2/0, 1, 6)
⊆ G2F4
G2A¯1C3 (6, (1, (2, 1)))
⊆ G2F4
158 A2C
2
2 (2, (3, 3)) (2, 4, 0)
2/(2, 3, 3)2/(2, 0, 4)2/(2, 0, 0)3/(4, 0, 0)/ T1
⊆ A2C4 (0, 4, 4)/(0, 6, 0)/(0, 2, 0)/(0, 0, 6)/(0, 0, 2)/
⊆ A2E6 (0, 3, 3)2/(0, 0, 0)
D8 (2, 0, 0)
2/(0, 4, 0)/(0, 0, 4)
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
D8 (1, 3, 0)/(1, 0, 3)
159 A2A2G2 (2, (1/0, 6)) (2, 1, 6)
2/(2, 0, 6)2/(2, 2, 0)2/(2, 1, 0)2/(2, 0, 0)3/ T1
⊆ A2E6 (0, 0, 6)/(0, 2, 0)/(0, 1, 0)2/(0, 0, 10)/(0, 0, 2)/
G2B4 (6, (2, 0)/(0, 2)
2) (4, 0, 0)/(0, 2, 6)/(0, 1, 6)2/(0, 0, 0)
⊆ G2F4
D8 (2, 0, 0)
2/(0, 2, 0)/(0, 0, 6)
160 A2A
3
2 (2, 2, 2, 2) (2, 2, 2)
4/(4, 0, 2)2/(2, 0, 2)2/(0, 0, 2)3/(4, 2, 0)2/ 1
⊆ A2E6 (0, 2, 0)3/(4, 0, 0)2/(0, 4, 0)/(0, 0, 4)/(2, 0, 0)2/
A2A
3
2 (2, 2, 2, 2) (2, 2, 0)
2
⊆ A2E6
G2A¯1C3 (2
2/0, (1, (2, 1)))
⊆ G2F4
161 G2B4 (6, (2, 2)) (10, 0, 0)/(2, 0, 0)/(0, 4, 2)/(0, 2, 4)/(0, 2, 0)/ 1
⊆ G2F4 (6, 2, 2)/(6, 3, 1)/(6, 1, 3)/(6, 0, 0)/
D8 (6, 0, 0)/(0, 2, 2) (0, 0, 2)/(0, 1, 3)/(0, 3, 1)
162 G2A1G2 (6, 1, 6) (10, 0, 0)/(2, 0, 0)/(0, 4, 6)/(0, 2, 0)/(0, 0, 10)/ 1
⊆ G2F4 (0, 0, 2)/(6, 2, 6)/(6, 4, 0)
163 G2B4 (6, (2, 0, 0)/(0, 2, 0)/(0, 0, 2)) (8, 0, 0)/(6, 0, 0)/(4, 0, 0)/(6, 2, 0)/(6, 0, 2)/ 1
⊆ G2F4 (7, 1, 1)2/(5, 1, 1)2/(2, 0, 0)2/(1, 1, 1)2/(2, 2, 0)/
(0, 2, 0)/(0, 0, 2)/(6, 0, 0)/(10, 0, 0)/(2, 0, 2)/
(0, 2, 2)
D8 (6, 0, 0)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)
164 A8 (1, 1, 1)/(0, 0, 0) (3, 1, 1)
2/(1, 3, 1)2/(1, 1, 3)2/(1, 1, 1)4/(2, 2, 0)3/ A1
(2, 2, 2)/(2, 0, 0)/(0, 2, 0)/(0, 0, 2)/(2, 0, 2)3/
(0, 2, 2)3/(0, 0, 0)3
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
165 A8 (1, 1, 0)/(0, 0, 4) (1, 1, 0)
2/(2, 0, 4)2/(0, 2, 4)2/(1, 1, 6)2/(1, 1, 2)2/ T1
(2, 0, 0)/(0, 2, 0/(1, 1, 4)2/(0, 0, 8)/(0, 0, 4)/
A24 (4, (1, 1)/(0, 0)) (0, 0, 6)
3/(0, 0, 2)3/(2, 2, 0))/(0, 0, 0)
D8 (2, 0, 0)/(0, 2, 0)/(0, 0, 4)
2
D8 (1, 3, 0)/(0, 3, 1)
166 D8 (2, 0, 0)/(0, 2, 0)/(4, 0, 0)/ (2, 0, 0)
3/(2, 2, 0)/(6, 0, 0)2/(4, 0, 0)/(2, 0, 4)/(0, 2, 0)/ 1
(0, 0, 4) (4, 2, 0)/(0, 2, 4)/(4, 0, 4)/(0, 0, 6)/(0, 0, 2)/(4, 1, 3)2/
(2, 1, 3)2
D8 (1, 3, 0)/(0, 1, 3)
167 D8 (2, 0, 0)/(0, 3, 0)
2/(0, 0, 4) (2, 0, 0)/(2, 3, 0)2/(2, 0, 4)/(0, 4, 0)3/(0, 6, 0)/(0, 2, 0)/ A1
(0, 3, 4)2/(0, 0, 6)/(0, 0, 2)/(1, 3, 3)2/(1, 0, 3)3/(1, 4, 3)/
(0, 0, 0)3
D8 (4, 0, 0)/(0, 1, 3)/(0, 0, 0)
3
168 D8 (2, 0, 0)/(4, 0, 0)/(0, 1, 3) (2, 0, 0)
3/(6, 0, 0)2/(4, 0, 0)/(2, 1, 3)/(4, 1, 3)/(0, 2, 4)/ 1
(0, 0, 6)/(0, 2, 0)/(0, 0, 2)/(4, 1, 3)/(2, 1, 3)/(4, 2, 0)/
(2, 2, 0)/(4, 0, 4)/(2, 0, 4)
169 D8 (2, 0, 0)/(0, 4, 0)/(1, 0, 3) (2, 0, 0)
2/(2, 4, 0)/(3, 0, 3)/(1, 0, 3)/(0, 6, 0)/(0, 2, 0)/ 1
(1, 4, 3)/(2, 0, 4)/(0, 0, 6)/(0, 0, 2)/(2, 3, 3)/(0, 3, 3)/
(3, 3, 0)/(1, 3, 0)/(1, 3, 4)
170 D8 (2, 0, 0)/(0, 4, 0)/(0, 1, 3) (2, 0, 0)/(2, 4, 0)/(2, 1, 3)/(0, 6, 0)/(0, 2, 0)
2/(0, 5, 3)/ 1
(0, 3, 3)/(0, 2, 4)/(0, 0, 6)/(0, 0, 2)/(1, 4, 3)/(1, 2, 3)/
(1, 5, 0)/(1, 3, 0)/(1, 1, 0)/(1, 3, 4)
D8 (2, 0, 0)/(0, 4, 0)/(3, 0, 1)
171 D8 (2, 0, 0)/(0, 4, 0)/(0, 3, 1) (2, 0, 0)/(2, 4, 0)/(2, 3, 1)/(0, 6, 0)
2/(0, 2, 0)2/(0, 7, 1)/ 1
(0, 5, 1)/(0, 3, 1)/(0, 1, 1)/(0, 4, 2)/(0, 0, 2)/(1, 6, 1)/
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M VM(λ1) ↓ A31 L (E8) ↓ A31 CG(A31)◦
(1, 4, 1)/(1, 2, 1)/(1, 0, 1)/(1, 3, 2)/(1, 7, 0)/(1, 5, 0)/
(1, 3, 0)/(1, 1, 0)
172 D8 (4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 0, 0) (6, 0, 0)/(2, 0, 0)/(4, 4, 0)/(4, 0, 4)/(4, 0, 0)/(0, 6, 0)/ 1
(0, 2, 0)/(0, 4, 4)/(0, 4, 0)/(0, 0, 6)/(0, 0, 2)/(0, 0, 4)/
(3, 3, 3)2
173 D8 (4, 0, 0)/(0, 2, 2)/(0, 0, 0)
2 (6, 0, 0)/(2, 0, 0)/(4, 2, 2)/(4, 0, 0)2/(0, 4, 2)/(0, 2, 4)/ T1
(0, 2, 0)/(0, 0, 2)/(0, 2, 2)2/(3, 3, 1)2/(3, 1, 3)2/(0, 0, 0)
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